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Vorticity transfer by tidal currents over an irregular topography
by J. T. F. Zimmerman1

ABSTRACT
Production of topographic vorticity by vortex stretching and bottom friction in circularly
rotating currents in shallow tidal areas is studied as a function of topographic length scale. It
is shown that vorticity is transferred from the oscillating field to the mean (residual) field and
to higher harmonics (the overtides). For a given slope in the bottom topography the transfer
is largest for a topographic wave length of the order of the tidal displacement amplitude. Decreasing the bottom friction parameter increases the absolute value of residual vorticity produced either by topographic stretching of fluid columns having planetary vorticity (the Coriolis
effect) or by bottom frictional torques. Residual vorticity produced by the Coriolis effect is
positively correlated with the topography--circulation anticyclonic around hills-whereas bottom friction may produce either anti-cyclonic circulation around hills in the case of an anticlockwise rotating tidal current velocity vector, or the reverse in the case of a clockwise rotating vector. If two fundamental frequencies in the basic tidal current are present-for instance
M2 and Sr-vorticity is also transferred to the sum and difference frequencies of which the
fortnightly component (the spring to neap cycle) is discussed. Also the response of this component is shown to be rather sensitive to the forcing scale in the topography, whereas in favorable circumstances its phase may be such that maximum vorticity occurs near to neap tides
rather than to spring tides. The theory gives, for values of the relevant parameters representative for a tidal shelf sea, residual vorticity of the order of 10-e to 10- s-1 • Vorticity transfer
is shown to be a strong source too for M, and M. tidal signals in current velocity records.

1. Introduction

The recent extensive employment of moored current velocity meters in shallow
tidal areas bas revealed the presence of much more variability, both spatially as in
time, of the current velocity field as compared with surface elevation. For instance,
both Pugh and Vassie (1976) and Yanagi (1978) observed M4 tidal components in
current velocity spectra being more pronounced than in the spectra of sea level
fluctuations. Such an observation indicates nonlinear interactions in the tidal currents
which do not, or to a lesser extent, show up in the surface elevation. The same
applies to another principally nonlinear phenomenon, viz. the generation of a residual current velocity field by tidal currents.
1. Netherlands Institute of Sea Research, P.O.B. 59, Texel, the Netherlands.

601

602

Journal of Marine Research

[38, 4

It is argued here that the reason for all this is that fluctuations in sea level are
produced by the divergent irrotational part of a quasi-two-dimensional velocity field,
whereas much of the observed variability is contained in the solenoidal rotational
part. Therefore, nonlinear tidal vorticity transfer seems to be the basic clue to our
understanding of both the more pronounced presence of shallow water constituents
in the velocity spectra as of the apparent spatial irregularity of the tidal velocity
field, especially as these constituents are concerned.
To make possible any vorticity transfer at all, it should first be produced in some
way. In a tidal area this can be achieved either by stretching or shrinking of a
watercolumn having planetary vorticity by the fluctuating sea level, as is the case in
the well known example of a tidal Kelvin wave, or by friction from the sides of a
tidal channel as observed in numerical and hydraulic models (Tee, 1976; Oonishi,
1977), or by the curl of the bottom stress and the Coriolis force in the case of a
nonuniform depth (Huthnance, 1973; Pingree, 1978; Zimmerman, 1978). For more
open sea areas only the first and the third mechanism have to be considered. In the
absence of variations in depth the stretching mechanism by a fluctuating sea level
is the only one which can produce relative vorticity. However, vorticity transfer to
other harmonic constituents is negligible in that case. The main transfer mechanism
for the open sea seems to be related to the existence of a nonuniform depth distribution, which indeed is a well known property of many shallow tidal areas. In fact
bottom topography may show a very irregular, quasi-random, character. These irregularities can be classified as horizontally small-scale fluctuations if compared
with the tidal wave length. It is the response of a tidally produced vorticity field to
such a small-scale topography that is the central question in this paper, which is an
extension of a former one (Zimmerman, 1978). The extension includes the discussion of higher harmonics (the overtides) which appear as a by-product in the solution of the equation of residual vorticity, the removal of a hidden anisotropy in the
former paper due to the presence of a rectilinear tidal current which is replaced
here by a circularly rotating one, a physical discussion of the vorticity transfer function e pecially as the separated effects of Coriolis force and bottom friction are
concerned and, finally, a section on the spring to neap tidal cycle in the residual
vorticity field.
In itself the theory presented here, studying transfer in the frequency domain, is
part of "shallow water tidal theory" which, having nearly exclusively dealt with
surface elevation, has paid little attention to vorticity transfer up to now. By studying the response of the tidal vorticity field to different spatial scales in the topography, the theory addresses transfer in the wavenumber domain too, which, recently,
has also been the subject of topographic turbulence theon; (Bretherton and Haidvogel, 1976; Herring, 1977 ; Holloway, 1978). It turns out however that the present
problem can be formulated approximately as a transfer from zero wave number to
other wave numbers only, which avoids the complexities arising in a real turbulent
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flow. Nevertheless certain features show a remarkable resemblance, for instance
the generation of static (residual) velocity fields correlated with variations in depth.
Finally, the generation of residual currents over a sloping bottom seems to have
features in common with the generation of residual currents by a fluctuating wind
stress curl on the ,B-plane (V eronis, 1970) due to the equivalent effects of a sloping
bottom and a varying Coriolis parameter.
2. Basic equation

