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Observations of a barotropic planetary wave in the 
western North Atlantic 

by James F. Price1 and H. Thomas Rossby2 

ABSTRACT 
SOFAR float observations from 1300 m depth are used to describe a major feature of the 

large-scale, subthermocline velocity field observed in the western North Atlantic (31 N, 70W), 
during the 1978 POLYMODE Local Dynamics Experiment (LDE). The two-month-long inten-
sive phase of the LOE was dominated by a highly polarized, oscillatory flow which had many 
of the characteristics of a barotropic planetary wave. Space- and time-lagged covariance 
analyses indicate that phase propagated toward 300°T, the estimated wave vector direction, at 
0.06 ms-1• The wavelength and intrinsic period are estimated to be 340 km and 61 days, which 
are consistent with the dispersion relation for barotropic planetary waves modified by topog-
raphy. Group velocity inferred from the dispersion relation was eastward. 

The observed velocity followed barotropic potential vorticity conservation to within esti-
mated error, :e 15% of R, the relative vorticity. R oscillated between ± 4% of/, the Coriolis 
parameter, as fluid columns oscillated northeast to southwest through a similar range of 
ambient vorticity. The beta effect and topographic stretching acted in phase, and were of 
comparable magnitude. 

The wave was temporally intermittent. It accounts for 77% of the variance of the observed, 
large-scale velocity during the first 90 days of the LDE, but accounts for essentially none of 
the variance during the second 90 days when the observed velocity was much weaker and 
less polarized. 

1. Introduction 

Here we describe an energetic, large-scale, oscillatory flow observed with SOF AR 
floats during the 1978 POL YMODE Local Dynamics Experiment (LDE) [see 
McWilliams et al. (1981) for an overview of the LDE]. Our analysis indicates that 
this flow had many of the characteristics of a barotropic planetary wave modified 
by topography. Hence, we term it a "wave" (rather than an eddy) from the outset. 
A description of this wave is useful in two respects. First, the wave dominated the 
subthermocline flow during the two-month-long intensive phase of the LDE. The 
float data provide the best view of its horizontal structure and help provide a 
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Figure 1. Bottom depth in the LOE region after Pratt (1968) (left), and ambient vorticity 
H 0 U/JI) (right). Our estimate of the large-scale gradient in bottom depth is shown by the 
vector 'v H, which is scaled so that H changes by 200 m over the length of the vector. The 

;-units of ambient vorticity are percent off •. 

background for analysis and interpretation of other LDE data sets. Secondly, and 
more generally, these observations are perhaps the most graphic evidence of open-
ocean planetary waves acquired to date, and demonstrate the important constraint 
imposed upon large-scale flows by conservation of potential vorticity. 
• SOf AR float data are shown in Section 2 as sequences of week-long tracks 

superimposed on the field of ambient vorticity. This shows both a change of relative 
vorticity as the flow crosses contours of ambient vorticity and the associated west-
ward phase propagation. The balance of potential vorticity computed in Section 3 
i$ consistent with that of a barotropic planetary wave modified by topography, and 
the space and time scales computed in Section 4 are consistent with the correspond-
ing dispersion relation. Cautionary remarks on the adequacy of a wave description 
are in Section 5. 

2. Description of the LDE region and the data 

Bottom depth H in the central LDE region slopes upward to the east as part of 
the Bermuda Rise, Figure 1. An estimate of "'vH is required for the potential vor-
ticity analysis and wave dispersion calculation which follow. The quarter wavelength 
of the wave is 0(100 km) which indicates the scale over which bottom depth should 
be averaged. East of 70W, where most of the motion occurs, the bottom slope is 
estimated subjectively to be 150 m/ 100 km and the mean direction of the isobaths 
to be 10°T; "'vH is shown in Figure 1 and is given in Table 1. West of 70W, over 
the Hatteras Abyssal Plain, the bottom slope is much less and "'y H is taken to 
vanish. The field of ambient vorticity (defined below) was computed at SO km 
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Table 1. LDE barotropic planetary/ topographic wave parameters. 

