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On the interaction between surface waves and undulations
on the seabed
by A.G. Davies 1

ABSTRACT
When surface water waves propagate over undulating seabed topography, the resulting interaction creates a near-bed velocity field which has important implications for sediment transport.
Linear perturbation theory is used here to examine this interaction for the case of two-dimensional oscillatory uniplanar nonseparating flow, in which the surface wave crests are parallel to
the crests of the bottom undulations. A method is developed for calculating the irrotational
velocity field over the undulations, and examples are given for the cases of ripples and sandwaves. In general, the interaction of first order incident progressive surface waves with small
sinusoidal undulations of infinite horizontal extent is shown to give rise to two new waves with
wavenumbers which are the sum and difference of those of the surface waves and the undulations. The sum wave is always onward transmitted while, for sufficiently small surface wavenumbers, the difference wave is reflected. There is a singularity in the solution for the difference
wave, which indicates strong reflection when the bed wavenumber is twice the surface wavenumber. The consequences of this for possible dune growth on an erodible bed are discussed.

1. Introduction

It is widely appreciated that surface waves have an important influence on the
movement of sediment in shallow coastal waters. However, in assessing the effects
of waves on patterns of sediment distribution, many workers have oversimplified
their analysis of the problem of whether given waves are capable of moving a particular sediment size. Often they have assumed that the seabed is locally flat and
that the waves are sinusoidal and, on this basis, have calculated representative nearbed orbital velocity amplitudes from known mean water depths, wave heights and
wave periods. Sediment movement is then judged to have occurred, or not to have
occurred, under the given wave conditions, from one of the many available sediment threshold motion criteria. In practice, surface waves are not sinusoidal, but
are rather irregular, and the implications of this for sediment movement have been
considered by Davies (1980a) for the case of transitional wave boundary layers.
I. Institute of Oceanographic Sciences, Crossway, Taunton, Somerset, England TAl 2DW.
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Also, in general, the seabed is not flat but is made up of a wide variety of bed
features, from short wavelength ripples to long sandwaves. The near-bed flow velocity over such bed features varies very considerably, being greater than the unperturbed (flat bed) value above the bedform crests and smaller above the troughs,
and it follows that the bottom shear stress also varies with position on the bedforms.
Thus, a commonly occurring situation is that which has been reported by Davies
and Wilkinson (1979) in which sediment motion is confined to the ripple crests, but
does not occur in the troughs. Clearly, an adequate understanding of this cannot be
achieved without an analysis which makes a proper allowance for the bottom undulations.
Such an analysis has been presented by Davies (1979) for ripples of finite amplitude in a deep nonseparating flow. This analysis was based on methods of classical
potential theory and enabled the prediction of the velocity field close to the bed, in
relation to the unperturbed free stream velocity. Here a rather different approach is
adopted involving the use of linear perturbation theory to examine the interaction
between waves on a free surface and regular undulations on an impermeable seabed
of constant mean depth. The analysis is restricted to two-dimensional, nonseparating,
uniplanar flow in which the surface wave crests are assumed to be parallel to the
crests of the bottom undulations. In particular, a steady state solution is developed
for the propagation of first order incident progressive surface waves over small
sinusoidal bottom undulations of infinite horizontal extent. The method adopted is
to take the familiar velocity potential for a flat bed as the lowest order term in a
small parameter expansion scheme and to deduce higher order solutions containing
perturbations due to the bed features.
It is not the primary purpose of this paper to discuss in detail a total approach
to the problem of wave-induced sediment motion on rippled beds. However, the assumptions outlined above, and the general relevance of a potential flow analysis to
the problem as a whole, need to be considered. In the first place, the flow over
natural ripples is nonseparating only if the orbital diameter of the wave-induced
motion near the bed, but above the immediate influence of the ripples, is less than
the ripple wavelength (Sleath, 1975). It follows that the assumption of nonseparating flow restricts the application of the present results to ripples with relatively long
wavelengths. Furthermore, it implies that no active sand ripple formation is taking
place, involving the scour and deposition of sand by the process of vortex formation
and shedding; in other words, that the flow is not in "equilibrium" with the bed
surface. If the flow is nonseparating and if, in addition, it can be demonstrated that
the wave boundary layer is very thin compared with the ripple wavelength, the relevance of a potential flow analysis becomes apparent, for it is possible under these
circumstances to decouple the "boundary layer" problem from the irrotational "ripple" problem, as proposed by Davies (1980a). Since for natural wave periods the
wave boundary layer may be characterized as a thin layer of intense velocity shear,
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typically only a few centimeters thick even when fully turbulent, the assumption of
a thin wave boundary layer is well justified in many cases of interest and importance.
Furthermore, for low waves and in the absence of turbulence generated by other
mechanisms, the wave-induced motion in the main body of the flow may be treated
to a good first approximation as irrotational. Thus a possible framework for analyzing the problem of nonseparating wave-induced flow over a rippled bed is as
follows: adjacent to the rippled surface, there exists a thin wave boundary layer;
above this, there is a layer of potential flow, perturbed by the rippled surface and
of thickness which is of the order of one ripple wavelength (Davies, 1979); and,
finally, above this there is a layer of unperturbed wave-induced potential flow. This
model assumes that the water depth is rather greater than one ripple wavelength; if
this is not so, the unperturbed potential layer will not arise. It should be appreciated
that the simple framework above takes no account of wider considerations such as
the possibly important effects on the flow of the permeability of the bed, of sediment
motion and of drift velocities above the bed which may be associated with the early
stages of ripple formation (Sleath, 1974). In this paper, we shall be concerned only
with potential flow aspects of the problem, and it is important to understand these
aspects fully since it is only in relation to an appropriate irrotational solution that
frictional effects in the flow can be quantified.
In Section 2 the formulation is described and, in Section 3, first and second order
solutions are obtained for a sinusoidally rippled bed. In Section 4 limitations on the
validity of the linearized analysis are identified in terms of the surface wave and bedform parameters ; it might be emphasized that these limitations relate only to the
potential flow analysis, and not to the validity of that analysis in terms of the total
approach to the problem discussed above. Next, in Section 5, results for the velocity
field are obtained, and these are compared both with equivalent "deep flow" results,
and with results based on the local water depth (assuming an otherwise flat bed), in
order to evaluate the importance of the dimensions of the ripples, in association with
the depth, in determining seabed velocity amplitudes. In Section 6 wave energy
fluxes are examined for the first two terms of the small parameter expansion, and a
resonant interaction between the free surface and the bed is considered. In Section 7
the analysis is extended to account for complex seabed topographies and two limiting practical cases are examined, namely sand ripples in "deep flow" and sandwaves
in "shallow flow." In each case the bed is represented by a Fourier series, and surface velocity amplitudes are calculated over the simulated profiles. In the case of
the sand ripples, the results obtained are compared with the earlier independent
theoretical results of Davies (1979), and are used to explain a set of field observations of the threshold of sand motion. Finally, in Section 8, the implications of the
resonant interaction between the water surface and the bed are discussed in the event
of the bed surface being erodible, and a possible mechanism for ripple growth is
identified.
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2. Statement of the problem

The seabed is assumed to be composed of periodic two-dimensional ripples extending indefinitely in the positive and negative x-directions, in water of constant
mean depth h (Fig. 1). It is assumed that the flow is irrotational so that Laplace's
equation is satisfied in D by the velocity potential cf> (x, y, t):

'v 2 c/> = 0 in D

(1)

The departure of the water surface from its mean position is taken as 'l](X, t) and
that of the bed surface from its mean level as {ex). Thus a two-dimensional problem has to be solved for the velocity potential. The steady state results obtained
here are based on a perturbation expansion in powers of a small parameter which
is later identified with ratios of the various length scales in the problem. In this approach, bottom topography variations are regarded as small perturbations on a plane
surface, and the bottom boundary condition is linearized in the usual way. Hence,
from the condition that the component of fluid velocity normal to the bed must
vanish on the boundary, the interaction between the (first order) flow, which would
be present without the boundary perturbations, and the perturbations themselves, is
treated as a new source of (second order) fluid motion situated on the plane surface.
We start by establishing a basic hierarchy in each of cf>(x,y,t), 'IJ(X,t) and t(x), as
follows:
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+ a 2 c/>2 + a 5 cf>a ••••

(2)

= a T/1 + a 2 T/2 + a 3 T}a ••••
C= a (1 + a C2 + a 3 Ca •••.