Regarding the tidal velocity field u(x,t) as quasi-two dimensional, the only component of relative vorticity, w, is in the vertical direction, its magnitude being given
by
(J) = j. cv x u)
(1)
where j is the unit vector in the vertical direction (positive upward) and
u

=-

1

-f'

D+{

v(z) dz

(2)

-D

, D (x) being the depth below the undisturbed sea level, {(x,t) the sea level fluctuation and v(z) the horizontal component of the three-dimensional velocity field. Thus
u is the depth-mean horizontal velocity component, of which the linearization of
its equation of motion has recently been discussed by Heaps (1978). For nonlinear
vorticity transfer, however, we need another scheme of linearization which we shall
now first discuss.
Dealing with a barotropic fluid in a rotating frame of reference (Coriolis parameter f) , the balance of absolute potential vorticity is described by

_d_ { w+f} = _1_ .• (V x F)
dt

D+{

D+{ J

(3)

, where F stands for internal or external forces per unit mass. Eq. (3) expresses the
well-lr.nown fact that absolute potential vorticity in a barotropic fluid is conserved
following the flu id motion if the only forces present are potential forces.
The set of equations is completed by the continuity equation

__B_ = -V • {(D+{)u}

at

(4)

Expanding the individual derivative in (3), inserting (4), the equation for the local
relative vorticity reads

{_if_

w+f
+ u • V (D+{)} + u • Vw = j • (V XF)
(5)
D+l
at
where variations in f (the planetary ,B-effect) have been neglected. Assuming now

at

th at

_
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D(x)

= H + h(x) ,

H>>h,

(6)

H >> {= O(h)

Vh>>VL

D- 1
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1{ 1-

+

+ . . -} = H-

+(

1-

+

1
{

1-

+

+ .. ·}

+ .. -) + ... }

(7)

, making the assumption of small relative vorticity as compared to planetary vorticity, w/ f << 1, neglecting all terms in h/ H, VH or higher orders, (5) reads

at

-{_B__ +

+ u • Vw--1
H

u•

Vh} = j • ('v xF)

(8)

In the absence of sea level fluctuations and if the right-hand side is vanishing, (8)

forms the basic equation of topographic turbulence theory in the small Rossby
number regime (Bretherton and Haidvogel, 1976; Herring, 1977; Holloway, 1978).
The situation dealt with here, however, differs in two respects. First the right-hand
side of (8) contains an important productive as well as dissipative process by means
of bottom friction, which cannot be neglected in shallow tidal waters, thereby complicating the vorticity balance. Secondly, the presence of sea level fluctuations associated with long tidal waves greatly facilitates the treatment of the nonlinear advection term in (8) by making use of the fact that for fluctuations in depth having
length scales much smaller than the tidal wave length, the addition of the topographic term _/_ u • Vh in the vorticity equation produces only minor changes
H
both in the velocity field and in the sea level fluctuations compared with the situation in which this term is absent; i.e. the gross response characteristics of a basin
for propagation of a long tidal wave are not substantially influenced if such a scale
relation applies. The vorticity field itself, however, may show large differences in
both situations due to the fact that the disturbances in the velocity field produced
by topographic forcing are varying over the relatively small length scale of the
topography in contrast to surface elevation. This can be understood from a scale
analysis as follows. The topography induces a disturbance velocity O(hU / H), where
U is the magnitude of the tidal current velocity in the absence of topography (called
the "unperturbed" tidal velocity henceforth). In the case of weak to moderate friction either the local acceleration or the Coriolis acceleration of the disturbance
velocity is balanced by a pressure gradient
I L = hU I HT, where T is either the

gr
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time scale of the velocity fluctuation (the tidal period) or the inertial period, which
are assumed to be of the same order of magnitude here. Now, since h=O(lJ and
L=O(UT), ''=O(,U 2 /gH). Hence, whereas the disturbance velocity may be an appreciable part of the undisturbed tidal current, the disturbance of the sea level over
such relatively small distances is negligible, which is in accordance with our remarks
in the introduction.
Thus we may approximate the vorticity equation by an equation for the vorticity
produced in the absence of topographic effects, neglecting for the time being
j • ('v x F) in (8):

