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On the determination of absolute velocities in the ocean
by Manuel E. Fiadeiro1 and George Veronis1

ABSTRACT
An empirical search procedure based only on hydrographic data and the use of the dynamical method provides a good estimate of the level of no motion. The criterion is to select the
level that yields the minimum mean square transport imbalances for the set of carefully chosen
independent layers. The Gascoyne 2/60 data set for the Tasman-Coral Sea is used for the
calculations. A second, analytical, search procedure makes use of the so-called common solution of the inverse method to yield an improved estimate. The c.onjugate gradient method, a
computational procedure for obtaining the inverse solution, can be used as an efficient alternative to bypass the singular value decomposition analysis that is currently in use for these
problems. The proposed schemes are robust and relatively insensitive to noise in the data. They
lead to a level of no motion at 2200 ± 100 m and a barotropic velocity correction with an rms
amplitude of less than 0.5 mm s-1 for the Tasman-Coral Sea region.

1. Introduction
During this century there have been many attempts to determine a reference
velocity or a level of no motion for large-scale geostrophic flows. Most of these
attempts have been based on intuition gained from water mass analysis or on some
other hydrographically related criterion.
The most recent, traditional, effort to construct a comprehensive circulation pattern in which the level of no motion plays a vital role is Worthington's (1976)
scenario for the circulation of the North Atlantic. For several years leading up to
that circulation picture Worthington had voiced his concern about the difficulties
that one encounters in attempting to satisfy mass conservation of apparently independent layers by using a single reference level for a region enclosed by a track of
hydrographic stations. His offer of a case of scotch to anyone who could resolve the
dilemma arising from simultaneous use of geostrophic balance and an assumed level
of no motion attracted fewer oceanographers to the problem than might have been
expected, but it served as a subject of discussion during a period when scientific
progress on the issue flagged. Wunsch's (1977) proposal to use inverse analysis to
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solve the problem by admitting a spatially varying reference level rekindled interest
in the problem. Worthington decided that Wunsch's contribution warranted a case
of scotch miniatures but that the full problem was still unresolved. The work reported here stakes out our claim for the full reward, though when Worthington
retired to the Bahamas (two weeks before this paper was completed), the scotch
may have gone with him.
l'he early hopes for a more reliable reference level from inverse theory have not
been entirely realized. Different starting points yield different solutions just as they
do with the traditional approach of the hydrographer. As a result, there has been a
tendency to reject the inverse method as complicated mathematical wizardry that
does not advance the field.
However, inverse analysts use the same data and the same physical plinciples that
hydrographers do. The goal of both is to build a structure for the dynamical interpretation of hydrographic data.' The uncertainties that emerge from the use of the
inverse method are present also in the more intuitive approach. The difference is
that the flaws in the structure are more easily identified in the inverse bltJeprint
· than they are in the hydrographer's painting, not that one method is correct and
the other one not. If one method can be salvaged, it is likely that the other one
will be also.
As it turns out, the main deficiency in the attempts so far is that there .has not
been sufficient exploration for a level of no motion. Normally, the . hydrographer
has simply calculated the flow field that results from his assumed reference level.
His results stand or fall with the assumption. Rather surprisingly, those of us who
have carried out inverse calculations have fallen into the same trap. We have ap-plied the very considerable power of inverse analysis to determining the consequences of an assumed reference level. Because inverse analysis always supplies a
solution, it appeared that the assumed reference level matters less in inverse theory
than in the hydrographer's approach. Actual computations have shown that that is
not true. A bad assumption leads to bad results. The "advantage" of inverse theory
is that one sees how bad the results are.
In the present paper we show how a good choice for the reference level eliminates
essentially all of the hydrographer's difficulties and most of those of the inverse
analyst. The procedure is to carry out an exhaustive, but simple and straightforward,
search for the best reference level that can be obtained from the data on hand. This
search must be preceded by a careful water-mass analysis to identify possibly conservative layers. Then, with nothing more than the use of the dynamical method,
· one can locate an optimal reference level empilically. The criterion that we have
used for the optimum is that the mean square transport residual is minimum. If
other data sets are as cooperative as the one that we have treated here, it is likely
that the estimate obtained by this empirical procedure alone will suffice for most
purposes.
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The proposed search procedure removes the necessity to assume a level of no
motion and it gives the best empirical solution consistent with the conservation of
mass of each of the individual layers. The hydrographer has not usually been concerned specifically with satisfying the latter constraints so the present method
represents an improvement on his approach; the cost is more computation but it is
the same kind of computation as he has done in the past.
The best empirical estimate will not satisfy the mass conservation constraints
exactly. Therefore, it will be necessary to decide on a criterion of acceptability, i.e.,
one must accept a certain amount of flux imbalance in the layers as being within the
noise level. Both approaches have admitted some imbalance as unavoidable. In the
present study we make a preliminary estimate of the acceptable level by adding to
the original data random noise with an amplitude below the uncertainty level of
observations so that the different data sets that we generate could be interpreted as
alternative versions of the same set. The differences in the results that are obtained
with the original and noisy sets then provide a measure of acceptable uncertainty. ·
In terms of transport imbalances for a layer with the present data the uncertainties
are between 1 and 2 Sv.
Although the best level of no motion determined by the empirical search may
give transport imbalances that lie within the range of acceptability, one may want to
use inverse theory to add a barotropic correction to eliminate some of the remaining
imbalance. When the residual lies outside of the acceptable range, a correction will
be necessary. We give two procedures for obtaining the correction and adjusting the
reference level.
First, we make uncommon use of the common solution obtained from singular
value decomposition to develop an efficient analytical search procedure for an
optimal level of no motion. The optimum in this case is the level with the minimum
(in the mean square sense) barotropic velocity required to correct the imbalances to
acceptable levels. Then to find the best choice for a reference level we propose a
three-way trade-off involving the rms transport residuals, the rms barotropic velocities and the level of approximation (number of eigenvectors) of the inverse solution.
The proposed method makes use of the entire apparatus of singular value decomposition and requires a detailed look at the structure of the eigenvectors. One learns
a lot about the way in which the mathematical solutions are generated. The method
requires only a single inverse solution plus some matrix multiplications.
The alternative procedure is to bypass all of the elegant (and instructive) apparatus of singular value decomposition and to resort to a much more efficient
computational scheme to correct, within acceptable limits, the flux imbalances. This
alternative is essentially a brute force method for obtaining corrections in the vicinity of the empirically determined reference level. It requires a number of inverse
solutions but these can be calculated by the most efficient available procedure. Thei
conjugate gradient method that we propose is one such procedure. The results in
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this case also involve a three-way trade-off and agree with those obtained by singular value decomposition to within 1 % .
One should obviously try the empirical search procedure first because it involves
no sophisticated mathematics and may yield a satisfactory answer. In fact, this
search can be looked upon as a computer game because the hydrographer can see
how good his intuitively chosen reference level is. The best choice for a reference
level will never satisfy the conservation constraints exactly so it will really be only
a level of slow motion. For that reason we have looked upon this search procedure
as a computer game called SLOPOKE.
Though SLOPOKE requires little mathematics it does not provide a barotropic
correction. Both of the other procedures do and in that sense they are preferable
because either one can be used alone to give the total answer (level plus correction).
Before describing the detailed procedures we would like to emphasize a few
points. The first is that nothing will take the place of a perusal of the data to identify
layers. We have carefully inspected the Gascoyne data (CSIRO, 1962) used in this
paper and have concluded that a deep oxygen minimum layer is important. When
that layer is incorporated into the bottom layer, two levels emerge as candidates for
the level of no motion. When the oxygen minimum layer is treated as an independent layer, the shallower of these two levels (near 1000 m depth) beeomes
unacceptable as a level of no motion because the bottom layer and the oxygen
minimum layer have equal and opposite imbalances of about 10 Sv. The rejected
shallower level is the one found by Thompson and Veronis (1980). The acceptable
level is below 2000 m. In general, identifying independent layers, especially deeper
ones, is important.
A second point is that some care should be exercised in the choice of shallower
layers. Nonconservative transport processes are more important and intense baroclinic eddies are, also more manifest in shallower waters. Using a relatively thick
upper layer (say to the top of the thermocline) will minimize these effects.
A third point comes in the form of a prediction. We suspect that optimal levels
of no motion will end up deeper than those of past assumptions (the choice of the
bottom for Gulf Stream sections is an exception).
2. Empirical reference level