Parameter 

bottom depth 
depth gradient 

Coriolis 
beta 
mean velocity 
period 

intrinsic period 
wavelength 
wave direction 

amplitude 
phase velocity 
group velocity 

Value 

H . = 5300 m 
V H = (-1.45, 0.25) X 10-0 east of 70W 

= 0 west of 70W 
f. = 7.51 X 10_,, s-1 at 31N 
f3 = 1.96 X 10- 11 s-1 m- 1 at 31 N 
V = (-0.02, 0) ms-1 

T = 4.15 X 10° s (48 days) 

T = 5.27 X 10° s (61 days) 
,\ = 340 X 103 m 

o = 3oo·t 
V = 0.12 ms-1 

c. = (-0.05," 0.03) ms-1 

C, = (0.05, 0) ms-1 

Source 

Figure 1 

Figure 1 

Rossby et al. (1980) 
Same as Fig. 7 w/ o 
Doppler correction 
Figure 7 
Figure 7 
Figure 2 

Least squares fit 
Figure 7 
Figure 8 and 
dispersion relation 

intervals and contoured subjectively, Figure 1. lsolines slope roughly 45° from 
east-west over the central LDE region, indicating that the variation of H will gen-
erally be as important as the variation of the Coriolis parameter f in this region. 
. As we describe next, the data of Figure 2 demonstrate a barotropic potential 
vorticity balance, 

_E_ (__f±J_)=o 
dt H ' 

(1) 

where g = k • "v x V is the vertical component of relative vorticity. This balance 
is most apparent in the data in the difference form, 

of 9'! -Hoo(f / H) , (2) 

where 
t 

o( ) =f -3:.__ ( 
dt 

) di 

t, 

is the change over time following a given ff.oat cluster (and presumably a water 
column), and where ( )0 indicates a constant reference value. For the special case 
of Figure 2, (2) may be further simplified by assigning zero to the H oCf I H) contour 
where g is observed to vanish. The difference operator may then be dropped to leave 

R=-A, (3) 

where R ={,and A = H 0(f / H) are the relative and ambient vorticity which will be 

given in units off o• 
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Figure 2. Week-long float trajectories superimposed over ambient vorticity contours. These 
data have been smoothed with a two-day Gaussian taper to remove tidal and inertial energy. 
The open circle at 31.0N, 69.5W marks the location of the LDE central mooring. The panel 
number and the beginning date are noted at lower ri ght of each panel. Speed, distance and a 
relative vorticity scale are in Panel 2. Units of relative vorticity are percent of /. (same as 
the ambient vorticity contours). 
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During the first week of the experiment, Panel 1 of Figure 2, the large-scale flow 
of interest here3 was to the northeast. As the float cluster moved toward larger 
ambient vorticity, it began to acquire negative relative vorticity as floats on the 
southeastern side slowed, and then reversed direction, Panel 2. The relative vorticity 
of the northern half of the cluster (which excludes the small eddy) may be roughly 
estimated from the scale in Panel 2 as R -0.03 f 0, while A 0.04 f 0. The re-
versal propagated northwestward through the float cluster, Panel 3, which then 
accelerated back to the southwest, Panel 4. As the cluster crossed 3 lN it appears 
to have given up all relative vorticity, and we have assigned zero to the A contour 
at 69.5W. The cluster continued southwest to negative values of A, and began to 
acquire positive R, Panel 5, as again, floats on the southeastern side slowed and then 
reversed direction. The reversal propagated across the cluster, Panel 6, which then 
accelerated back to the northeast to begin a second cycle. At the southwest extrema, 
Panel 6, R 0.04 fo, while A -0.04 lo• Thus the gross changes of relative vor-
ticity are qualitatively consistent with barotropic potential vorticity conservation, 
and there are clear signs of the associated westward phase propagation. 

Only 12 of the 18 floats launched at the beginning of the LDE took part in the 
complete wave cycle described above. Four floats broke away and drifted westward 
at the time when the cluster was furthest southwest, Panel 5. Two floats that were 
initially in the northwest comer of the cluster moved off to the west almost from 
the beginning. One of those floats appeared at times to be roughly a half wavelength 
westward of the main cluster, Panel 7, but generally did not show a clear phase 
relation with the main cluster. 