~ + U • 'v!l--1.Jl_=O
fJt

H fJt

(9)

and an equation for the vorticity produced by the topography:

_±!}__
fJt

+ U • \771 - _l!!_ • 'vh = 0
H

(10)

, where the vorticity of the tidal wave proper, !l, and the topographic vorticity, 71,
are additive in first approximation and where U in both equations is the velocity
vector associated with the tidal wave in the absence of small scale topography
(called the "unperturbed" tidal velocity vector henceforth). It should be noted that
in (9) and (10) the effects of the advection terms-nonlinear in (9), only quasi:nonlinear in (10)-are different for both equations relative to the production
terms-stretching and shrinking of columns having planetary vorticity by surface
displacements in (9), and by the topography in (10). If (9) is linearized by neglecting the advection term, the wave vorticity to first order is given by !l=n/ H. Substituting this result in the advection term, the ratio of advection to production term is
of order

U•'v!l

e!

_u_<<l

_f_~
H

(11)

C

fJt

where c is the phase velocity of the tidal wave and Uc- 1 is the Froude number, the
magnitude of which justifies the linearization a posteriori. In (10) however the same
ratio is given by
e!

_f_U•'vh

___!]__

f

__!.!__ = T 01

(12)

h

H

Now even in cases where 71 / f (the Rossby number) is small, as assumed a priori, the
topography number To 1 may have a magnitude of order 1, in which case it is no
longer allowed to solve (10) by neglecting as a first approximation the advection
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term. This has a profound influence on the spatial structure of the vorticity field
associated with interaction frequencies (residual + higher harmonics) as will be
shown in the next section. However, the fact that (10) contains a prescribed "unperturbed" advection velocity U makes a closed solution possible without the resource of a perturbation procedure.
Next we have to discuss the right-hand side of (8). From hereon any external
forcing shall be excluded except for the frictional stress exerted by the bottom,
which is normally expressed in the depth mean velocity by a quadratic friction law,
appropriate for a shallow turbulent shear flow. However, we adopt a linearized
form of the bottom stress, Tb, here, assuming that it contains the basic physics with
respect to vorticity transfer:
(13)

where r is a friction parameter, strictly speaking depending on the intensity of the
total flow (cf. Heaps, 1978) and p is the fluid density. The stress gives rise to a force
per unit mass:
Tb.;;.___ - - - ru
Fb= _ _
-(D+{)

p(D+{)

(14)

Denoting the topographic perturbation velocity field by u' (u'=u-U, u'<<U,
j • (v' Xu')=17, taking the curl of Fb and using the expansion (7), we find in first approximation:
j • (v' x Fb) = - _r_ 71
H

+ _r_ j • (v'hxU)
H2

(15)

Hence the bottom stress is both a dissipative agency for perturbation vorticity-first
term in the right-hand side of (15)-and a production mechanism: second term.
As in (12) the magnitude of the latter relative to the advection term in the equation
for topographic vorticity is given by a topography number:

u. v'17
r
- - U x v'h
H2

71H

H

- - - - = T o.,
r
h
-

(16)

where 17H/r now denotes the ratio of vorticity to the relaxation frequency of bottom
friction. Also To~ is not necessarily << 1, which has the same consequences as discussed before with regard to the importance of vorticity advection.
Finally we shall include a second dissipative process, viz. horizontal diffusion of
perturbation vorticity by turbulent eddies. There probably exists a gradual transition
between such time-dependent eddies, swept over the topography by the tidal current
and the "frozen" topographic structures discussed here. This complicates the formulation of the diffusion process since much is unknown about this transition zone in
tidal flows. In view of these uncertainties the only function of vorticity diffusion in
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the present context is to provide a sink for vorticity at high wave numbers, parametrized by
(17)
, where v is a turbulent horizontal eddy viscosity. The ratio of viscous dissipation
to dissipation by bottom friction is
vH

r
H

--

(18)

rL 2

1J

The order of r/ H being 10- 4 s-1, it appears that horizontal vorticity diffusion becomes an important dissipative process only for length scales, L, <10 3 m, taking
v ="' 10 2 m 2s- 1 which is a representative value for tidal flows .
Inserting now both (17) and (15) in the right-hand side of (10), the ultimate
equation for the topographic vorticity field reads:

__!!!]_ + u •VT}= _f_u. Vh +-r-j • (Vh XU)- _r_ 1] + v'v' 21]
H

at

H2

H

(19)
The solution of (19) for prescribed U and its consequences will be discussed in the
next section.
3. The transfer function

a. Solution of the vorticity equation. As our principal goal is to investigate the vorticity production by an irregular topography in which a broad spectrum of length
scales can be present, we first Fourier decompose both the depth distribution and the
vorticity field spatially :

= f J h(k) e-" ·' dk
77(x) = ff ii(k) e-" ·' dk
h(x)

(20)
(21)

Using these Fourier transforms, (19) reads, on the assumption of a locally uniform
tidal velocity vector U(t):
a17(k,t)
at

iU(t) • k77(k)

+ _r_ ii(k,t) + vk~17(k,t) =

- ih:) { fU(t) • k +

H

+-

j • (k x U(t))}

(22)

Toe latter assumption means in fact, as already mentioned in the Introduction, that
in wave number space we are dealing with vorticity transfer from zero wavenumber
to other wavenumbers only.
Anticipating supposed isotropic statistics of bottom topography in the next section.
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k is sometimes expressed in polar coordinates (k,0):
k = ( kcos0)
ksin0

(23)

Moreover, to keep also isotropic vorticity dynamics we shall deal with a circularly
(anti)clockwise rotating tidal current velocity vector U(t):
V(t)

=(

U sin<Tt )
± U COS<Tt

(24)

Introducing now the dimensionless variables:
t'

kV
h
= <Tt+0, K=klo = - - h' = - - ,
<T

r

H

'

r

v<T

T =-- T =-- T =--

Hf '

1

2

H<T '

u2 '

3

using (23) and (24), (22) reads:
- (iKsin t' - b(K)) f/(K)

/Jf/(K) / f
at'

t

=

a(K) sin(t'±cp)

(25)

where
a(K)

= -iKh'(K){l+r/} ! ,
b(K) = T2 + T3K2 ,
cf> = arctg T1 •

(26)
(27)

(28)

The nontransient solution of (25) is given by:
f/(K,t')

-

1

= a(K) exp(-iKcost' exp(iK costt''

bt')

ft•

-co

sin(t''±cp)

+ bt") dt''
(29)

P = -co

, where, as shown in the Appendix:
(30)

where
t/i/ 1>(K)

= (-z)P

co

"

n~co

n {b(K) + in } I
( )I ( )
K{n2 + b2(K)} n+p K n K

(31)
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The solution of (25), expressed by (29)-(32) will form the base of our discussion
further on.
It is worth noting here, that the procedure of linearizing the vorticity advection
term in (8) by using the concept of an "unperturbed" tidal velocity produces at one
go a solution in which all higher harmonics of the tidal topographic vorticity field
as well as the residual are present, in contrast to a perturbation procedure which
solves firstly the linear vorticity equation and subsequently employs the solution as
inhomogeneous forcing terms in a linear second order equation. In that case, up to
second order, only a residual and a second harmonic of the basic tidal frequency
(M4 in the case of a principal M 2 frequency) are obtained. Especially the direct appearance of the third harmonic (M 6 ) in (29) is interesting. This shallow water constituent is generally associated with a quadratic bottom friction law. As will be
observed further on vorticity advection may in some cases be a concurrent mechanism for the observed intensity of this constituent in tidal velocity records.

b. The vorticity transfer function. The physical interpretation of the solution for
topographic vorticity, given by (29)-(32), says that vorticity is produced by the
slope of the topography, represented by a(K), each component in the slope spectrum being weighted by what shall be called henceforth "the vorticity transfer functions", tJ,/ 1 > and tpp <2 >. The former of these is connected with vorticity production
by topographic vortex stretching of fluid columns having planetary vorticity (the
Coriolis effect), whereas the latter represents vorticity production by bottom frictional torques, as can be seen by tracing back the derivation of (29)-(32). Apart
from K, the transfer functions depend on the parameters 71, 72 and 73. As, for a
particular area and a specific tidal component, both f and a- are constant, tpp l 1 > and
tpp< 2 > depend in fact on the parameters r (the bottom friction coefficient) and on 7 3
(the horizontal diffusion time scale). The dependence on r shall be discussed in the
next paragraph. We now focus on K and 73. For 71=72=1 and 73=10- 2 (values
representative for shallow tidal areas) Figures 1 and 2 show the modulus and phase
of the vorticity transfer functions for p=0,1,2,3. For p=0 the phase is not shown
since the real parts of both functions vanish for all K, as can be observed by noting
that both J,.2 and ln'ln are symmetric functions of their order index n. Thus, a(K)
being imaginary, 77o(K) is real. Now, as tJ,0 <1 > is positive for all values of Kand tJ,0 <2 >
negative for nearly all k, this means that residual vorticity produced by the Coriolis
effect is always positively correlated with topography-i.e. circulation is anticyclonic
around hills-whereas, for residual circulation produced by bottom frictional
torques, it depends on the sense of rotation of the unperturbed current velocity
vector whether circulation around hills is cyclonic or anticyclonic. The former is
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Figure 1 a / b_ The modulus of the vorticity transfer functions lf,/u(K) (a) and lf,,m(K) (b), p =
0, l, 2, 3, for T1 = T 2 = I and T , = 0.01 ; absciss K .
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Figure 2. Phase of the vorticity transfer functions ,t,,m (K) and ,t,,'" (K) , p
= 1 and T, = 0.01 ; absciss K .