The initial effort to determine the reference level is based on the data itself
without the use of the inverse method. First, the distributions of all measured
properties are examined for characteristic features that may suggest possibly conservative layers. These features include extrema of oxygen, nutrients, salinity, potential density, potential vorticity (calculated), etc. In this study surfaces with
constant values of <ra (potential density referred to 3000 m depth) separate the
layers. Our feeling is that subthermocline waters are as important in determining
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the reference level as the upper waters are; the use of <T3 admits good resolution in
deep waters without sacrificing that of the layers closer to the surface.
The data to be treated were collected by K. Wyrtki on HMAS Gascoyne (CSIRO,
1962) from 18 to 30 March, 1960. Figure 1 shows the cruise track and station
numbers. The island of Papua-New Guinea, the shallow (depth <100 m) Torres
Straits and the east coast of Australia represent an effectively solid boundary, which,
taken together with the cruise track, forms a closed box into which there is no net
flow. There is a small gap (no observations) between the Australian coast and St.
89 which may be troublesome since the East Australian Current probably flows
through that gap.
From a study of the data and also with the help of Wyrtki's (1962) study of water
masses we have determined four layers '(Fig. 2) that may be conserved. The layer
40 contains essentially all of the water above the
from the surface to about <T3
thermocline. It is possible to subdivide this layer (as Wyrtki's analysis suggests) but
we have not done so because of the strong eddy activity in the surface waters
and because we want to minimize the effect of air-sea exchange. The layer with
40<cr3 <41 includes the Antarctic Intermediate Water. The deep oxygen minimum
is contained in the third layer 41 <<T 3 <41.4. The deep and bottom waters lie below
cr3 = 41.4. We have used round <T3 values to subdivide the-layers. We have also
tried a finer division of <T3 to obtain more nearly independent layers but the results
were not appreciably affected.
As can be seen from Figure 2, the average thicknesses of the layers are not too
different so that none of them really dominates. It is probable that some of the
problems encountered in earlier inverse studies of the circulation can be traced to
the use of too many thin layers near the surface where air-sea exchanges and strong
eddy activity are important and also to the choice of an excessively thick bottom
layer. The selection of independent layers that are likely to be conserved is very
important since these layers provide the determining constraints.
Density (p) at the observed levels is determined from S, T and depth at each
station, and values between observed points are obtained by linear interpolation.
Now, assume hydrostatic and geostrophic balance

=

op
az

= -gp,

op
oX

fvp=-

(1)

where x vanishes at St. 89 and increases along the cruise track and z increases upward. Then eliminating p yields the vertical shear (thermal wind relation)
a
gap
az
(pv) = -Tax ·