(3)

TJ

(4)

2

The use of the same small parameter a in each of the above equations is not too
restrictive, as will be seen later. The boundary conditions are

-cf>.,TJ., + cf, 11
KTJ - c/>1

+½

+ T/t = 0

(cf,,,2 +cf,/)= 0

- cf,., {., + cf, 11 = 0

on C1 (kinematical condition)

(5)

on C1 (pressure condition)

(6)

on C2 (kinematical condition)

(7)

These conditions are satisfied at the mean surface and bed levels, y = h and y = 0
respectively, by the introduction of Taylor expansions. No conditions are imposed
at infinity except that the solutions are bounded there. Eqs. (2), (3) and (4) are used
next to reduce the original nonlinear problem to a series of linear problems, the first
to order a, the second to order a2, and so on. Details of this procedure are given by
Davies (1980b), as well as an extended justification for the use of linear theory in
the solution of the problem.
Since this study is concerned with the interaction of progressing surface waves
with a rippled seabed, it is assumed that
'Y/i

= a sin (kx -

(8)

crt)

corresponding to waves of amplitude a, frequency er and wavenumber k, travel.ling
in the positive direction of x, and that

C1 = b cos (lx + 8)

(9)

where l is the wavenumber of the sinusoidal bedforms, b is their amplitude and 8 is
an arbitrary phase angle.
3. Solutions for the velocity potential to first and second order

a. The first order problem.
If Eq. (2) is substituted into (1), then to order a

'7 2 c/>1 = 0

in

O

y

h, - 00

< X < 00.

Similarly the boundary conditions O(a) at the free surface (y
8 cf> 1

ay

+

at = O

(10)

= h) are
from (5)
from (6)

and so

ony=h.

(fl)
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At the bed, from (7),

. a4>1 = 0
ay

ony = 0.

(12)

It will be noted that no terms of (4) appear in the problem O(a) and that the solution
corresponding to (8) is

4>1=

a<r

(13)

sinh (kh) cosh (ky) cos (kx - <rt)

k

where cr is related to h and k by the dispersion relation

= gk tanh (kh) .

cr 2

(14)

The limitations on (13) are discussed later.

b. The second order problem.
The governing equation to order a 2 is
7 2</> 2= 0

in

O

< X < 00

00

h, -

y

(15)

and from (5)-(7) the boundary conditions are

a4> 1
- 75x
8T'/ z -

a<f>, Tt

T'/i

UTJ
ax
1

+ a4>2 +
ay

a2<1>1
at
ay +

T'/i

0

2

_21 {( ~fx1 )
u

_ a4>
ax

1

+ a'T'/ 2 = 0

on y= h

(16)

2+ ( aacf>y1 ) 2 } = o ony = h

(17)

</>1

ay 2

at

+ a4>
+t
ay

82

4> 1 = o

2

ax

i)y 2

t

on y = 0.

(18)

If the bed is flat the solution of the problem O(a 2) (Stokes' theory at the second order of approximation) is well known (see, for example, Peregrine, 1972). It is convenient, therefore, to subdivide the present problem into this well known one, which
will be denoted by a superscript (1), and a complementary problem, which is of
main interest here and which will be denoted by a superscript (2). So writing

</> 2= <f>/ 1) + </> 2(2)
and

Problem I is taken as

72 </> / 1) = 0

in

!:IA,.

!:I.,,

O

ua:1 ~-~1 +
8T'/~11>

a4> <1> ----fft

711

y

T
!:IA,.

2
az4>a~ + 21 {( a4>
at
ax1 ) +

h, -

<1>

(

00

< X < 00

(15a)

a2A..
+ T'/1 a;1 = 0 on Y = h
a4>
ay1 )

2 }

=o

on Y = h

(16a)
(17a)
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on y

{)y

= 0. (18a)

This problem is to do with the steepening of waves at the free surface, above a bed
which is flat. It is important to note that the dispersion relation (14) is still valid
here, but that in the equivalent "surface problem" 0(a 3} this is no longer the case.
Problem 2 is then as follows:
in

O"f12<2)
_o_t_

O

y

00

< X < 00

o<f> /2 )

+ ay=O
{),I.. (• )

O'YI ( 2 ) •., ·, 2

_ o<f>1 _j_fu_
ax ox

h, -

_'1'_
2_-_

+

a1

2

=0

o<f>2< J
()y

(15b)
ony=h

(16b)

=h

(17b)

on y

+{

2
()y2

0 </>,
l

=O

ony=0. (18b)

This second problem has the same boundary conditions at the free surface as the
problem 0(cx), while in (18b) the effect of the rippled bed comes through for the
first time; that is, Eqs. (15b)-(18b) for the perturbation potential <f> 2<2 J contain the
interaction of the first order solution <J>, , given by (13), with the prescribed bedforms
0(cx) given by {1,
c. Solution of Problem 1.
This well known solution is
3 a 2cr

.

(19)
<f>2<1 l = 8 sinh• (kh) cosh (2ky) sm 2 (kx - crt)
The vertical attenuation of <J> 2 <1 J is more pronounced than that of cf, 1 , but the phase
speed of the wave is the same. The surface elevation corresponding to (19), and
given by (17a), is
(lJ

7]2

=_

a 2 k cosh (kh) { cosh (2kh)
4
sinhs (kh)

+ 2}

(k _ t)
cos 2 x er

(20)

which, in combination with (8), can be seen to lead to a steepening of the wave
crests and a flattening of the troughs.
d. Solution of Problem 2.
From the substitution of Eqs. (9) and (13) in (18b), it can be seen that the solution for cp 2 <2 J must contain periodic terms
~ cos ((l+k) x-crt+o) and~ cos ((l-k) x+crt+o)
The governing equation (15b) is satisfied if each of these terms is multiplied by an
appropriate attenuation expression. The remaining arbitrary constants can be de-
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termined from the surface boundary conditions (16b) and (17b). The resulting
solution is
<f>-i12)=

2

s!~~kh) {- A (l+k,cr,y) cos ((l+k) x-crt+8) + A (l-k,cr,y) cos ((l-k) x+crt+8)}
(21)

in which the attenuation term is
)
A (r,s,y

=

gr cosh (r(y-h)) + s2 sinh (r(y-h))
s2 cosh (rh) - gr sinh (rh)

Like (19), the velocity potential (21) is associated with a deformation of the free
surface, which is given from (17b) by
'T/ 2 (2)

2

=

g~~%h) { A (l+k,cr,h) sin ((l+k) x-crt+8) + A (l-k,cr,h) sin ((l-k) x+crt+8)}

(22)
Since the velocity potential (21) is attenuated upward from the bed, 'T/2< 2 > will
usually make a small contribution to the surface elevation.
In general, the solution (21) can be seen to comprise two new waves with wavenumbers which are the sum and difference of those of the incident wave and the
bottom undulations. The sum wave is always in the onward transmitted direction,
whereas the difference wave may travel in either direction and is back reflected if
the incident wavelength is sufficiently long (see Section 6). At the changeover point
(l = k), the difference wave has infinite wavelength and the energy flux associated
with it vanishes (i.e., the second terms in the right-hand sides of both (21) and (22)
are zero). In all these respects, the present solution is qualitatively similar to the
solution of Baines (1971) for the coupling of surface and internal tides. It also has
features in common with a perturbation solution of the latter problem obtained by
Cox and Sandstrom (1962).
It may be noted finally that both (21) and (22) are singular when
cr 2 cosh {(l±k)h} = g (l±k) sinh {([±k)h}
that is when l = ±2k. The physically admissible case is l = 2k, in the neighborhood of which the solution cf,2<2> must break down. This is discussed later (Section 6a) .
4. Limitations on the solution

It is well known that, if the bed is flat, the solution O(a), i.e., Eq. (13), is valid.if
ak << 1 and a/ h << 1 (see Peregrine, 1972). These restrictions arise on account
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of the terms which are dropped in linearizing the boundary conditions. However, if
kh << l, there is a further restriction on the solution 0(a) (Ursell, 1953). This follows from the clear requirement of the present method that !4> 2 <1 1/4>,I << 1 and,
using (13) and (19), is expressed by
a
k 2 h3

8

<< -3-

(23)

Similar conditions arise in the present problem as a result of the undulations on
the bottom boundary. In the first approximation, 0(a), certain terms were dropped
in writing condition (12). In particular, it was assumed that

I ! I >> I a~
8

1

8

I and I '

1

a;i I
1

1

which imply that
bl<< l

and

bk<< l

(24)

The first of these is a condition on the ripple steepness; in practice, the effect of
linearizing the boundary condition is small if bl
O.l 1r (see Davies, 1980b). The
second condition concerns the ratio of ripple amplitude to surface wavelength,
though a more stringent condition on (bk) arises as a result of a further Ursell-type
condition, namely !<f> 2 <2 l/<f> 1 ! << 1. From Eqs. (13) and (21) this condition is that