A second, somewhat similar oscillation followed. It was not as distinct, and did 
not involve as many floats (see Spain et al., 1980, for a description of the full data 
set). The cluster drifted over the Hatteras Abyssal Plain before the second oscilla-
tion was completed, and there is no further evidence of the wave. 

The heavily instrumented LDE central mooring (Owens et al., 1982) provides a 
complementary view, Figure 3. During the first three months of the LDE, velocity 
was approximately uniform from the base of the main thermocline to within a few 
hundred meters of the bottom; it was somewhat stronger within and above the main 
thermocline (surface intensified). Velocity was strongly polarized in a plane north-
east/southwest and oscillated with a period of ~ 45 days and an amplitude of 
~ 0.13 ms-1 • When comparisons may be made, Panels 4 and 8 of Figure 2, the 
velocity at 1300 m inferred from float observations is very similar to the velocity at 
5000 m measured by the current meter. The current meter record clearly shows the 
temporal intermittency of the wave; two strong oscillations at the beginning of the 

• Note the small anticyclonic eddy centered on 31N, 69W in Panel 1. This and other small eddies 
discovered during the LDE will be the topic of future papers by the LDE investigators. This small 
eddy is "noise" for the purpose here, and will not be discussed except to note when we try to exclude 
it from analysis of the large-scale flow. 
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Figure 3. Vector time series of horizontal velocity at 5000 m depth observed at the central 
mooring, 3 lN, 69.5W, during the fir st six months of the LDE. See Owens et al. (1982) for 
the complete record. The arrows marked 4 and 8 denote the times of Panels 4 and 8, Figure 2. 

LOE were followed by a several month-long period of much weaker, less strongly 
polarized velocity. 

3. Potential vorticity bal~ce 

Here we sharpen our estimate of the potential vorticity balance by performing an 
objective, quantitative analysis. [See Bryden and Fofonoff (1977) and McWilliams 
(1976) for detailed analyses of Eulerian potential vorticity balance.] Our intent is 
not as much to test whether potential vorticity was conserved as it is to see how 
potential vorticity was conserved in this case. 

_Expansion of the right-hand term of (2) gives 

1 
og + of + Hof oo H = O , (4) 

or when evaluated from data, 

R+P+T=e 

for the changes in relative, planetary and topographic vorticity. The residual E could 
arise from: sampling errors in R, P or T; internal (baroclinic) divergence which is 
not accounted for in the topographic stretching term, or less likely , departure from 
an inviscid, unforced balance. P and T are simple functions of position r = (x,y), 
(east, north), 

P = f3oy 

T = _ ..li!_ or• v'H 
Ho 

where i ,y are the average x,y positions of the float cluster. The first derivatives of 
velocity required to estimate the relative vorticity, g = av/ ax -au/ ay, are computed 
by performing a least squares fit of a plane to each velocity component separately 
(Molinari and Kir win, 1975; Okubu and Ebbesmeyer, 1976). The error in R is 
estimated from an identical calculation of divergence v' • V = au/ ax + av; ay. It is 
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Figure 4. The balance of barotropic potential vorticity computed from a cluster of nine floats 
(nos. 40-48). Estimates of each term were made at daily intervals. 

well known that divergence must be very small in large-scale, quasi-geostropluc 
motions, typically 

V • V = O (_L) 
g f ' 

(5) 

where Of is the Rossby number 9! 0.04 in this case. The degree to which the esti-
mated divergence meets this severe constraint is a useful measure of the quality of 
the velocity gradient estimates. The fraction of the observed velocity variance ac-
counted for by the least squares fit, FIT, is also shown. Estimation of the derivatives 
is suspect when FIT is less than about 0.8. 

The calculation is first carried out with a cluster of nine floats which were roughly 
the northeastern half of the full cluster as seen in Figure 2, Panel 3. This cluster of 
floats remained fairly compact during a complete cycle of the wave, and were clearly 
distinct from the small eddy. The initial time t1 = 1 June, when the cluster was at 
a northeast maximum, Panel 3, and when the relative vorticity was at a negative 
maximum. The initial change in relative vorticity R is thus positive, Figure 4, and 
the changes in P and T are negative. 