The assumption that
relative to that level

v vanishes at a reference level, z,, then gives the velocity,

(2)
Vn
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Figure 1. Gascoyne 2/60 cruise track with station numbers. Track from St. 89 to 13 8, PapuaNew Guinea, Torres Strait and east coast of Australia form closed box except for gap
ibetween coast and St. 89.

v,=--1._fz

pf

z,

~ dz .

ax

(3)

The above calculation can be carried out midway between stations (with ap/ax
replaced by a centered finite difference) from the surface down to the deepest
sample at the shallower station. From that level to the bottom the vertical shear
decays linearly to zero. This procedure is the same as the one used by Thompson
and Veronis (1980).
The velocity field obtained in this manner can be used to determine the mass flux
within any layer between two stations. The total volume flux from St. 89 to St. 138
for each of the four layers is then given by

f

z,
Vr
ZJ+l

dz dx,

j

= 1,2,3,4

(4)
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Figure 2. Vertical section along cruise track with four layers bounded by surface, u, = · 40, 41,
41.4, and bottom.

where z, is the level of the top of the jth layer and L is the distance along the cruise
track from St. 89 to St. 138. Since the data are given at discrete points, the horizontal integral is approximated by a finite sum so that
n

T,,

= Lf Zi

Vri

dz Ll.ix

(5)

ZJ+l
(=l

where Ll(X = X;+ 1 -x; and v,; is evaluated at the midpoint of Ll;x. n is the number
of station pairs (in this case 23). For the vertical integral in (5) v,, is evaluated at
10 m intervals from 5 m to the bottom and the vertical integral is approximated
by a sum.
a. Empirical reference depth. Our first effort to find a reference level is to choose
Zr at z
0, 50 m, 100 m etc. to the bottom and to calculate the net transport of
each layer for each choice of z,. If we find a level for which all four of the Trf
vanish, we have a level of no motion. As a measure of the extent to which the
transports of the four layers do not vanish, we form the mean square transport

=

4

Tr 2-"'r2
rj

•

(6)

j=l

The value of z, for which T,2 is a minimum is as close to a level of no motion as can
be obtained by this procedure.
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Figure 3. Mean square transport imbalances, T,', (in Sv') vs reference depth, z, (in m), for
original, noisy 1 and noisy 2 data sets (shown by solid, dash and dash-dot curves respectively).

It is possible that Tr2 may have more than one minimum. In our present calculations we found this to be the case when we combined the bottom two layers. But
when these two were treated as independent layers only one minimum emerged. A
determination of the number of really independent layers is a necessary part of this
study (see section d below).
As it turns out, Tr2 is large for z, near the surface and near the bottom and has a
minimum at an intermediate depth. In Figure 3 the solid curve shows T,2 as a
function of Zr from 1000 m to 3000 m for the Gascoyne data. Ti increases above
1000 m and below 3000 m and a minimum value of T,2 = 7.73 Sv2 (one Sverdrup
(Sv) is l0 6 m 3s- 1 ) is obtained at 2100 m. This provides a measure of the extent to
which the layers are not conserved. It will become evident shortly that this value of
T,2 is within the noise level and Zr = 2100 m is a good estimate of the level of no
motion. This simple, empirical search procedure, with no use of the powerful apparatus of the inverse method, is easy to carry out and can always be used to obtain
an estimate of the reference level. We shall supplement it with the inverse search
procedure of the next section.
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Table 1. Net transports and statistics at empirical levels of no motion.

Case

level

Units

m or ua

Orig
Orig
N,

2100m
41.33
2250m
41.32
2250m
41.33

N,
No
N,

T,1

T,,

T,a

T,.

II

!.T,1

Sv
-0.50
-0.39
-0.14
0.19
-0.92
-0.47

-2.11
-1.97
-2.19
-1.57
-2.78
-2.06

-0.83
-0.59
-1.30
0.11
-2.07
-0.63

T,'
Sv'

-1.54
-2.01
-1.57
-3.76
-2.66
-4.45

-4.97
-4.96
-5.20
-5.03
-8.42
-7.61

7.73
8.43
8.99
16.65
19.88
24 .66

II
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Figure 4. Same as Figure 3 with ua reference surface as ordinate.

T,1 and T,2 for this case are listed in the first row of Table 1. The total flux, "J.T,1,
is 5 Sv out of the box. This, too, turns out to be within the noise level of the system
but a small correction can be made to reduce it still further. An interesting additional piece of information is that the total transport has another minimum (also
~ 5 Sv) at Zr= 1000 m; however, this is achieved by rather large compensating
transports of the individual layers. Thus, the vanishing of the total transport is not
by itself a sufficient criterion for determining the reference level.
b. Empirical reference <T3 • The same search procedure based on increments of 0.01
in CT3 provides an estimate of a reference <T3 level. These increments correspond to

depth intervals of only a few meters near the surface but of several hundreds of
meters near the bottom. Once again the square residual transport is large for shallow
levels (<T3<40) and for the deepest levels (<T3>41.4). The minimum is attained when
41.33 as shown by the solid curve in Figure 4
the reference level is chosen at <T3
reference
levels is plotted in the range 41.25:(a-3:(41.42.
where T,2 vs the different a-3
T,1 and T,2 at this optimum level are listed in the second row of Table l. The values
are not very different from those for z, = 2100 m which is not so surprising since
the mean depth of the 41.33 surface is near 2100 m. IT, 1 is essentially the same but
T,2 is a bit larger than before. The primary reason for the larger T,2 is that the net
transport of the bottom layer is increased while that of the third layer is smaller.
This behavior is characteristic of z vs <T3 reference levels with the present data.