I

~k

A (l±k,a-,y)

I << 1

m

0!!(y!!(h

(25)

in which the plus and minus signs relate to the first and second terms on the righthand side of (21), respectively. It should be noted that, whereas the condition leading to (23) is valid at all phase angles of the wave cycle, this is not strictly true
of the condition !<f> 2 <2 l/<f> 1 ! << 1. When 4> 1 = 0 at (kx-a-t) = ±1r/2, ±31r/2,
..... , it can be seen from (21) that 4> 2 <2 l takes a non-zero value unless (lx+8) =
0, ± 1r, ± 21r, ..... , implying a position in the flow above either a ripple crest or
a trough. In this respect, condition (25) is not as all-embracing as (23). In the limiting case l >> k condition (25) reduces to
bk
2

<< tanh (lh)

(26)

while, in the case k >> l, the denominators of the terms A (l±k,a-,y) are small (and,
ultimately, zero as l/k
0). It follows that the analysis is not valid if k >> l.
Condition (25) and, more obviously, condition (26) can be viewed as providing
a restriction on the ratio of ripple amplitude to water depth. For small (lh), (26)
gives b / h < < 21/ k which is a weak restriction in view of the fact that l >> k in this
limiting case. The full condition (25) must be used to cover this aspect, therefore,
and intuition suggests that (b/h) must be small in practice. For large (b/h), the
waves behave nonlinearly (Jolas, 1960; Longuet-Higgins, 1977).

340

Journal of Marine. Research

[40, 2

Thus it has been shown here that in addition to three conditions relating a, k and
h, there are two further conditions given by (24) and (25) which arise upon the introduction of a sinusoidally rippled bed defined by the parameters b and l. If the

analysis is developed to third order in the velocity potential and the results obtained
are compared with the second order solution, the validity conditions identified above
may be recovered in almost identical form. The details of this procedure are given
by Davies (1980b). The third order solution is not discussed here in detail both
for the sake of brevity, and also since it does not appear to be of direct value in
most practical applications.
On the basis of the above comments, we note finally that the small parameter a,
which was introduced in Eqs. (2)-(4) to set up a basic hierarchy of terms in the
solution, is connected with the smallness of ak, a/h, a/k 2h 8 , bl, bk (or, more strictly,
lbkA I). This is evident from consideration of the solution to 0(a 2), and is confirmed
by the extension of the results to 0(a 8). It is not necessary, or possible, to identify
a with any one of the above parameters, and it is not a requirement of the method
of analysis that this be done.
5. Results to second order for the velocity field

The velocity components (u,v) are given by (-cf,.,, - cf,11), and the horizontal velocity components corresponding to (13), (19) and (21) are as follows
cosh (ky) .

Ui

<1) _ U
U2

u2

<2> -

-

max

•

= Umax • cosh (kh) sm (kx-crt)
- 3ak
2 sinh2 (kh)

•
b
Umax 2 cosh (kh)

cosh (2ky)
sinh (2kh) cos 2 (kx-crt)

(27)
(28)

•

{- (l+k) A (l+k,cr,y) sin ((l+k) x-crt+8)

+ (l-k)

A ([-k,cr,y) sin ((l-k)

x+crt+o)}
(29)

where Umax = gak/cr is the amplitude of the horizontal velocity at the water surface
in the solution O(a). The vertical attenuation of u1/Umax is fixed if (kh) is known
but, to compare vertical profiles of horizontal velocity given by (27)-(29), it is
necessary to further specify h, ak, bl and lh. The vertical profiles in Figure 2 show
the amplitudes of ui/Umax, u2< 1l/Umax and u2< 2>/Umax, for the case h = 10 m, ak =
0.1, kh = 1.0, bl= O.l7r and lh = 21r. These bedforms have the height and wavelength of typical megaripples on the seabed (Langhorne, 1978). The downward attenuation of U1/Umax is accompanied by an even more pronounced downward
attenuation of the small term u2<1>/Umax• The term u 2 <2>/Umax is attenuated upward,
and its effect can be seen to extend almost to the free surface. The linear combina-
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Figure 2. Vertical profiles of horizontal velocity amplitude corresponding to the solutions u,,
u,m and u,''' for the case h = IO m, kh = 1.0, ak = 0.1, bl =0.11r and lh = 21r. Each solution has been normalized by Um u-

tions of these curves corresponding to the flows beneath the crests and troughs of
the surface waves, and above both crest and trough positions on the bed, are of particular interest. The three curves shown in Figure 2 lead to the four extreme velocity
profiles shown in Figure 3. Clearly, the presence of the ripples has a major influence
on the flow field. Bed velocities at ripple crest, trough and mean bed level positions,
have been presented as functions of phase angle in the wave cycle by Davies
(1980b). Although the bed velocities in the present example are dominated by the
solution O(a), the solution of Problem 2, O(a 2), provides an important perturbing
influence in the final result, at least at the crest and trough positions.
a. The influence of the free surface.

From results of the type shown in Figure 3, it is possible to assess the effect of
flow depth on the velocity at the bed surface. The influence of bedforms has been
found by Davies (1979) to be confined to a layer which is of thickness (y) less than
one wavelength (L) above the bed. This result was found to be essentially the same
for sinusoidal bedforms and for profiles of real sand ripples having strongly peaked
crests, and longer flatter troughs, than a sine wave.
For a deep flow and a sinusoidal bed, the ratio r 1 of the horizontal bed velocity
at a crest to the unperturbed free stream velocity is given by r1 = 1 + bl (see Davies,
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0 ·5

•----Crest- crest

Trough- trough - - - Trough- crest

-0·5

-1·0

0 ·~

1·0

Figure 3. Linear combinations of the profiles shown in Figure 2 for four extreme cases designated (i) 'crest-crest' at the instant when a surface wave crest is above the ripple crest; [Ii)
'crest-trough' when a surface crest is above a ripple trough; (iii) 'trough-crest' when a surface
trough is above a ripple crest; and (iv) 'trough-trough' when a surface trough is above a
ripple trough.

1980b). A comparable ratio may be calculated at the same bedform steepness in
the present free surface problem, namely
Amplitude (u1 + U2 <2>):surtace crest
Amplitude (u1) surtnce er est
(It is not relevant to include a contribution from u 2 <1 > in the numerator of r2 since
the interaction of the solution O(a) with the bed is contained entirely within Problem 2, O(a 2). Nor is it necessary to consider the troughs rather than the crests in
calculating r 1 and r 2 , since the same results are obtained.) If the quotient R =
rd r1 is examined over full ranges of parameters in the problem, significant departures of R from unity indicate the regimes in which deep flow results are inapplicable. Generally, departures of R from unity are such that R > 1, showing that the
deep flow result underestimates the velocity perturbation at the bed. For L / h < 2,
1 < R < 1.01 , unless l = 2k, and so the bed velocities on the two calculations are
in agreement to within 1 % . However, for L / h > 2 quite large differences start to
arise. This is illustrated in Figure 4 in which contours of R are plotted for the special
case of h = 4 m and bl = 1r / 20, on a graph having axes (L/ h, A.,/ h), where X.8 =
21r I k; these axes are used rather than (lh,kh) in order to emphasize the present point
r2

=
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of discussion. Although the assumptions underpinning the theory start to break
down in various ways where the contours are dashed, it can be seen that, without
extrapolating too unreasonably into the dashed region, the deep flow results can
underestimate the actual bed velocity by 10% if Llh is of magnitude 7. This substantial discrepancy lends emphasis to the importance of checking LI h before using
a deep flow result. The condition of resonance l = 2k causes R to be singular on the
straight line shown in Figure 4; this aspect of the solution is discussed later.
b. The accuracy of a quasi-uniform flow assumption.
In considering the propagation of surface waves above sandwaves, that is bedforms having wavelength much greater than the water depth (Llh >> 1), it is tempting to make calculations of the velocity field based upon the local water depth. It is
useful to know, therefore, whether adopting the local depth, from the mean water
level to the bed surface, in the solution O(a:) gives approximately the same result as
the full analysis O(a: 2). For deep flow (Llh < 1) there will be large differences between the two cases, the quasi-uniform solution predicting a minimal variation in
the bed velocity over a ripple wavelength, and the full analysis predicting substantial
variations of the type shown in Figure 3. However, for shallow flow with (Llh >>
1), the picture is rather different in that calculations based on a quasi-uniform assumption will be in much closer agreement with the solution O(a: 2). This can be
illustrated by defining a ratio S of the differences between the horizontal velocities
at crest and trough positions on the bed surface given by the two arguments, namely
S

=

[Amp~tude (Ucr)
[Amplitude (ucr)