The estimated divergence is typically 0.005 !a, while R is typically 0.05 fa, or an 
order of magnitude larger. This suggests that the velocity derivatives are estimated 
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well. However, the estimated divergence is still larger, by a. factor of at least 2, than 
expected from the scaling argument (5), and if inserted into a divergence form of 
the potential vorticity equation would overwhelm R and P. We conclude that this 
estimate of divergence is mainly noise, and take the root mean square divergence as 
the half-width of the error bar on R. FIT is near 1.0 during the first 40 days of the 
calculation, but begins to decline seriously after ="' 50 days when the divergence 
becomes and remains relatively large. These are warning signals that this calculation 
should be ignored for times beyond about 25 July. The cluster had by then become 
enlarged and distorted and no longer sampled the 0(100 km) wave scale well. 

A subset of seven floats (roughly the eastern half of the full cluster as it existed 
on 13 July, Figure 2, Panel 9) was used to restart the calculation when the original 
cluster was at its second northeast maximum. The error bar on R is larger for this 
calculation, Figure 5, as is the residual. This cluster was sheared apart after about 
45 days, apparently before another full cycle of the wave was completed. 

The balance of potential vorticity was achieved as 

R ="'-(T+ P) 

where T and P were in phase and were of roughly comparable magnitude. The 
residual E is about 0.15 R, and comparable to the estimated error on R. Hence, the 
potential vorticity balance appears barotropic to within estimated error. 

Other LDE measurements provide independent and certainly more direct ev-
idence that the flow beneath the main thermocline was largely barotropic at this 
time (McWilliams et al., 1981). As noted in Section 2, the current meter data from 
31N, 69.5W at 5000 m depth are· very similar to the float velocities at 1300 m 
when those comparisons may be made. Electromagnetic velocity profiles made in 
the area also showed strong barotropic flow beneath the main thermocline (Sanford, 
personal communication). Finally, the hydrographic survey group (Taft and Ebbes-
meyer, personal communication) observed that the small eddy moved rapidly across 
the LDE region (due apparently to advection by the wave described here) though 
the geostrophic shear integrated from depth up to the level of the eddy was very 
weak. Hence they too inferred strong barotropic flow beneath the main thermocline. 1 1 

There is some visual correlation between 1300 m float tracks within the wave and 1 1 1 

the few available overlying 700 m float tracks (Spain et al. , 1980), and there is a 1 ! 1 

similar northwestward propagation evident in the 700 m time- and space-lagged 1 1 1 

covariance. However, at the 700 m level the wave is somewhat obscured by a strong 1 1 1 
barnclinic velocity, which Owens et al. (1982) refer to as a jet. 1 1 1 

111 

4. Time scales, space scales, and wave propagation t t' 

To estimate time and space scales of the wave we have computed the time- and I I : 
space-lagged covariance, 
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Figure 5. The balance of barotropic potential vorticity computed from a cluster of seven fl.oats 
(nos. 40-42, 45-48). 

CT(Ay',At) = <u'(y',t) u'(y' + Ay' -v'At, t +At)> 

CL(Ay',At) = <v'(y',t) v'(y' + Ay' -v'At, t +At)> . 

In the discussion of Figure 2 we noted that phase propagated northwestward, in a 
direction roughly perpendicular to the plane of polarization. This suggests a trans-
verse wave whose plane of polarization is estimated from a principal axes calculation 
to be 30° /210°T, and whose wave vector is thus estimated to point 300°T. The 
axes are rotated 60° anticlockwise so that y' is in the direction of the wave vector, 
Figure 6. Propagation should then be most apparent in the so-called transverse 
covariance CT, while the longitudinal covariance CL should vanish. Additionally, 

the observed time- and space-averaged mean velocity V = (-0.02, 0) ms-1 (Rossby 
et al., 1980) is subtracted from the rotated velocity components u',v', and more 
importantly from the positions to remove Doppler shifting. Whether this "mean 
velocity" is appropriate for this particular time and place is problematic and we 
comment below on the effect of Doppler correcting. 

The transverse covariance, Figure 7, shows a striking slope of isolines indicative 
of propagation toward the northwest at a rate 0.06 ms-1• The quarter wave-
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/ Transverse 

, Longitudinal 

K 

Figure 6. Schematic of the coordinate rotation and velocity decomposition used in computing 
time- and space-lagged covariance. 