=

c. Noise. We have made a crude test of the effect of noise by adding random errors
to the data as did Thompson and Veronis (1980). Maximum amplitudes of the noise
for temperature, salinity, depth and position were 0.02 °C, 0.005%0, 0.5 % , 0.01 °
respectively. Each of these quantities was multiplied by a random number between
-0.99 and 0.99 for each water sample and the position for each station was also
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treated that way. This noise level is smaller than the observational error and we
have used it to determine the maximum reliability of the results. Only two noisy
data sets (N1 and N 2 ) were generated. A more complete statistical study of the
effects of noise will be reported later.
The results obtained with noisy data are also shown in Figures 3 and 4 and in
Table 1. For both data sets the optimum depth is 2250 m. With <T3 surfaces the
optima are at 41.32 and 41.33 for N 1 and N 2 respectively. The values of !.T,, for
N 1 are nearly the same as the value with the original data but for N 2 they are half
again as much. A bigger change appears in T ,2 , especially for <T3 reference levels,
and is caused by the increased net flux in the bottom layer.
The discrepancies obtained with such small levels of noise indicate that the net
transports of the individual layers cannot be determined to better than 1-2 Sv and
mean square residuals of 10 Sv2 are not significant. Furthermore, the reference level
can be determined empirically only to within 100 m or so, which is less than the
spacing of the observed levels in this data set.

d. Other calculations. We have also made calculations with layers determined by
and by potential vorticity (fa<r 3/ az). Since potential vorticity involves vertical
derivatives of <r3 , we interpolated the data with a cubic spline, smoothed the spline
fit to eliminate overshooting of derivatives. near sharp gradients and then evaluated
a<r 3 / az by a finite difference over an interval of 60 m.
Potential vorticity is not monotonic with depth. An interesting feature is that the
<r 3 layers that are identified were also characterized by minimum values of potential
vorticity except along the northern part of the cruise track. The indication is that
one may use potential vorticity as well as the more commonly used properties to
identify layers. The nonmonotonic profiles required subjective choices for locating
single contour levels to separate layers. Because of the variable Coriolis parameter
in potential vorticity the division into layers is substantially different from that
obtained with <T3. Rather than report the results of our calculations with these
additional complications, we decided to restrict the discussion to the more easily
reproducible layers defined by <T3. Generally, potential vorticity layers gave results
that were consistent with those reported above though there was larger variation
among the different data sets.
In another calculation we subdivided the ocean into thirty thin <r3 layers in order
to test the procedure with a larger number of potentially conservative layers. We
compared the station-by-station transports of these thin layers and combined those
which flowed in the same direction. Independent layers were determined by surfaces
at which the transports reversed direction for most of the station pairs. This test did
not reveal any significant, new layers. Reducing the number to three layers by combining the two bottom layers led to a second possible reference level (local minimum
of T,2) near 1000 m depth. However, this minimum in T,2 occurs because the op-
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positely directed transports of the two bottom layers cancel when they are merged.
There is only one minimum when four layers are used. On the other hand, combining the two top layers so that the upper layer is ~2000 m thick yielded the same
level of no motion as the four layer division did. Along the northern track there is
an indication that the two upper layers behave differently so we retained four layers.
Our experience with this data set suggests that choosing too few layers may lead
to uncertainty in the search and that an increase in the number of layers stabilizes
the procedure. The general agreement of results ob_tained with depth levels and cr3
levels and also with <To and <T3 layers and potential vorticity layers indicates that
this empirical search procedure is robust.

3. An analytical search procedure
a. The barotropic correction. Although a satisfactory estimate of the reference level
for the Gascoyne data can be obtained with the empirical search procedure given
above, it may not be true for other data sets. In this section we outline a supplementary search procedure for a reference level using inverse_analysis. The optimum
level so obtained can be used together with the empirically determined one (especially when a correction to reduce the empirical residuals is needed) to provide a
firmer basis for the most reliable estimate of the level of no motion.
The present method requires use of the functional form of the results of inverse
analysis. Therefore, we first give the analysis in the context of the present problem,
emphasizing those aspects that are important for our purpose.
Though an arbitrarily chosen reference level will normally not conserve the mass
of the layers, a barotropic correction, b(x), can be added to the relative velocity, Vr,
Inverse analysis allows one to determine b so that the mass conservation constraints
are satisfied, i.e.,

f

Zi

[VrJ

+ b(x)] dz dx = 0,

1 ~j~m.

(7)

Z J+l

Using (4) this can be rewritten in the form

s:

bhidx

= -Tri

(8)

where hJ(x) is the thickness of the jth layer. Since the data are given at discrete
points in x, the integration in xis approximated by a summation so that

f:

n

n

bhidx

=

b;hii~
i =l

=

A iibi

(9)

i= l

where b, and hii are average values at the midpoint of each station pair, and
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Figure 5. Schematic form of (a) matrix system Ab = c; (b) matrix system A"d = e; (c) augmented system; and (d) eigenvalue problem for augmented system. See text for explanation.

A 1j(=h!Jt.;x) is the area of the jth layer in the ith interval. Equations (8) and (9)
can be rewritten as the linear system

L"

A;Jb,

= CJ,

CJ = -

T,1

( 10)

'=1

-o r in matrix notation

Ab=c.