-

-

Ampl!tude (U t,)]o(a2)
Amplitude (Utr)]quasl-unl!onn

If l is not close to 2k, this ratio is generally greater than unity for sinusoidal ripples,
as can be seen in Figure 5 where contours of S are plotted for the particular case of
h = 16 m and bl= 1rl20. For small Llh, the values of Sare quite large, as anticipated, indicating that the quasi-uniform assumption is not at all adequate. As Llh
increases the value of S steadily falls at any given value of 'A,I h, apart from in the
neighborhood of the singularity l = 2k. For large LI h, S tends to unity indicating
that the quasi-uniform assumption provides a reasonable first approximation for the
velocities at the seabed. (The contours in Figure 5 are again dashed where the assumptions upon which the theory is based start to become questionable.) In view of
the rather complicated nature of the curves shown in Figure 5, it is not possible to
state a single value of LI h above which the quasi-uniform assumption is valid. Each
case must be treated on its merits.
6. Energy fluxes
The energy flux, or rate of doing work by the wavetrain, per unit width of the
wave front, may be calculated for each term from the expression
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where p is the subsurface water pressure, and the overbar denotes spatial averaging
in the direction of wave propagation. The results are as follows:
for

c/>1:

- 2

1

(j

Pw g a2 • sinh (2kh) • B (2k,h)

(30)
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•k·
(T
p,,, g a - • sinh• (kh)

9

dW2(l) -

-----;u- -

•

{

B (4k,h)

2 sinh 2 (kh) sinh (2kh)

+}

(31)

and for c/>2 <2>:
dW2<
-----;u= p,,, {C(l+k)}2 D(l+k) 2>

p,,, {C(l-k)} 2 D(l-k) (32)

where p,,, is the water density, and where
B(r,s)
C(r) _

bak

- 2 cosh (kh)

and
D(r)

=

2 ~r {

+

= { sin\(rh) + s }
•

{

gr
}
<:r 2 cosh (rh) - gr sinh (rh)

(gr)2 B(2r,h) - g<:r 2 sinh 2 (rh)

+

+

<:r4 B(2r,-h)}

--

dW1
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dW,< 0 /dt as/ is varied, for the case h == IO m, kh = 1.0, ak = 0.1 and b/ h = 0.05. The resonance (I = 2k) occurs at / = 0.2 m-1 •

Typical results from a comparison of Eqs. (30), (31) and (32) are shown in
Figure 6. Here a logarithmic scale has been used for energy flux on account of the
dW
large differences in magnitude between the terms plotted. It can be seen that

T

dW < >
>· > +,
1

, and this is generally so for all acceptably small values of steepness

(ak). Both of these fluxes are in the direction of wave travel and both are independent of ripple wavenumber l. The feature of interest is clearly the energy ·flux

d:;cz> which, while being small and in the opposite direction to that of the other
terms for l l .64k, has a singular behavior at l = 2k. This singularity was discussed
earlier in relation to Eq. (22) and its physical interpretation is discussed in the next
section. Clearly, in the neighborhood of the singularity, the analysis must break
down, with the waves steepening and possibly breaking. However, where

=

Id:;<zlI

I d:;; I much of the incident wave energy might be expected to be reflected
1

by the bedforms and, although the present analysis is unrealistic in that the bed is
assumed to be of infinite horizontal extent, there are possible implications in this
for coastal protection.
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a. The resonant interaction at l = 2k.

It was pointed out earlier that 11 2 <2 >, given by Eq. (22), is singular when I = ±
2k. In particular, the first term of this solution achieves an infinite resonance when
l -2k, at which

=

sin ((l+k) x-CTt+6)

sin (-kx-CTt+6)

and the second term is resonant when l = +2k, at which
sin ((l-k) x+CTt+6)

sin (kx+CTt+6).

Although it is only the latter case which is physically admissible, it can be seen that
both conditions of resonance correspond to waves progressing in the negative xdirection. Close to the point of resonance, the superimposition of TJ2 <21 and the primary oscillation TJ1 = a sin (kx-CTt) produces a partially progressing and partially
standing wave structure in the surface elevation. In fact, for a suitable choice of
wave and ripple parameters, a predominantly standing wave structure can result
at the free surface. On the basis of the earlier arguments it might be expected that,
in the interior of the fluid, the particle motions would not be those of a standing
wave in the usual sense, on account of the downward and upward attenuations of
the respective solutions cf> 1 and cf>2 <21 • However, the attenuation expression in the
numerator of the second term of Eq. (21) reduces for l = + 2k to~ cosh (ky) upon
using the dispersion relation. Thus the attenuation of cf>2< 2> is the same as that of
<pi, namely a downward attenuation from the free surface. Close to the resonance
point ([ = 2k), this behavior is still evident.
'
Depending upon whether / ::::; 2k or ;;:: 2k, distinct differences arise in the velocity
field throughout the flow. This has been considered in detail by Davies (1980b).
Essentially, due to the 7T-phase shift in cf>2<21 at l = 2k, the velocity components u1
and u 2 <2 > either cancel or reinforce one another at ripple crest and trough positions,
depending upon whether/ ::::; 2k or ;;:: 2k. In general, there is a weak horizontal velocity fluctuation above the ripple crest if / ::::; 2k and a strong fluctuation if l ;;:: 2k:
Conversely, at the trough, there is a strong horizontal fluctuation if l :;::; 2k and a
weak fluctuation if l ;;:: 2k. The possible sedimentological consequences of this, for
cases in which the bed is erodible, are discussed later.
The only singularities in the second order solution are those at l = ± 2k. However, if the analysis is extended to third order (see Davies, 1980b), further singularities may be identified, as well as the possibility of a feedback of energy into the
main motion cp 1 from the interaction of cf>2<2> with {1, The rather complicated picture
which is presented by the third order solution suggests that, while the solution to
second order probably yields the most important aspects of the resonant interaction
mechanism for practical purposes, it may miss other aspects. In other words the
present method of solution by small parameter expansion may be incapable of fully
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resolving the resonant interaction between the free surface and the bed. Some insight
i,nto this can be gained by considering the interaction of long waves with a sinusoidal
seabed. This argument is developed briefly in the Appendix, where it is shown that
linearized shallow water theory yields a Mathieu equation for the surface wave elevation, and that instabilities of solutions of this equation may be associated with the
reflection of incident wave energy. It is shown also that these resonances have a
rather greater width in terms of (l/ k) than those which would be obtained by solving
Mathieu's equation by a small parameter expansion method comparable with the
one adopted here. This suggests that, while the resonance at l = 2k is correctly predicted by the present approach, the width of the resonance, and the possible existence of other resonances, may be missed by the solution to second order.
The type of resonant interaction described above is apparent in the work of
McGoldrick (1968) and is found quite commonly in related fields. For example,
Rhines and Bretherton (1973) have found such a resonance in their study of planetary waves over a sinusoidally undulating ocean floor. In particular, they have
shown how two Rossby waves of the same frequency trade energy back and forth
"via a catalytic Fourier component of the depth." Rhines and Bretherton also describe briefly an analogy in solid state physics, concerning the vibration of regular
atomic lattices. In this case the scattering of projected high energy particles is
strongest when resonance between the incident wave function and the lattice periodicity is satisfied. A special case of this is Bragg reflection of X-rays from a crystal
plane.
7. Application of the method to naturally occurring seabed topography

Sinusoidal variations for the bed profile provide a rather inadequate description
of natural sand ripples on the seabed. In this section, a simple extension of the
earlier results is described which is based on a Fourier series representation for the
ripple profile. Even though the coefficients in the series (i.e., constituent ripple amplitudes) at the higher harmonics may be small, their effect on the flow near the bed
may be large since the effect of each constituent depends not on its amplitude, but
on its steepness.
The earlier results are generalized by taking
N

ti =

L bm cos

(mlx

+ Om)

(33)

nl =- 1

where bm and Om are the amplitude and phase of the mth harmonic respectively.
The only interactions of practical importance are those between ti and cf> 1 and therefore, by extension of Eq. (21), the solution corresponding to ti is taken as

cf>/

2>

=

N

__b__m_a<r_ _

L.t 2 sinh (kh)
ffl=l
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+ A(ml-k,cr,y) cos ((ml-k)x+a-t+8m)J
(34)

The choice of Nin Eq. (33) must be governed by the steepnesses of the constituent
harmonics such that, ideally, the steepnesses of all harmonics higher than the Nth
are small compared with the steepnesses of the lower harmonics. The solution (34)
is used below in two practical applications, namely for sand ripples in deep flow and
for sandwaves in shallow flow.
a. Results for sand ripples in deep fiow.