= 1, 2,

3, for

'Ti

= 'T•

the case for a clockwise rotating vector, the latter for an anticlockwise rotating one.
The result of positive correlation between residual vorticity fields produced by
topographic stretching of planetary vortex lines and the topography itself accords
with the results of topographic turbulence theory, where it has been shown that,
depending on the strength of the topography relative to inertial effects at least part
of the vorticity field is static, circulation being clockwise around hills (Herring,
1977). For p=l,2,3 the vorticity transfer functions have in general nonvanishing real
and imaginary parts. Thus, for these constituents, their extreme values in the field
are displaced relative to topographic extrema.
As to the moduli of the transfer functions, Figure 1 shows that the most outstanding behavior is the occurrence of a pronounced maximum for the interaction frequencies (p=0,2,3) at values of K~O(l); i.e. in view of the definition of K, slopes
associated with wavenumbers of the order of the tidal displacement amplitude are
the most effective ones in the production of topographic vorticity at higher harmonic
frequencies and at the residual (zero) frequency. These maxima are a direct consequence of the advection term in the vorticity equation (19). For K> > l the response
of the vorticity of a fluid column to the topography is suppressed by a rapid sign
reversal of the production mechanism compared with the response time scale,
whereas for K<< 1 the local vorticity is nearly completely determined by the local
slope, vorticity gradients vanishing for
Both situations are less favorable for
the quasi-nonlinear generation of residuals and higher harmonics in the vorticity
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field. A similar behavior in a different context-oceanic circulation generated by a
fluctuating wind stress curl on the ,8-plane-was observed by Veronis (1970) with
respect to forcing frequency, which is inversely related to displacement amplitude.
It should also be stressed that this characteristic behavior-a maximum for K~O(l)
-is not obtained if the nonlinear tidal vorticity equation is linearized by neglecting
first the complete advection term, i.e. if the equation is treated by means of a
standard perturbation procedure expanding both velocity and vorticity in a power
series of a small parameter (the Rossby number) and truncating at second order.
Such a procedure gives at second order, for p=0,2, continuously increasing transfer
functions for increasing K. Only for
are both methods converging, producing
the same asymptotic behavior:

l/J/'>(K) ~ K (p=0,2,3),

K

0

(33)

The asymptotic value can either be obtained by using a power series representation
of the Bessel functions occurring in (31) and (32), or by solving (25) perturbatively,
neglecting first the vorticity advection term.
As to the asymptotic behavior of the transfer functions for
oo, it is only for
those values of K that horizontal eddy viscosity and thus the parameter 7 3 has a significant effect as can be seen for l/J <1> in Figure 3. This is also evident in the asympoo derived by Temme (1978). For instance, if diftotic expansions of l/J/ 1> for
fusion vanishes (7 3=0), If!/•> behaves like
0

1/1/'>(K)

~ K-1 {

1 + c~s 2K } '
smh 1r

00

(34)

which shows the oscillatory character of 1/1 <•> observed in the plots of Figure 3.
In the presence of horizontal eddy viscosity (73 > 0) however, the asymptotic behavior of 'Pv <•> is somewhat different, the decay for
oo being more rapid; i.e.
(Temme, 1978)
(35)
0

Nevertheless, in view of the large uncertainties, both conceptually as in order of
magnitude, concerning horizontal eddy viscosity in quasi-two dimensional turbulent
tidal flow, it is satisfying to observe that the decaying character of the transfer
oo and hence the occurrence of a maximum for p=0,2,3, does not
functions for
depend critically on the introduction of horizontal vorticity diffusion.
c. Influence of bottom friction. As (15) shows, bottom friction is both a productive

and a damping agency for topographic vorticity. It is therefore interesting to investigate the behavior of the transfer function for increasing and decreasing friction coefficient r. To this end, the transfer equation (25) is written as

uiJ / f -

at

(iK sin t' - b)

iJ / f = a(K) (sin t' ±

71 cost')

(36)
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where now
a(K)