(11)

(The scalar b in the physical problem is the component of barotropic velocity
normal to the cruise track. The vector b refers to the n-component discretization in
the x direction. The same remarks apply later to the scalar v, and to the vector v,.)
Generally, the number, n, of station pairs is much greater than the number, m, of
layers and problem (11) is an underdetermined system. In the problem represented
in Figures 1 and 2, m = 4 and n = 23.

b. Moore-Penrose solution. The matrix problem (11) is shown schematically in
Figure 5a with the m X n ma\.Tix, A, multiplying the n-component vector, b, to give
the m-component vector, c. Now augment this problem with another (thought)
problem defined by
ATd=e

(12)

and shown in Figure Sb. Here, AT is the transpose of A , and d and e are vectors of
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length m and n respectively. The combined problem (11) and (12) is shown in
Figure 5c. The reason for introducing (12) is that the augmented problem involves
the square, (m+n) x (m+n) symmetric matrix composed of A, AT, and zeroes. The
solution of the latter problem can be obtained in terms of the eigenvectors of the
symmetric eigenvalue problem shown in Figure 5d. The latter takes the form of a
shifted eigenvalue problem.
(13)

where u and v are eigenvectors of length m and n respectively. Eliminating u and then
v respectively from the two equations yields
(14)

where ATA is nxn and AAT is mxm. If the rank of AAT is p(~m<n) there are p
nonzero eigenvalues (.\ 2 ) and eigenvectors (u). Using the positive values of ,\ in the
second equation of (13) then gives the corresponding eigenvectors, v. (Negative
values of,\ simply change the sign of v.) The o's and v's each form an orthonormal
set (Lanczos, 1961).
To solve the original problem (11), express bas a linear combination of the v's
(15)

and substitute into (11)
p

p

i =l

i=l

AL a, v, = .-

p

a 1 Av1

=L

<XJ AJ DJ= C

(16)

j= l

Multiplying the last equality by uk and making use of the orthonormality of the u's
yields
(17)

so that
p

( 18)
j= l

This is the Moore-Penrose solution obtained by singular value decomposition of
the matrix A. The p vectors v1, each of length n, span the solution (also called the
activated) space. The Moore-Penrose solution contains no information involving the
remaining n-p vectors of the original matrix. The latter belong to the null space (zero
eigenvalue) and satisfy the equation
Av=O.
11

(1 9)
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Arbitrary multiples of the null space vectors can be added to JJ, · of course; because
the original equation (11) is still satisfied. Appending any part of these latter solutions
to h leads to a larger .value of b 2 (=hTh). In that sense, the Moore-Penrose solution
(i.e., no contribution from the null space) yields the minimum value of b 2 •

c. Resoiution matrix. · Let the p eigenvectors v (u) be the column vectors of the
matrix, V (U). Then because of the orthonormality of each set of vectors,
(20)
where Ip is the p-dimensional identity matrix. The products are not commutative (the
dimensions are different if p<m). If p m<n, then UUT I" but VVT =I= I.
The nXn matrix VVT is called the resolution matrix and has been much discussed
(e.g., Wiggins, 1972; Jackson, 1972). Premultiplication of any n-dimensional vector, s, by VVT projects s onto the activated space, i.e., it preserves that part of s
that lies in activated space and filters out the part of s in null space.
In our oceanographic problem the product VVT (vr + h) will preserve all of h but
only that part of the geostrophic velocity, Vr, that lies in activated space. Wunsch
(1978), Roemmich (1981) and others have called this product the common solution
because that portion of the total solution . is independent of the assumed reference
level. Although it has no physical significance per se, its mathematical properties are
important and play a critical role in our analytical search procedure.

=

=

d. The inverse search procedure. In order to obtain an analytical estimate of the
level of no motion, we have focused on the fact that the inverse method leads to a
minimum value of b 2 , i.e., the minimum departure of the system from the assumed
level of no motion. By varying the reference level we seek that level that yields the
minimum of all these minima. However, if one must obtain an inverse solution for
each level, this search is computationally prohibitive, especially for larger systems.
We can reduce the computational effort enormously by making use of the common
solution in the following way. Assume a level of no motion (any level will do but to
be specific we choose the top surface) and determine the relative velocity field v, 0 (z).
The corresponding barotropic velocity field, h0 , obtained from an inverse calculation
is the total velocity at z = 0 since v,o vanishes there by assumption. At some new
surface the relative velocity, v,o, will generally not vanish and the total velocity is
given by Vro + ho. Premultiplication of Vro + ho by VVT yields the part of the total
velocity that lies in the activated space of A. However, if we had chosen the new
surface as the level of no motion, the new h obtained at that level would also be the
total velocity that lies in the activated space of A . Therefore, the product VVT (v, 0 +
ho) evaluated at any surface gives the barotropic correction that would be required if
that surface were the assumed reference level. That means that after a single inverse
calculation one can determine h for all reference surfaces by carrying out a single
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Figure 6. Horizontally averaged mean square barotropic correction, P (in em's-'), vs reference
depth, z,, for original data. Solid, dash and dash-dot curves are for correction with one, two
and three eigenvectors respectively.

matrix multiplication for each reference surface. As long as the matrix A is unchanged, no other inverse calculation is required to determine h.
We now have different estimates for an optimum reference level, one based on
minimizing the uncorrected transport imbalances, T/, and the other on minimizing
the inverse correction, b 2 • These two estimates are generally not the same so we are
faced with a trade-off. It is possible to satisfy the constraints exactly but the cost
(in terms of amplitude of b 2 ) is high. Conversely, it is possible to minimize b 2 by
accepting larger imbalances . For the trade-off we accept the solution that uses a b
correction which reduces the corrected imbalance to noise level and that surface for
which the corrected .imbalances are minimum.