·length '11./ 4 = 85 km is estimated as the distance to the first zero crossing along 
zero time lag; simila;ly, the quarter intrinsic period T /4 = 15.2 days. Their ratio 
gives a phase speed Cp = '11./T ';= 0,Q65_ ms - 1 which-is indistinguishable from the 
slope of isolines. The longitudinal ~~variance shows no obvious signal, and as anti~-
ipated, has much smaller amplitude. -

These estimates of wavelength and period may be used to check whether this 
wave propagates the way expected of a plane, barotropic planetary wave over the 
LDE topography. Plane waves with phase ~ (kx + ly -wt) satisfy a dispersion 
relation (LeBlond and Mysak, 1978) 

-k ( /3-~ aH ) -[ aH 
Ho ay H0 ax 

w=--------------- (6) 
k2 + l2 

where we have ignored divergence and thus the very long barotropic wave. Given 
the observed intrinsic frequency w and known bottom depth gradient (Table 1), the 
slowness curve, Figure 8, is the terminus of all possible wave vector solutions to (6). 
The thin lines surrounding the slowness curve and the wave vector are error bounds 
estimated from a least squares fit of a plane wave to the observed velocity field 
(discussed in Section 5). The error bounds are taken to be the values of w, K for 
which the fit is 0.95 of the optimum fit;± 0.16 of w, ± 10° in direction of K, and 
± 0.28 of A. The optimum values of w and K direction are quite similar to those 
deduced from Figure 7, but the optimum A is somewhat less, 300 km. The large 
uncertainty on '11. is probably a result of the rather narrow range of spatial lags 
sampled by the float cluster. 
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Figure 8. Slowness curve computed for the barotropic planetary wave whose parameters are 
given in Table 1, and the observed wave vector. The dashed vector is in the direction of the 
group velocity C,. 

The observed wave vector nearly terminates on the slowness curve, and thus the 
observed time and space scales are consistent with the plane wave dispersion rela-
tion. Group velocity Cg points from the intersection of the wave vector with the 
slowness curve back toward the center of the circle, roughly 100°T in this case. 
The wave thus appears to propagate energy eastward, away from the region of the 
Gulf Stream and toward the gyre interior. The Cg magnitude computed from 
the dispersion relation is ="' 0.05 ms-1

• 

Stratification can alter the dispersion relation and the vertical structure of plan-
etary waves over topography (Rhines, 1970). Numerical solutions for the LDE 
stratification and these wave parameters (carried out by N. Hogg) indicate that the 
gravest mode has, for the same frequency, a wave vector very similar to that of 
the simple barotropic wave (6). Its horizontal velocity amplitude is nearly uniform 
with depth beneath the main thermocline, and decays by only 0.15 within and above 
the main thermocline. Hence, stratification apparently does not strongly alter this 
wave. [For an example where it does, see Thompson and Luyten (1976), and 
Hogg (1981).] 

If no Doppler correction is applied in the covariance analysis, the wavelength 
estimate made at zero time lag is of course unchanged, but the estimated period is 
reduced to about 48 days, comparable to the wave period ()bserved at the LDE 
central mooring, Figure 3. This change in wave frequency is consistent with Doppler 
shifting given the observed K , i.e., Aw/ I K I = -.018 ms-1, which is roughly the 
component of the mean velocity in the direction of K. Hence, a Doppler shift may 
have been observed. The slowness curve for the uncorrected, higher frequency has 
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Table 2. Cross-correlation between the observed velocity and the velocity of the inferred wave. 

all floats w/o small eddy 

first 90 days 0.72 0.77 
last 90 days -0,07 -0.09 
180 days 0.47 0.48 

a smaller radius, in the ratio 48/61, and falls inside the observed wave vector by 
somewhat more than the Doppler corrected slowness curve falls beyond the ob-
served wave vector. However, the dispersion relation test is not particularly sensitive 
to Doppler correction given the uncertainties of w and K. 

When the topographic terms are excluded from the dispersion relation, the solu-
tion wave vector which points toward 300°T then has A= 480 km, or roughly 40% 
greater than that observed. The topographic effect in the dispersion relation is thus 
comparable to the topographic effect in the potential vorticity balance. 