The flow velocities above nine natural sand ripples are discussed here. These
were first examined by Davies (1979) in the context of a model of deep nonseparating potential flow over ripples of finite amplitude. The profiles in question were obtained in water of depth which was an order of magnitude greater than the ripple
wavelength (L/ h 0.2) and were evidently wave-generated, being almost symmetrical about their crests.
In the first place, each ripple profile has been represented by thirty two equally
spaced points per ripple wavelength and, for the purpose of comparison of results
from Eq. (34) with the earlier independent results of Davies (1979), any slight
asymmetry about each crest has been removed by a simple averaging (i.e, 8m = 0,
m = 1, Nin Eq. (33)). Next, each profile has been Fourier analyzed using a Fast
Fourier Transform routine, resulting in sixteen coefficients (N = 16) for each rippl~.
The smoothing procedure has then merely involved truncating each series at the
eighth harmonic resulting in the coefficients bm (m = 1, 8) in Table 1. These coefficients give rise to simulated profiles which represent each ripple quite adequately
(Fig. 7). The retention of eight harmonics is a good compromise between the preservation of the important features of the profiles, and the avoidance of concentrating
on fine details of little general interest. For each ripple, the fundamental (m = 1)
makes .the major contribution, as expected. The contribution from the second harmonic (m = 2) is also substantial in most cases, particularly where a 'secondary
ripple crest' occurs in the 'primary trough' (Ripples 1, 3 4 and 6). The contributions
from bm, m = 3 to 8, appear less important, until the steepnesses of all the constituents (mbml, m = 1, N) are compared (see Table 1).
The particular significance of the ripple steepnesses is that, by extension of the
result quoted in Section 5a, the ratio of the horizontal bed velocity at the crest
(ucr) to the unperturbed free stream velocity (V) is given, for deep flow and for a
symmetrical ripple profile (om= 0, m = 1, N), by
N

UV = 1 + Lmbml
m=l

(35)
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Table 1.
Ripple number

Wavelength L cm

1

2

3

4

5

6

7

8

9

112.5

112.5

109

78.5

54.6

81.6

66.4

81.1

79.6

Fourier coefficients bm (scaled to L

Harmonicm
.1
2
3
4
5
6
7
8

4.33
2.57
-0.26
0.24
-0.02
0.01
0.o7
-0.03

5.17
1.89
0.19
0.01
0.04
0.04
0.o2
0.00

4.51
l.67
-0.14
0.14
-0.10
0.05
0.08
0.06

5.98
l.94
-0.43
0.18
0.27
0.11
0.00
0.09

8.36
-0.23
0.52
-0.10
0.14
-0.02
0.03
0.14

6.04
2.63
0.34
0.17
0.22
0.19
-0.02
0.02

= 100)

8.71
1.01
0.09
0.31
0.06
0.04
0.10
-0.Dl

6.55
2.07
0.52
-0.12
0.14
-0.05
0.14
-0,03

6.91
1.66
0.37
-0.19
0.05
-0.06
0.05
-0.05

Steepness m bm l
0.272
0.323
-0.049
0.060
-0.008
0.003
0.030
-0.016

1
2
3
4
5
6
7
8

0.547
0.412 0.434
0.379
0.525
0.376
0.283
0.325
0.126
0.260
0.208
0.330
0.243 -0.029
0.210
0.238
0.098
0.070
0.063
0.D18
0.099
0.036 - 0.026 -0.081
0.042
0.o78 -0.030 -0.046
0.047 -0.026
0.D35
0.003
0.015
0.020
0.043
0.070
0.045
0.084
0.012 -0.031
0.072
0.016 -0.019 -0.024
0.040 -0.008
0.015
0.017
0.045
0.060 0.022
0.015 -0.008
0.000
0.D35
0.007
0.069
0.012 -0.005 -0.016 -0.027
0.047
0.000
0.o31

8

L

m b .. l

0.615

0.634

0.554

0.756

0.690

0.960

0.845

0.808

0.652

m= l

In Table 2, values of ucr/ U calculated from Eq. (35) are compared with equivalent
values obtained by the method of Davies (1979) for deep flow over finite amplitude
ripples. The small discrepancies between the results are due, most likely, to variations of the simulated ripple profiles in the immediate vicinity of the ripple crests by
the two methods. In most cases, the present method gives a slightly lower value for
u0 r/U, indicating a rather less peaked simulated crest than in the earlier method.
This emphasizes the importance of the peakedness of ripple crests in the determination of surface velocities. Since Eq. (35) involves no time dependence, results based
upon it apply both to steady deep flows and also to unsteady flows in which time
Table 2.
1

2

3

4

5

6

7

8

9

Eq. (35)

1.62

1.63

1.55

1.76

1.69

1.96

1.85

1.81

1.65

u.,!U from
Davies (1979)

1.63

1.65

1.61

1.80

1.68

2.05

1.90

1.89

1.65

Ripple number
u. ,!U

% difference

-0.6

-1.2

-3 .7

-2.2

0.6

-4.4

-2.6

-4.2

0.8
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Figure 7. In each of Figures 7(i) to 7(iii) the upper curve shows the normalized peak value of
velocity amplitude at the bed surface over a complete wavelength of the ripple. The original
ripple profile is shown in the lower part of each diagram together with the simulated ripple
shape, assumed symmetrical and obtained taking N = 8. The profile is drawn without vertical
exaggeration.

appears as a parameter. As might be expected, for water depth h such that LIh is
small, there is exact agreement between results based upon Eq. (34) and Eq. (35).
In the present examples, this may be confirmed by talcing, say, h = 10 m, kh = 1.0
and ak = 0.1 in Eq. (34), corresponding to low waves of period 7.3 sec.
In Figure 7, the peak horizontal velocity occurring during a wave cycle at each
point on the bed is plotted for Ripples # 1, 6 and 8. The normalized values of
velocity amplitude shown have been obtained by forming the quotient
Amplitude (u1 + u2<2>)
N
Amplitude (u 1)
for each point on the bed. (The small term u2<1> has not been included in the calculation so that direct comparisons can be made with equivalent deep flow results.)
The horizontal velocity amplitudes fall quite rapidly with distance from the crest
positions, where the maximum values quoted in Table 2 are attained. This helps to
explain why, in certain circumstances, sediment may be observed moving as bedload
in the region of the ripple crests, but not in the troughs, except in cases in which a
'secondary crest' is present. For example in the case of Ripple #1, UN achieves a
V