4. Results
The total inverse solution (four eigenvectors) is first obtained for the original data
set with the four <r3 layers and with the top surface as the reference level. The index
of the eigenvectors increases with decreasing eigenvalues. The total solution yields
the h that is required to eliminate all four transport imbalances. Then taking the
product vvr (vro + h0 ) at any other surface, be it a depth or a <r3 level, yields the h
that would be required if that surface were the reference level. One can also obtain
b corresponding to j (~ 3) eigenvectors by using the resolution matrix vvr obtained
by discarding all eigenvectors with index exceeding j.
The results of these calculations with depth for reference are summarized in
Figure 6 showing b2 vs Zr for j = 1,2,3 in the range 1000:(zr'::::: 3000 m. For j = 1
0
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minima of b 2 occur at Zr= 1050 m and 1900. m. For j = 2 there is a single minimum at Zr = 2100 m and with ; = 3 one at 2200 m. The full solution always gives
a minimum at the level where Tr 2 is minimum. With each increase in i the value of
b 2 increases since the system eliminates more of the imbalances (and uses smaller
eigenvalues to do so). The amount of imbalance removed with each successive
approximation depends on the distribution of the imbalance among the layers and
on the form of the u eigenvectors (since by Eq. (18) the amplitude of b is a linear
combination of the i.nn,er products c • u1).
The short (u,) eigenvectors for the original data are listed in Table 2 along with the
Table 2. Eigenvalues and u eigenvectors for original ~ata.
A1 = 2.12

X

10°, u1 = (0.283, 0.368, 0.717, 0.520)

X, = 4.75 X 108, u, = (-0.322, -0.335, -0.304, 0.832)
A,= 2.19

X

10", u. = (0.528, 0.540, -0.626, 0.193)

X, = 4.59

X

101 , u. = (-0.733, 0.678, -0.041, -0.025)

corresponding eigenvalue x,. The first eigenvector has its largest contribution in
the third layer and all components have the same sign. The fourth (bottom layer)
component of the second eigenvector is largest and the remaining thre~ components
have the opposite sign, etc. Thus, we can see how the different eigenvectors will
weight the imbalances.
In the range of reference depths near 2000 m for which b2 is small the imbalances
tend to be of one sign, though this varies somewhat as Zr varies. (It will be different,
of course, for other data sets.) Hence, the first eigenvector can correct much of the
imbalance in this case. The second will improve matters only if the remaining
imbalances are suitably distributed. As it turns out, one eigenvector suffices to
reduce the imbalances to noise level so the remaining discussion is confined to this
correction.
In Table 3 we list the residual transports and the statistics of b with a single
eigenvector correction for the reference depth taken at 100 m intervals from 1800
m to 2400 m. Also listed are the original, uncorrected imbalances. This table of
values can be used to determine the trade-off. The most startling (and pleasing)
result is that the total imbalance can be effectively eliminated and the individual
imbalances can be reduced to 0(1 Sv) with a barotropic correction of less than
0.3 mm s- 1 • It is clear that no added correction is needed. (In fact, for this case the
second eigenvector is of little help and the higher ones give smaller imbalances only
at the cost of much increased b2 values.) Of the levels in Table 3 we select 2100 m
the one with the smallest corrected mean square transport (Tr2 = 2.40 sv2), as th;
closest estimate of the level of no motion. The mean barotropic velocity there is
0.21 mm s- 1 with a standard deviation of 0.09 mm s- 1 • Layer 2 (Antarctic Inter-
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Table 3. Original data. Uncorrected transport imbalance for four layers and total for 1800m:s;;
z,:a;;;2400m. Asterisk marks transports and statistics with one eigenvector correction. Units
in second row.
T,,

Z:,

T,,

T,.

!.T,1

Sv

m

1800
1800*
1900
1900*
2000
2000•
2100
2100•
2200
2200•
2300
2300*
2400
2400*

T,.

-0.22
0.32
-0.22
0.28
- 0.33
0.23
-0.50
0.16
-0.70
0.04
-0.89
-0.D7
-1.07
- 0.15

-1.45
- 0.75
-1.52
- 0.87
-1.78
- 1.05
-2.11
- 1.26
-2.46
- 1.49
-2.79
-1.73
-3. 10
-1.9 1

1.62
2.99
0.89
2.16
0.04
1.45
-0.83
0.83
- 1.61
·0.27
-2.28
-0.21
-2.86
-0.54

T,'

7,

(b2)'i' (b' - b')'I'

(Sv)'
-4.75
-3 .76
-3.43
-2.52
-2.41
-1.38
-1.54
-0.34
-0.70
0.66
0.04
1.55
0.49
2.18

-4.79
-1 .20
-4.29
-0.94
-4.47
-0.75
- 4.97
-0.61
-5.46
-0.52
-5.93
- 0.46
-6.53
- 0.42

27.31
23.69
14.96
11.82
9.06
5.18
7.73
2.40
9.61
2.75
13.80
5.42
19.15
8.69

mm s-1
Uncorrected
0.17
0.19
Uncorrected
0.16
0.17
Uncorrected
0.18
0.19
Uncorrected
0.2 1
0.23
Uncorrected
0.24
0.26
Uncorrected
0.26
0.28
Uncorrected
0.29
0.32

- 0.D7
0.07
0.08
0.09
0.10
0.11
0.13

mediate Water) has the biggest imbalance (-1.26 Sv) but it is less than the noise
level of 2 Sv. The total transport is nearly conserved (-0.61 Sv residual). We can
obtain a slightly better estimate by taking depth intervals for z, smaller than 100 m.
The first column of Table 4 lists -our best estimates for the levels of no motion
using the same procedure for all of the cases listed in Table 1. Also shown are the
uncorrected and corrected transports and the statistics for b obtained with a single
Table 4. Best estimates of reference surfaces (based on minimum T,' for correction with one
eigenvector) for original and noisy data. Reference depth determined to within 10 m. Reference ua determined to within 0.01.
Ref. level