= -ih'(i, )K

(37)

and

r

b=T2= - aH

(38)

f

In order to focus on the dissipative effect of bottom friction only, we have neglected
horizontal vorticity diffusion here (7 3 = 0). Moreover we put a-/f=l. The solution
of (36) can be expressed as a Fourier series like (29), inserting (38) in (31) and (32).
Now, the transfer functions tpp <1 > and tp/ 2 > depend on the frictional time scale
and
oo,
ratio, b, in different ways. We shall examine their behavior both for
particularly for K=l in the neighborhood of which tpp has a maximum. For p=
0,1,2,3 Figure 4 gives t/Jv< 1 >(l) and tpp< 2 >(1) as functions of b. Inspection of the plots
shows that:
1. for p=O (the residual) increasing friction coefficient produces a continuous decrease in the effectiveness of vorticity transfer from the oscillating field to the mean
field for both production mechanisms.
2. for p=l (topographic vorticity at the basic tidal frequency) the production mechanism associated with the Coriolis effect decreases with increasing friction, but the
reverse applies to the production by bottom friction.
3. for p=2,3 (the overtides in the topographic vorticity field) the production by
means of the Coriolis effect decreases continuously with increasing friction parameter. The production mechanism associated with bottom friction, however, has a
maximum for b of order 1.
4. though t/J/ 2 > (p=l ,2,3) decreases for
the asymptotic value is not zero.
Except for the properties mentioned in 4., the physical interpretation of these
results is facilitated by treating the advection term in (36) as a small perturbation
(small topography number) . Leaving the imaginary constant a(K) in (36) aside, we
then have to solve first
1

a"f/1< >If
- - - = sin t -

at

2

a"f/1 < >I f
~--=

at

b"f/1 <1 >I f

±b cost - b"f/1 <•> I f

(39)
(40)

which gives

1
"f/1 <1>I f= - --

{b sin t - cost}

(41)

± b {sint+bcost}
l+b 2

(42)

l+b 2

"f/ 1 <2 >1t=

The superscripts (i) denote the production mechanisms as in (38) whereas the subscript 1 refers to the first harmonic of topographic vorticity. The behavior of tp 1 <•>
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as mentioned in 2. is qualitatively reproduced by (41) and (42), except for the
At second order we get
asymptotic value for
aY/ ci> I f = iK __l _ {b sin t - cost} sin t - br/ 1 >I f

at

(43)

l +b 2
2

aY/c >If = ±iK __
b_ {sin t + b cost} sin t - bY)C 2 >I f

at

(44)

l +b 2

The solution of (43) and (44) expressed in residual vorticity, 710<•>, and the second
harmonic, 712c1>, reads:

71 2 <1 >I f= iK
TJ 2 <2 >lf=±iK

1
710< 1 >If= ± 710(2 >I f= i K - - -22(1 +b )

(45)

1
{½(2+b 2 ) cos 2t - (½b+ 1) sin 2t}
(l+b ) (4+b 2 )

(46)

2

(1 +b

2

b
) (

4+b

2

3
( --bcos2t+(½b 2 -l)sin2t)
)

(47)

2

Thus, both residuals are continuously decreasing functions of b, vanishing for
oo . This result, which is particularly interesting for 71 0 <2 >, for which one could
at first sight expect a reverse behavior as well, arises from a subtle interplay between
the dependence of forcing amplitude, forcing phase and dissipation on b, as can be
seen in (43) and (44) where the term proportional to sin 2 t produces a residual
effect. Increase of residual circulation with decreasing friction parameter has also
been observed in numerical modeling (Nihoul and Ronday, 1975; Tee, 1976). Here
we now give analytical support for the conclusion that decreasing bottom friction
increases the absolute value of residual circulation of the separate production
mechanisms, irrespective of whether the Coriolis or the bottom frictional torque is
the main production mechanism. However, the sign of 71 0 <2 > depends on the sense
of rotation. Thus, what actually happens to the sum of both components, decreasing
the friction coefficient, depends on the relative importance of both mechanisms in
the case of a clockwise rotating velocity vector.
As to the second harmonic constituent, the perturbation solutions (46) and (47)
also show qualitatively the different behavior of 71/ 1 > and 71 / 2 > as mentioned in 3.,
YJ 2 C1 > decreasing continuously with increasing b, whereas 71 2 <2 > approaches zero both
for
and
cr.>, with a maximum in between. The nonzero asymptotic values
2
of tf1 2 C> (p=l,2,3) for
mentioned in 4., which are not reproduced by the
perturbation procedure at second order, arise from a feedback on these frequencies,
especially from the residual current velocity field. Once the latter has been established-the more pronounced the smaller b is~its advection by the "undisturbed"
tidal current together with its spatial variations gives a contribution to the local
signal at the tidal frequency and its higher harmonics. These effects are of course
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reproduced by the closed solution (32) where advective effects are incorporated
properly. As can be seen in (32), for any p the term n=0 in the summation produces
a contribution independent of b, which gives rise to a finite asymptotic value for
Finally, one notes that the linear dependence on K for the solutions of '1}-o. 2 <1 >
and T/o,2<2> in (45)-(47) accords with the asymptotic values of 1f!0,2,3<'> for
mentioned in the paragraph before, as does the fact that T/i <0 in (41,42) is independent of K.
4. Eostrophy and energy