=
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'value of 1.15 on the secondary crest. The results shown in Figure 7 are for ripple
profiles which have been assumed to be .symmetrical. If the slight asymmetry of the
profiles is taken into account in the present examples, there is little change in the
final results (see Davies, 1980b). However, for strongly asymmetrical cases, it is
dearly necessary to retain the full details of the profiles, as discussed in Section 7c
for the case of sandwaves in shallow water.
In the earlier section on the influence of the free surface on the results, the height
y above the bed to which the effects of ripples are important was discussed. For a
deep flow above a sinusoidal bed of wavelength L, this height may be defined quite
simply on the basis of a linearized analysis by e-ly = 0.01 or y = 0.733 L. In the
present examples, the same result must hold with L (= 21r /l) . taken as the wavelength of the fundamental constituent (m = 1). The heights of influence of the higher
harmonic constituents, Ym, m = 2, N, are all smaller than this (viz Ym = 0.773 L/m)
and, in general, need not be considered.
Finally, it should be noted that in Eq. (34) conditions of resonance occur for each
harmonic. These arise where ml = ± 2k (m = 1, N). Clearly, for ripples in deep
water, it is generally expected that l >> k, so that no conditions of resonance are
satisfied on the above rule. Bearing in mind also that the predicted resonances are
given by an analysis which assumes the rippled bed to be of infinite horizontal extent, it is unlikely that the full effects of resonance described earlier would occur in
real cases in which the rippled bed is of limited horizontal extent.
b. Field observations of sand movement on a rippled bed.
The theoretical predictions of surface velocities in Figure 7 are well supported by
field observations of the threshold of sand motion on the natural rippled beds in
question. Although it is not the purpose of the present paper to discuss details of
the experimental method and the data analysis techniques employed (see Davies
and Wilkinson, 1979), we note here briefly the essential features of a set of field
observations related to Ripples #6 and 8. The median grain size (D50) of the mobile
surface sand for both ripples was 0.078 cm, with the material predominantly in the
size range 0.038 to 0.135 cm (D 90 and D 1 0 , respectively). For a flat sand bed comprising the median grain size only, and for purely sinusoidal deep flows, the sediment threshold formulae of Bagnold, Manohar, and Komar and Miller, suggest free
stream velocity amplitudes at the threshold of sand motion of 35.1, 35.6 and 36.1
cm/ sec, for the representative wave periods 10, 11 and 12 seconds, respectively.
These figures are average values based on the three laboratory formulae, and the
formulae themselves are reproduced by Davies and Wilkinson (1979) (though that of
Komar and Miller has been reproduced incorrectly: read 1.73 for 1.45 in Table 3).
It has been found by Davies and Wilkinson that mean threshold velocity amplitude
values measured in the field are in quite good agreement with threshold values based
on laboratory formulae such as those referred to above, provided that the bed is fiat.
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In practice, due to the irregular nature of sea waves, a considerable amount of
scatter arises in .the measured values. This may be explained in part by the fact that
it is the bed shear stress, and not the free stream velocity, which governs the onset
of sediment motion, and there is not a one-to-one correspondence between peak bed
shear stresses and peak free stream velocities for irregular wave cycles. However,
this need not concern us here in taking laboratory values as adequate representative
threshold velocity amplitude values for use in the field.
For the irregular waves which moved sediment on Ripples #6 and 8, the representative wave period was 10.9 sec (water depth ~ 7 m, surface wavelength ~
85 m), and so the expected threshold velocity amplitude for a flat bed comprising
sand with Dso = 0.078 cm was about 35.6 cm/sec. In practice, on the rippled sand
beds (and here we make no distinction between results for Ripples #6 and 8), sediment motion occurred only in the region of the crests, and not in the troughs. In
terms of horizontal velocity amplitudes measured in the direction of wave advance,
and at a height rather greater than one ripple wavelength above the mean bed level
(i.e., well above the layer of influence of the ripples), the following observations
were made: for velocity amplitudes in the approximate range (0, 11) cm/sec, no
sediment motion occurred; in the range (11, 16) cm/sec, a few waves caused the
sporadic ("incipient") motion of a few grains here and there on the ripple crests; in
the range (16, 29) cm/sec, this sporadic motion became a dominant feature, while
a few waves caused a rather more "general" to- and fro- bedload motion on the
ripple crests; and for velocity amplitudes greater than about 29 cm/sec, general
bedload motion on the crests was caused by almost all the waves in the measured
records. Flow separation, associated with vortex formation and shedding above the
rippled surface, occurred consistently only in the upper velocity amplitude range
(> 29 cm/sec).
The figures above reveal a substantial discrepancy between the threshold velocities from the field observations and those from the laboratory formulae, and we
may attempt to explain this discrepancy on the basis of the earlier theory. If the
representative measured threshold velocity amplitude is taken as 20 cm/sec (i.e.,
the mean of the extreme values 11 and 29 cm/ sec), it may be noted that this value
and the earlier (fl.at bed) laboratory value of 35.6 cm/ sec lie in the ratio 1.78.
Despite the very approximate nature of the averaging procedure, it can be seen that
this figure is in quite good agreement with the values of (ucr! U) quoted for deep
flow in Table 2 for Ripples # 6 and 8, namely 1.96 and 1.81 , respectively. The reason why we may take this good agreement as confirming the threshold results was
explained in general terms in Section 1. Essentially, for measured velocity amplitudes of about 20 cm / sec, the flow was nonseparating and, furthermore, the wave
boundary layer over the entire ripple profile was very thin (probably of the order
of a few millimeters only in the present conditions; see Davies, 1980a). In such a
situation, the calculated irrotational velocity at the bed may be taken as the velocity
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just outside the wave boundary layer with little error. Hence, variations in bed velocity of the type shown in Figure 7 are expected to result in equivalent variations in
the bed shear stress over the ripple profile. Since the irrotational re;ults in Table 2
suggest that the bed velocities for the case of a flat bed, and in the region of the
crests for the rippled beds, were roughly equal, this explains the apparent discrepancy in the observations of sediment motion described above.
Thus we have confirmed, albeit in an indirect way, the results of the theory and,
in addition, have illustrated its use in a practical application. A more direct approach
would be to measure wave-induced velocities right down to the bed surface. However, since the theory predicts that the largest variations in potential velocity occur
very close to the bed (within the bottom 10 cm roughly in the present case), it
would be difficult to make the necessary measurements in the field. At present,
therefore, there is a need for theory of the type presented in this paper.
c. Results for sandwaves in shallow water.
In contrast to the above examples relating to sand ripples, for which comparisons
with deep flow results are appropriate, the flow velo.cities above two natural sandwaves in relatively shallow water are now discussed. In particular, the orbital velocity
amplitudes at the bed surface are considered for-waves progressing over a sandwave
field assumed to be of indefinite extent in the positive and negative direction of x.
Variations in orbital velocity over the surface of a sandwave have quite important
implications since, although the basic sandwave forms may be tidally generated,
there is evidence that surface waves can modify these basic profiles.
Sandwaves in shallow water have been discussed by Langhorne (1978) and, in
the present exercise, sandwave profiles observed by Langhorne in Start Bay, South
Devon, have been used to provide the necessary input to the model. In addition, the
examples have been based upon recorded water depths, and typical wave periods for
Start Bay. Although the velocity amplitude results presented in this section are in
a normalized form which is independent of surface wave amplitude a, it can be
shown that the present theory is valid in respect of criteria (24) and (25) in all cases
presented. (The criteria involving a can be satisfied by restricting the wave amplitude to a small value.)
In Figure 8 the selected sandwave profiles are shown, together with their principal
dimensions. Each profile has been digitized in a way which preserves its overall
shape, bed surface undulations of very short wavelength having been smoothed out.
These small undulations could be accounted for by the inclusion of many more
digitized points in each sandwave length but, alternatively, can be handled by an
independent subsequent analysis of the type given above for natural ripples in deep
flow . .The sandwave profiles are clearly asymmetrical and so, in writing down the
Fourier series for each profile, it is necessary to quote values for both bm and <>m
(m = 1, N) in Eq. (33). Each profile is represented here by 32 digitized points (N =
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Table 3.

Sandwave #2
Wavelength = 125 m
Height
= 9.lm

Sandwave #1
Wavelength = 254 m
= 3.lm
Height
Fourier coefficients b,. (scaled to L

m

b,.

a..

2.28
1 0.443
2 · 0.189'. 3.12
0.104 -2.26
3
4
0.058 -1,ll
0.036
0.27
5
0.029
6
1.53
7
0.024
2.67
8 0.021 -2.74

m

b,.

a.

9
10.
11
12
13
14
15
16

0.013
0.011
0.007
0.009
0.008
0.010
0.007
0.008

-1.76
-0.82
0.50
1.73
2.91
-2.51
-1.37
0.00

= 100) and phase angles a.
b,.
a..
m
1
2
3
4
5

6
7
8

3.186
1.166
0.651
0.321
0.179
0.104
0.076
0.034

2.18
2.91
-2.70
-2.03
-1.34
-0.68
0.32
1.78

(rad)

m

b.

9
10
11
12
13
14
15
16

0.040
0.042
0.034
0.032
0.025

a.