Note that the first negative lobe of CT at ·At = T /2, Ay' = 0 is much deeper than 
the corresponding lobe at At = 0, Ay' = A/2. At face value, this suggests that the 
wave was more oscillatory temporally than spatially. However, it is likely more 
attributable to the nonstationarity of the wave and the float sampling scheme. The 
float cluster was fairly compact in the northwest/ southeast direction during the first 
several months of the LDE when the wave was present; large spatial lags were not 
sampled until later in the experiment when the wave was evidently not present. 

5. Remarks 
While the wave is perhaps the most impressive feature of the large scale, sub-

thermocline LDE velocity field4 , we emphasize that it falls well short of being a 
complete account of that field. One simple objective measure of the adequacy of 
a wave description is given by the cross-correlation between the inferred wave 
velocity and the observed velocity. We may write the wave's transverse velocity as 

V = 11 COS [ I K I Y + w(t -to)] , (7) 

where y is antiparallel to K, and the origin is 31N, 69.5W. The magnitude 11 has 
been determined by least squares analysis to be 0.12 ms-1

; the phase constant 

t0 = 10 June. The choice of 11 does not affect the cross-correlation though of course 
the phase constant does. The data set has been broken down by time, and by the 
scale of the flow. During the first half of the float experiment (90 days) the cross-
correlation between the observed velocity and the wave velocity is 0.72, Table 2. 
If we exclude four floats which were initially involved in the small eddy and which 

'The mass transport carried in a half wavelength may be estimated as VH'A.217r 70 X 10° 
m•s-1, where V = 0.12 ms-1 is the velocity amplitude. This transport is comparable to that 
of the Gulf Stream at this latitude. 
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clearly cannot be described by (7), then the cross-correlation is slightly higher, 0.77. 
Hence, the wave accounts for most, but by no means all, of the large-scale velocity 
observed by the floats during the first half of the LDE. If instead we use only data 
from the second half of the experiment, then the cross-correlation is -0.09, or 
essentially zero. Again, there is no evidence that the wave persisted for more than 
two cycles beyond the start of the LDE. 

Westward phase propagation of open-ocean mesoscale eddies has been widely 
reported [see the reviews by LeBlond and Mysak (1978) and Wunsch (1981)]. 
However, few if any of the previous observations are as simply and clearly wavelike 
as this one. For example, Freeland et al. (1975) found that westward propagation, 
but not necessarily a dispersion relation, was a persistent feature of the MODE 
velocity field which they suspected to be moderately nonlinear (particle speeds > 
phase speeds). In this case, we observe westward propagation of a transient, at 
least approximately linear wave. Wave fits to the mesoscale eddies observed in the 
POLYGON (McWilliams and Robinson, 1974) and MODE experiments (McWil-
liams and Flierl, 1976) required a superposition of several barotropic and baroclinic 
plane waves to match the cellular structure of the observed velocity field. This wave 
is by comparison long crested; Rossby et al. (1980) found that the (conventional) 
longitudinal correlation in the plane of polarization is 0.8 at 120 km separation (the 
zero crossing was not sampled). Hence, a single plane wave can be a plausible 
description. Dispersion and nonlinear effects, troublesome features of a wave super-
position, thus do not arise here. 

Our data set provides a detailed look at some of the (spatially) local properties of 
the wave, but probably cannot provide direct answers to important questions on its 
global dynamics, e.g., energy sources and sinks. Evidence from a variety of sources, 
including field observations (Schmitz, 1978) and numerical models (Holland, 1978), 
suggests that the Gulf Stream is the major source of barotropic eddy energy found 
in the LDE region. The (locally) eastward pointing group velocity of Figure 8 is 
consistent with direct forcing by a meandering Gulf Stream [as envisioned by Ped-
losky (1977) and Harrison and Robinson (1979)], but other less direct mechanisms 
are also possible. Rhines (1977) has shown that intense baroclinic eddies evolve 
toward barotropy. The occurrence of relatively intense thermocline-depth currents 
[baroclinic jet of Owens et al. (1982)) at the beginning of the LDE hints at this latter 
mechanism. 
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