Since bottom topography in many shallow tidal areas has a more or less random
character, it may be supposed that the topographic vorticity field is also distributed
randomly in space. Of interest then is the mean-square vorticity or enstrophy and
the mean-square velocities or the energy. These can easily be obtained from (30) if
the spectral density function of fluctuations in water depth is known.
For the enstrophy associated with different harmonic orders in the topographic
vorticity field we have

<TJ/> =ff <iJP (K) i)p*(K) >
/2

ff

dK

=

/2

K2 <h'(K)h'*(K)>{l

Gp (K)

= 11/Jp (1)

+ r/} Gp (K) dK

(K) ± 1/1/2) (K)l2

(48)
(49)

where the brackets denote averaging over an ensemble of bottom topographies.
Although it may be supposed that the statistics of bottom topography in reality are
neither homogeneous nor isotropic, we shall, for the sake of convenience, ne','.ertheIess assume that these properties apply. In that case homogeneity implies
h*(K)

= h(-K)

(50)

whereas isotropy makes it possible to express <h(K)h(-K)> in a scalar spectral
density function, E(K), by

<h' (K) h' (-K)> =

E(K)

(51)

27TK

Transforming to polar coordinates (48) reads :

<TJ/>

(52)

f2

Inserting now a test spectrum
E(K)

= 2 < h' 2> A-

4

K3 exp(-K 2 '}...- 2)

(53)

representing a topography in which fluctuations are narrowly centered around
scalar dimensionless wavenumbers of order A, where '}...=lol-1, l being a character-
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istic integral length scale of the topography spectrum and 10 = VI a- the amplitude
of horizontal tidal displacement, we may express the enstrophy as:

<r,1,2> = <x2> Qp
/2
where

(>-) (1 +r,2)

(54}

<x 2> is the dimensionless mean-square slope:
(55}

and QP (A) easily follows from (52) and (53):
Qp (A)=>. -

6

of co

K5

exp

(-K 2A- 2)

Gp

(K)

dK

(56}

Hence the enstrophy is proportional to the dimensionless m.s. slope, the factor of
proportionality depending on >., i.e. the ratio of the horizontal tidal displacement
amplitude to the integral length scale of the topography.
As to the energy of the vorticity field, we may express it in a scalar energy density
function by

<u/> = of co Ep

u2

(K) dK

(57)

where up is the speed in any direction associated with the p'th harmonic in the vorticity field and V is the magnitude of the "unperturbed" tidal velocity vector. In a
solenoidal isotropic velocity field energy and enstrophy are related by:
(58)

Hence,
(59)

, from which we have
(60)

where
(61)

which shows that the energy of the topographic field is proportional to the meansquare amplitude of fluctuations in bottom topography, the factor of proportionality
being again a function of A.
In Figure 5 the functions Qv (>-) and qri (A) for the test spectrum given by (53)
are shown. The occurrence of maxima for A'=" l is of course a direct consequence of
the behavior of the transfer function for different values of K as discussed in the
section before. Although the curves are mainly self-evident, we particularly mention
the energy associated with p=3, i.e. the MGtidal frequency in the case of a fundamental M2 frequency. As can be seen in Figure 5 the energy of the M 6 tidal com-
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ponent can be as large as 7%o of the unperturbed M 2 component, which makes vorticity advection in favorable cases a strong source of the M 6 signal, which therefore
does not need necessarily to be explained only by a quadratic bottom friction law.
5. Spring to neap tidal cycle

The discussion thusfar has been concerned with the generation of residuals and
overtides in terms of one fundamental frequency. In reality, however, one has to
deal with more than a single fundamental frequency-i.e. a frequency present in
the tidal potential- which in a nonlinear system gives rise to the so called "compound tides". Of these, the interaction between the semi-diurnal lunar (M 2 ) and
solar (S2) tides is the most important one. This interaction produces signals at the
sum and difference frequencies in the current velocity spectrum, the latter of which
we shall discuss here. The frequency concerned is exactly equal to the MSf frequency in the Doodson expansion of the tidal potential and differs moreover only
slightly from the fortnightly tidal component Mf. As discussed by Wunsch (1967)
-excessive enhancement of the MSf frequency in a time series is a good indicator for
the nonlinearity of the system. In terms of tidal velocities the presence of an enhanced MSf component may also be perceived as a fortnightly varying tidal residual
if the latter is loosely defined as an average over the dominant tidal cycles M 2 and
S 2 • Observations of fortnightly varying residual currents were reported by Tee (1977)
and Yanagi (1978), whereas Riepma (1977) observed a fortnightly varying residual
vorticity. It is especially with the latter phenomenon we are concerned with here.
Introducing an unperturbed tidal velocity as the sum of two components (only
an anticlockwise rotating vector is dealt with here):

u =(

U1 sin CT1t'
U1 cos u,t'