2.68
-2.71
-2.09
-1.06
-0.55
o.ois 0.39
0.002 0:24
0.001
0.00

16) per ~avelength (see Table 3). The first harmonic (m = 1) is dominant, a;S expected, with contributions present elsewhere to represent the overall asymmetry of
the sru:id,waves . .
Normalized peak horizontal velocity amplitudes at the surface .of each sandwave
are shown in Figures 9 and 10. These results are ·of the same type as those presented
for the ripples in Figure 7, the Fourier series representing the profiles having been
truncated at the eighth harmonic. For a given sandwave profile and a ~ven mean
water depth, the results can be seen to vary with the wave period. The extrenie
values of velocity amplitude on the bed surface are always found at the crest and
trough positions, while elsewhere on the profiles the velocities are strongly influenced
by both the overall asymmetry and local undulations of the bed. It is interesting to
note that tp.e.,peak values plotted do not necessarily occur when the surface wave
crest in the solution to O(a) is directly overhead (kx-U't = Tr/ 2). However, the phase
differences involved here have not been found to exceed a few degrees.
In Figures 9 and 10, typical results obtained using the present method are compared both with deep flow results for the same sandwaves, and with 'quasi-unifoim'
results in which the normalized velocity is assumed to depend only upon the local
water depth and the wave period. Comparisons of both these types were made earlier
(Sec~ion 5) for purely sinusoidal profiles. Since L / h = 18.6 for Sandwave #1 , it is
not surprising that variations exist between the predictions of the present method
and the deep flow results which, as expected, tend tQ minimize departures from the
unperturbed (flat bed) value. These variations, which ar·e most noticeable for short
wave periods (T = 6 sec), are progressively reduced as wave period increases. In
general, the deep flow results provide easily calculated, but conservative, bounds for
the overall perturbation in velocity amplitude. For Sandwave #2, for which L/h =
4.6, the deep flow results are in quite good agreement with the predictions of the
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present method over the entire profile due to the relatively larger water depth. A
comparison of the general trend in the present results, with results based on the
quasi-uniform assumption, indicates reasonable overall agreement for both sandwaves, at least away from the region of the crests where depth variations occur
rapidly with horizontal distance, and where the effects of higher harmonics- in the
profiles complement one ,another. Here results based on the quasi-uniform assumption should be treated with caution since, in general, they greatly underestimate the
perturbations predicted by the present method. Unfortunately, no comparisons of
the present theoretical results with field results are possible, since no relevant field
data appear to exist. However, in principle, comparisons should be possible and,
since sandwaves are generated in turbulent tidal streams, the most meaningful comparisons would be those made close to the time of slack water near the bed, when
tidally-generated turbulence is largely suppressed. At this time, wave-induced velocities could be measured over the entire sandwave profile, in the essentially inviscid
region above the thin wave boundary layer.
Although sandwaves are 'non-equilibrium' profiles, in the sense of not being wave
formed, possibilities of resonant interactions between the water surface and the bed
arise i.f ml--:- 2k, for any integral value of m < N. We noted earlier _that the solution
is n_o t uniformly valid in the ratio of l to k at least for large bed wavelengths and,
as a consequence, any important harmonic constituent of the overall sandwave shape
may interact with the surface waves to reflect incident wave energy. In making predictions of the amount of wave reflection, some doubt may arise in practice as to the
reliability of the Fourier representation of the sandwave profile, particularly if an
insufficient number of points has been adopted to define the location of the bed.
Also, the qualifications made in the previous section concerning the assumed infinite
horizontal extent of the bedforms apply here. However, if a matching of the surface
wavelength and any constituent of the sandwave length occurs according to the above
rule, it might be expected that a significant proportion of the incident wave energy
in a narrow frequency band corresponding to the resonant surface wavenumber
would be reflected. For Sandwave #1, the resonances in the range of wave periods
(6, 15) seconds occur at 11.7, 9.7, 8.4, 7.5, 6.8 and 6.3 sec corresponding tom= 4
to 9, respectively (kh
1.6 in all cases). For Sandwave #2, they occur at 9.6, 7.4
and 6.4 sec, corresponding to m = 2 to 4, respectively (kh
2.7). In Figure 9 (ii)
the effect of the nearby resonance with the fourth harmonic of the bed profile is
clearly apparent. Evidently, therefore, the results in any particular case need to be
interpreted carefully, since they may be unrealistic on account of the assumption of
an infinite number of bottom undulations. Furthermore, in shallow water, the possibility of the surface waves breaking above the sandwave crests should not be ignored
nor ' in a real situation
in which the bedforms are actually three-dimensional, should
..
the effects of refraction be discounted. In short, the mechanism of selective wave
reflection described above may be just one of several mechanisms leading to a re-
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duction in the amount of wave energy transmitted across a region of seabed ,topography.

8. Discussion
The most striking feature of the perturbation solution is the condition of infinite
resonance between the rippled bed and the surface waves when l = 2k. Some comments were made earlier about the behavior of the solution close to this point, and
that discussion is now extended to cases in which the bed is erodible. In particular,
the question which arises is whether an initially small sinusoidal disturbance of the
bed is likely to grow or be destroyed as a result of resonant interaction with the free
surface. Close to the resonance point, the solution cf>2<2> corresponds to waves progressing in the negative x-direction and, therefore, the superimposition of cf>1 and
cf> 2 <2 > produces a partially progressing and partially standing wave structure. If the
combined wave pattern is sufficient to move sediment, there are two possible reasons
why the standing wave component might give rise to the formation of bed features.
Firstly, on general intuitive grounds, it can be argued that beneath the antinodes
of a standing wave, where the lowest velocities are found close to the bed surface,
sedimentation·rather than erosion might be expected. Conversely, beneath the nodes,
where there is greatest horizontal activity near the bed, erosion rather than sedimentation might be expected. This assumes that accumulation of material will occur
in relatively undisturbed parts of the bed, and that erosion will occur in relatively
disturbed parts, where sediment threshold velocities will, if anywhere, be exceeded.
A complication arises in applying this common sense argument in the present context
since, if l
2k, . the weakest horizontal velocities occur above the ripple crests,
suggesting the likely growth of existing bed features, but if l 2k the strongest bed
velocities occur _at the crests, suggesting their possible erosion. Evidently, the conditions for growth and destruction of initially small bed features are rather finely
balanced near the resonance point and it follows that a small change in surface wavelength, in relation to the rather less readily changed bed wavelength, might have
dramatic consequences in terms of the bed features if that change involves crossing
the singularity.
Secondly, bottom friction under a standing wave produces a pattern of residual
velocities which, when superimposed on the first order motion, might tend overall
to drag sand grains toward or away from preferred points on the bed. For both
laminar and turbulent boundary layers, this residual motion occurs in cells of length
(1r/2k), the positioning of which is tied to the nodes and antinodes of the standing
wave. The residual flow varies in magnitude depending upon position within each
cell. Furthermore, for both laminar and turbulent cases and assuming a smooth flat
bed, the direction of the residual velocity changes at a certain height above the bed.
For a laminar boundary layer, the thickness of the 'inner layer' adjacent to the
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bed is 0.93 8. (Longuet-Higgins, 1953), where 8. is the Stokes' layer thickness
(= y2vw/cr and Vw is the kinematic viscosity). In the turbulent case, the inner layer
thickness is considerably larger than this (Johns, 1970). The water particle residual
motion in the inner layer is toward positions of greatest horizontal motion, and
away from positions where the motion is purely vertical, that is toward positions
beneath nodes of surface elevation and away from positions beneath antinodes. In
the 'outer layer' above this, the residual motions are in the opposite directions. For
the laminar case, Johns has suggested that any material in motion near the bed will
probably be present in the outer layer (by virtue of the very small inner layer thickness), and that the drift velocity in this layer will probably give an indication of the
direction of sediment transport. This direction is toward positions beneath antinodes
of surface elevation and, in the present analysis, implies the movement of material
toward ripple crests, and therefore bedform growth, if l
2k. However, in the
physically more interesting case of a turbulent boundary layer, the greater thickness
of the inner layer suggests that sediment motion may be confined to this layer, such
that the direction of sediment transport is toward positions beneath nodes of surface
elevation. In the present analysis, this is toward ripple crests, implying bedform
growth, if l ;;;: 2k.
The laboratory experiments of Nielsen (1979, Section 6) have provided a convincing picture of the nature of ripple growth beneath standing waves. Sediment
accumulation was found to occur at antinodes of surface elevation, and the observations made were interpreted as being the result of the residual transport pattern
described above for the laminar case. For the very fine sand used (grain diameter
0.008 cm) an upwardly convected cloud of grains was observed above the evolving
dune crests. This is consistent with a residual convection cell occupying the entire
fl.ow depth above the 'outer' layer and, in the context of the present analysis, Nielsen's
observations tie in with bedform growth of the type characterized by l
2k, both
on the basis of the 'intuitive' and the mass transport arguments. In the contrasting
case of dune formation in a turbulent boundary layer, the intuitive and mass transport arguments suggest opposing sediment transport directions. It is possible, therefore, that dunes having l <'. 2k are less likely to form than those having l 2k.
In conclusion, the overall picture presented by the two lines of argument above
contains contradictions which may not be fully resolved without carefully controlled
laboratory experiments to examine the details of the respective sediment transport
processes. No laboratory or field experiments to examine the coupling which may
exist between wave reflection and ripple generation appear yet to have been made.
But the possibility of finding ripples having / = 2k on the seabed is a little remote,
at least in locations with a fairly high tidal range, since wavenumber k changes considerably during a tidal cycle for waves of fixed frequency, and the bedforms would
have insufficient time to adjust their wavelength accordingly. In this connection, it
should be emphasized that the infinite resonance at l = 2k is a consequence of the
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bed features being assumed of indefinite horizontal extent. Although the critical condition l = 2k still takes on a physical importance if the ripples occupy only a finite
region of the bed, the singularities found in the present solution </,2<2> do not arise
(Davies, 1980b, Part 2). Consequently, while the infinite resonance might look somewhat damaging to the usefulness of the solution, this is probably not too worrying
in practice.
No attempt has been made in the present paper to give an explanation for the
possible development of any bed features other than ripples formed by the resonant
interaction mechanism. Sand ripples are commonly formed in oscillatory flow by a
process of scour and deposition, associated with vortex formation above the lee
slopes of ripples in each wave half cycle. The present theory, which does not account
for flow separation, unfortunately provides little information about this case of practical importance. As mentioned earlier, flow separation occurs only if the near bed
orbital diameter exceeds the equilibrium ripple wavelength (Sleath, 197 5); it might
be noted that no cases in which flow separation is likely to have occurred on this
criterion have been presented as examples earlier. Therefore, the results in this paper
should be viewed as being applicable only to rigid wavy beds, to relict (or fossil)
rippled beds of sand or to equilibrium 'rolling grain' rippled beds (Sleath, 1976),
above which the flow is nonseparating.
9. Conclusions