T,,

T,,

T,,

T,,

!.T,1

2140 (orig)
2140
41.34 (orig)
41.34
2270 (N,)
2270
41.37 (N1)
41.37
2300 (N,)
2300
41.37 (N,)
41.37

-0.57
0.12
-1.01
0.12
-0.16
0.58
-0.56
0.60
-1.02
0.18
-1.55
0.20

-2.24
-1.35
-2.85
-1.38
-2.24
- 1.28
-2.87
-1.3 6
-2.94
-1.3 7
-3.68
-1.40

-l.15
0.60
- 2.29
0.58
-1.40
0.47
-2.46
0.48
-2.40
0.64
-3.66
0.74

-1.20
0.07
-1.96
0.12
-1.40
- 0.05
-2.14
-0.02
-2.24
0.00
-3.37
-0.12

-5.17
-0.57
-8.10
-0.57
-5.21
-0.29
-8.03
-0.30
-8.60
-0.55
-12.26
-0.59

T/

8.13
2.19
18 .22
2.28
8.99
2.20
19.1 7
2.44
20.45
2.31
40.74
2.58

;;

(b')' 1' (b' -b')'1'

Uncorrected
0.25
0.09
Uncorrected
0.15
0.39
0.36
Uncorrected
0.10
0.24
0.26
Uncorrected
0.16
0.40
0.37
Uncorrected
0.16
0.41
0.39
Uncorrected
0.24
0.61
0.56

0.22
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Figure 7. Optimum reference depth, 2140 m, for original data drawn as solid line along cruise
track. Points indicate level of no motion as corrected by one eigenvector. Corrected level is
below bottom between Sts. 97 and 100.

eigenvector. In all cases the individual layer residuals are smaller than the differences introduced by random noise and the total transport has a residual of less
than 1 Sv. The barotropic corrections are all only a fraction of 1 mm s- 1 •
For each of the data sets (original, N 1 and N 2 ) a better result (slightly smaller
corrected T/ and considerably smaller b) is obtained with a reference level determined by depth rather than <T3. The reason apparently is because the cr 3 reference
level gives a bigger imbalance for the bottom layer. The average depth of each
optimum <T3 reference level is about the same as the optimum depth reference level.
Thus, we conclude that the region occupied by the Gascoyne data has a level of no
motion at 2200 m ± 100 m. This estimate is based on an uncertainty in the velocity
of less than 0.5 mm s- 1 •
Having thus obtained a best estimate for the reference level, we can give more
detailed information from the inverse solution. Figure 7 shows the preferred (depth)
level of 2140 m for the original data set along with the adjusted level of no motion
obtained by correcting the relative velocity with the optimum b field. The calculated
points clearly cluster around the initial level except for two points. The latter discrepancies occur because the velocity profiles at those locations are vertically nearly
uniform and even the mildest correction moves the level of no motion great distances
in the vertical direction. At locations where the relative velocity profile has an extremum at the reference level even a small b will move the level of no motion nearly

1 1
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Figure 8. (a) Velocity profile v vs z for original data between Sts. 132 and 134 has extremum
near reference level. Correction moves zero velocity point to left of curve at that point.
Corrected velocity at 21 40 m is 0.1 mm s-1 • (b) Velocity profile between Sts. 114 and 116
has larger gradient near level of no motion so correction shifts level only slightly.

out of the water column if the correction goes beyond the extreme value. This is
shown in Figure 8a for Sts. 132-134. (A more "normal" station is shown in Figure
8b.) In such cases, there is no level with the velocity rigorously equal to zero. The
best that one can say is that a level of no motion has been identified to within
0.5 mm s- 1 . The question that remains is whether a discrepancy of less than 0.5
mm s- 1 is tolerable.
With these results we can proceed to construct transport contours for the individual layers. At this point we are confident that the transports between stations along
the cruise track are known (the only reservation being the lack of data between the
coast and St. 89). However, there is no unique procedure for closing the transport
contours. Figure 9 shows our construction for the layer transports between any
point and St. 89. For the bottom two layers we have simply drawn in the direction
of flow suggested by the solution using topographic structure as an aid. The deep
transports are too small for contour charts. The strong cyclonic gyre that is shown
in Figure 9a in the Coral Sea is consistent with the conclusions drawn by Rochford
(1977) from salinities of the surface waters in that region. The second layer (Antarctic Intermediate Water) could be combined with the upper layer everywhere except

Figure 9. (a) Contours of transports for layer with o-,<40 along cruise track. Each contour
represents total transport from St. 89. Contour curves not unique ; (b) Contours for 40<a-<41;
(c) Broad arrows show direction of transport in oxygen minimum layer, 41 <a-u< 4 l.4; (d)
Same as (c) for bottom layer, o-,> 41.4.
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near the northwest comer. Thus, the indication is that the transport has the same
direction in the top 2000 m or so'.

s.

A more efficient inverse calculation

We have used singular value decomposition (SVD) for the calculations reported
in the foregoing section. The power of SVD lies in the ordered mathematical framework that it provides for interpreting the results. At each stage of approximation
one can see exactly which part of the complete vector representation contributes to
the result. We have also used SVD to obtain the resolution matrix and the common
solution, both of which are required for our efficient analytical search procedure
for the optimum level of no motion.
However, SVD is not an efficient procedure for doing a straightforward inverse
calculation. Lanczos (1961) emphasizes that point in his discussion of matrix inversion. Indeed, after presenting the elegant underlying theory for SVD, he suggests
that one derive the set of vectors for the null space first and then take any representation (he does not specify how) in the remaining orthogonal space for the
activated vectors. He specifically states that, even though SVD is very useful for
theoretical interpretation, it is too cumbersome for computation.
By the time that Lanczos' book appeared there had already been a substantial
development in more efficient computational methods for the inversion. Hestenes
and Stiefel (1952) had proposed the conjugate gradient (CG) method, which, in
addition to orthogonality for the vectors that span the residue space, (r;, r,)
0
(i ,t= JJ, makes use of conjugate orthogonality, (p,, Ap 1) = 0 (i ¥, j), satisfied by the
vectors that span solution space. Lanczos does not discuss these methods, perhaps
because the theoretical interpretational (as opposed to computational) foundation is
not as clear as that of SVD.
There are many versions of the conjugate gradient method. They are all iterative,
differing from one another in rates of convergence, propagation of round-off error, etc.
The one that we have used to solve Ab = c is given by the following steps:
Start off with an arbitrary initial choice ho (e.g., ho = 0), and form

=

= C -Ab

Po = ATr0

(21)

= b, + /3, p;
r, +1 = r, - /3; A p,
'Y• = I ATri+1 12/ I ATr, 12

(22)

r0

0,

Then iterate with

b,+1
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The computational effort is mainly a series of multiplications of vectors by the
matrices A and AT and involves no matrix inversion. Thus, it is computationally 'very
fast. At most the number of iterations required to obtain the full (in the numerical
sense) solution is the same as the number of nonzero eigenvalues of SVD;
One theoretical drawback to the CG method is that one does not (at least, we do
not) know just which part of the solution is represented at each iterative approximation. In terms of the Tr2 correction the approximate solution of the matrix for a
given number of iterations seems to parallel the solution with the same number of
eigenvalues, though there is some variation from one calculation to another. However, the iterative corrections with CG need not be restricted to any particular
eigenvectors so for interpretive purposes one does not know which of the eigenvectors (or how much of each) are represented in the iterative approximation.
Be that as it may, one can carry out a CG calculation to obtain an approximation
to the solution of the matrix problem. This procedure is especially feasible in our
attack on the oceanographic inverse problem because it can be applied after we
have already made our estimate of the approximate reference level by the empirical
search. All we need do is make a CG correction for each of the levels near the
empirically determined one and use the same trade-off criterion as we did with SVD.
Thus, estimating a reference level empirically followed by a CG correction allows
us to bypass the SVD calculation completely.
In the present study we used the iterative procedure (21) and (22) to calculate a
correction for a range of reference levels near the empirically determined optimal
one (e.g., for the levels shown in Table 3). It turns out that one iteration suffices to
achieve the same level of approximation as was obtained by one eigenvector. From
(21) and (22) with b 0 = 0 it is seen that one CG iteration involves only two multiplications of a vector by a matrix.
Proceeding thus, we have determined the optimum reference level (based on
minimum corrected T / ) for each of the cases discussed in section 4. The optimum
levels coincide with those of Table 4 and the statistics and corrected transports
agree to within 1 % of those obtained with one eigenvector. This agreement suggests
that a single iteration with CG must provide a correction parallel to the first eigenvector. In other calculations, those with larger imbalances and others that we did
for five and six layers, the results using CG are not quite as close to the SVD values
suggesting that CG makes use of a combination of eigenvectors. However, the
differences are buried in the noise level so either method (CG or SVD) suffices.
6. Concluding remarks

In the explorations with this data set we have done calculations using ere, a-3 and
potential vorticity to determine the layers, though only the calculations with a-3 are
reported in detail. At least three layers (thick upper, deep oxygen minimum, and
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bottom) are required to give stable results, but flow differences along the northern
part of the track suggest the use of four layers for better discrimination of the flow
pattern. The empirical search procedure looks for the level that gives the minimum
uncorrected transport imbalances and in some cases may suffice. The full search
procedure involves a three-way trade-off between number of correcting eigenvectors,
minimum rms barotropic velocity and minimum uncorrected imbalances. Our tradeoff criterion is to accept the lowest order solution that yields corrected transport
imbalances within the noise level. The optimum reference level is the one with the
mininmm corrected imbalances within that framework. The method is robust, leading to the same reference level for four, five, or six layers. It is also insensitive to
noise in the data, giving a reference level with an uncertainty that is less than the
vertical spacing of the data points. In the calculations with noisy data, surface
velocities can change by ems s- 1 but the velocities at the reference level are not
more than 0.5 mm s- 1 from zero.
Finally, it is important to place the present study in the context of earlier ones.
The point made by Stammel and Veronis (1981) about the sensitivity of these
underdetermined systems still holds true. An inverse solution that eliminates all
residuals will require large barotropic corrections and noise will dominate the final
solution, rendering it meaningless. Even an approximate solution that starts off with
a bad initial reference level will require large corrections with a concomitant amplification of noise. That is one reason why earlier inverse analyses led to equivocal
results. It is necessary to make the correction near the best possible assumed
reference surface to insure that the required correction is small. Our analytical
search procedure, based on the minimum possible b2 , helps to locate the vicinity of
the optimum surface and the trade-off completes the task. It is important also to
make the minimal correction required to force the imbalance to lie within acceptable (noise) limits and thereby avoid the sensitivity to noise.
The procedure works very well for the data set that we have treated. It should
work for other data sets as long as care is exercised in the choice and treatment of
the data. Nothing will correct a really bad starting point. E .g., since identifiable
layers are spatially confined, it is very unlikely that a single reference surface will
apply to the world ocean or even to an ocean as extensive as the North Atlantic.
Strong, deeply penetrating currents, such as the Gulf Stream, are probably divisional
barriers that should be taken into account in selecting the region to be analyzed.
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