Linear perturbation theory has been used to calculate the irrotational velocity
field beneath surface waves progressing over a rippled bed of infinite horizontal
extent. As argued in Section 1, such an irrotational solution is directly relevant to
the total problem of wave-induced flows over rippled beds since, in practice, frictional effects are confined to a thin layer adjacent to the seabed and, in the absence
of significant steady currents, the main body of the flow may be considered to be
essentially irrotational. The flow has been assumed to be nonseparating at the seabed, which restricts the analysis to ripples of relatively long wavelength, and a variety of other limitations on the application of the irrotational theory have been stated.
Despite these limitations, the results obtained are valid over physically interesting
ranges of surface wave and bedform parameters, and it is suggested that the present
method may be used to predict the flow field over any prescribed ripple of interest,
provided its profile is representative of the profiles of the neighboring ripples on the
bed, and provided also that its wavelength is much smaller than the surface wavelength. Care must be taken in using the results in cases in which the bed wavelength
is comparable to the surface wavelength, since the solution is not uniformly valid in
the ratio of these wavelengths.
In general, the theory predicts a substantial enhancement of the orbital velocity
amplitude above each crest on the bed surface, and a reduction above each trough,
compared with the velocity amplitude on an equivalent flat bed. If L/h ,;;; 2,
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where L is the ripple wavelength and h is the mean water depth, the influence of
the free surface is negligible and deep flow results can be used to assess variations
in orbital velocity due to the topography. For example, Eq. (35) can be used to
2,
calculate the surface velocity at the crest of a general ripple profile. If L/ h
the free water surface introduces variations from 'deep flow' velocities at the bed,
and these may be substantial if L ! h 7. The use of deep flow results in this regime
will generally lead to underestimates of velocity amplitude above the crests, and the
full free surface analysis should be used in such cases. Contrasting practical examples
of the results have been presented. In particular, results for the wave-induced nearbed velocities over natural ripples in deep flow have been found to be in close agreement with the earlier independent theoretical results of Davies (1979). Also they
have been shown to be valuable in the interpretation of a set of field observations of
the threshold of sand motion. Results have also been calculated for the waveinduced velocities over two observed sandwave profiles. The large variations in predicted bed velocity from crest to trough, in the cases of both ripples and sandwaves,
have important implications for sediment transport. Also, since they deal with two
rather extreme physical situations, the examples serve as a convincing illustration
of the usefulness of the theory.
In general terms, it is found that the interaction of progressing incident surface
waves and sinusoidal undulations on the bed, gives rise to two new waves whose
wavenumbers are the sum and difference of those of the incident wave (k) and the
bed ([). If the incident wavenumber is the smaller of the two (k < [) the difference
wave is back-reflected. Furthermore, if the bed wavenumber is twice the incident
wavenumber (l = 2k) the theory predicts an infinite, resonant interaction between
the bed and the free surface. In principle, such an interaction may occur between
surface waves and any harmonic constituent of a given ripple profile, but the dominant interaction is likely to be with the fundamental constituent. Although the theory breaks down where the solution is singular (at l = 2k), a strong reflection of
incident wave energy by the bedforms is predicted in the neighborhood of this singularity. The amount of reflected wave energy is negligible for all other ratios l:k. The
general physical significance of this is that reflection of incident wave energy may
tend to reduce the height of an incoming swell wave gradually, and thereby reduce
its potential for erosion at the seabed. Although the present theory is unsuitable for
comparing incident and transmitted wave energies, since the bedforms are assumed
to be of infinite horizontal extent, it does cast some light on the way in which wave
reflection occurs. The theory is of interest and possible importance also in suggesting mechanisms for the formation of bar structures on an erodible seabed. The
positioning of such bars is likely to be linked to the positions of the antinodes in
surface elevation of the standing wave component arising from the wave reflection
mechanism. Thus the theory suggests a coupling between the growth of undulations
on an eroµible bed and the reflection of incident wave energy.
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APPENDIX
S~lution for long surface waves
In order to extend the discussion in Section 6a, we follow McGoldrick (1968) in formulating
the problem of the propagation of long waves over a sinusoidal bed in terms of two-dimensional
linearized shallow water theory! The governing equation is now

a•n

a (

{if"=gax

aTJ )

(A.l)

H(x)ax

where the horizontal x-axis is taken at the mean free surface level (Y = 0), Y = TJ(x,t) is the
vertical displacement of the free surface and Y = - H(x ) defines the seabed. If a time-dependent
solution of frequency u is sought, such that TJ(x,t) = ((x) e'u', if the bed is given· by H(x) = H,
(I + E cos (Ix)) where H , is constant and if, further, the substitution z = lx/2 is made, then
(A. I ) becomes
(1

d'(

..

+ E cos (2z)) dr -

d(

2E sm (2z) dz+

• -

>.:g -

0

(A.2)

where >! = 4u' l gH, f . If this equation is transformed by the further substitution w(z) = H' 11
and if it is assumed that both E and EI X: are small, it follows that
d'w
dz'

+ X: (I -

E

cos (2z)) w

=0

(,

(A.3)

This is Mathieu's equation, the preferred standard form of which is
d' w
d z' -1- (a - 2q cos (2z)) w = 0

(A.4)

(Abramowitz and Stegun, 1965, Section 20), so that a = >!and q = >,.• E/ 2. Since the second of
these rel ations may be written a = (2 / e) q, physically admissible solutions· of Mathieu's equation (i.e., small E) lie close to the a-axis in the famili ar stability diagram in the a-q plane
(Abramowitz and Stegun, 1965, Fig. 20. J). For vanishingly small E, the solution of (A.4) is
" unstable" for a= 1, 4, 9, 16 . ... , that is for A = I, 2, 3, 4 . . . . Since for small Ewe may
take u ' l k' = gH ,, where k is the surface wavenumber, the respective instabilities may be associated with I = 2k, k, 2k / 3, k /2, etc. (It should be noted here also that, for (A. I) to be valid,
both kH, and IH, must be small.) For larger e, the widths of the regions of instability (measured in terms of the a-coordinates) grow, and the centers of the regions are displaced from
the integral values of A above. However, for physically admissible cases, both the widths and
the displ acements remain small.
The significance of instabilities. of solutions of Mathieu's equation in the present context may
be illustrated as follows. According to Floquet's theorem, there exists a solution of (A.4) of the
fo1m e'"' P(z) where II depends on a and q, and where the function P has the period 7T (as does
the periodic coefficient in (A.4)). If q = 0, then 11 = ±
and P = 1. However, if q > O there
are "stable" solutions of (A.4) for which v is real, and "unstable" solutions for which v is com 0
plex, corresponding to the regions of instability in the a-q plane identified above at A = 1, 2, ....

\la

2. The problem has also been analyzed in this way by Dr. W. G. Pritchard, University of Essex.
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(small E). In particular, in the stable regions, e'" P(z) is periodic and suggests the transmission
of long waves over the undulations; in the unstable regions, Im (v)
µ > O, so that e' ... P(z),....,
e-"• P(z) which suggests that ·waves propagating in the + z (i.e., + x) direction are strongly
reflected.
It is not the present purpose to develop this argument in more detail. The point of interest
is that solutions of Mathieu's equation are unstable and suggest long wave reflection, for many
more combinations of surface and bed wavelength than indicated by the solution to second
order in the main body of the paper. Moreover, for finite ripple amplitudes, the resonances
have widths in terms of a, and hence (I/ k) , which are not predicted by the second order theory.
In this connection, it might be noted that if a solution of (A.4) is sought in terms of an expansion in powers of q (w = w, + qw. + . .. ), then to 0(q the solution is trivial, and to 0(q) the
solution is resonant at a = l (i .e, ;>,. = 1, I = 2k). However, the width of the resonance at a
= 1 is not revealed to 0(q), and the resonances at a = m', m ;;,, 2, do not appear until the solution is taken to 0(q' ), etc. Essentially, this is how the perturbation solution presented earlier behaves and its limitations, in respect of its ability to fully predict the resonant interaction between the free surface and the seabed, may be judged in the light of the present analysis for
long waves.

=

0

)
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