+ U2 sin CT2t')
+ U2 cos uet'

(62)

ithe equation for the topographic vorticity field in wavenumber space reads:
ch"j(k,t)

fat

-

{ ik(U 1 sin u ,t

ka(k) {U1(sin u 1t

+ U2 sin CT2t) -

- ' - } 7j(k,t)

H

=

+ cos u,t) + U2 (sin CT2t + cos u 2t)}

(63)

, where now
a(k)

= -i

h(k)

(64)

H
, assuming r 1 =r/ Hf=l and neglecting vorticity dissipation by horizontal diffusion.
The nontransient solution of (63) reads:
71~,t)

= ka(k) exp {

-

+t -

i K(COS

0'1!

+ '}'COS 0'2t)} X
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-oof' exp{+
( U1 cos ( a- 1 t'

f

+ iK(COS a-,t' + ')'COS CT2t')}

-+) +

U 2 cos ( a- 2 t' -

X

+))

dt'

(65)

where

K = Vik , 13 1 = a- 1/ a- 2, /3 2= U2/ U1 and 'Y =
a-,

/31/32

(66)

Expanding the harmonic exponents as in (Al) and carrying out the integration, the
right-hand side of (65) can be written as an infinite series of Fourier series like
co

L

co

L

a / ' l e iiu1t

+

f= -co

L

co

a /2 lei juzt

+

j = - oo

a / Sl ei j( u1+u2)t

j=-co

00

+

a/4 lei.j(u2- u 1 )t

+ ..... . ... .

(67)

f=-00

, of which only the coefficient a 1 <4 > will be considered here. Proceeding along the
same way as from (29) to (30)-see the Appendix-this coefficient is given by:
a 1 <4 >

= ia(k) 1/112(K)

(68)

where
co

m=-00

(69)

= f m+1(K)fn(K) + ifm-1(K)J,.(')'K)
Bm,n = fm(K)fn+1(K) + iJ,n(K)f,._1(')'K)

Am,n

(70)
(71)

, G~ 1z(K) and 'l'12(K) denoting respectively the amplitude and phase angle of t/J 1z(K),

i.e.:
Gu(K)
'l'u(K)

= 'P12(K)tp*n(K)

= arctg

Im 1/1, z(K)
Re o/1 2(K)

(72)
(73)

For /3 1 =a-1 / a- 2 = 0.966, corresponding to the ratio of the frequencies of the M 2 and
S2 tidal components, Figure 6a shows the behavior of G 12(K) for different values of
/32, the ratio of the current velocity amplitudes of both components. The behavior
of G, 2 as a function of K is in general the same as of the time-independent residual
1/Jo(K) discussed before, the only differences being a more outstanding oscillatory
behavior of Gu(K) and an absolute maximum of the latter function for a slightly
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A

Figure 6a. The spring to neap vorticity transfer function G "'(K) as a function of K (absciss) for
four different values of the current velocity amplitude ratio {3, (1.0, 0.7, 0.4, 0.1). The highest
dashed curve belongs to /32 = 1.0, the next fully drawn curve to 0.7 and so on.

lower value of K. Thus, also the fortnightly varying, "spring to neap", component
of residual vorticity is rather sensitive to the forcing scale in the bottom slope.
In Figure 6b, for /3 1 =0.966 and /3 2 =0.4, the phase angle 'l'dK) is shown for different values of the friction parameter b. For small values of K,'¥ 12 has a regular
behavior, showing negative values increasing with decreasing b, approaching -rr/2
for
This means that, for these values of K, the spring to neap cycle in the tidal
currents leads the vorticity response in time. However, as soon as K has passed a
value of I this reverses, the absolute value of residual vorticity now being highest
near neap tides and lowest near spring tides, which of course is due to the fact that
the vorticity response is largest if the tidal displacement amplitude becomes of the
order of the topographic wavelength. The latter occurs by lowering the displacement amplitude during the spring to neap cycle in the case where K is slightly larger
than I. For even higher values of K this effect produces a rapid oscillation of the
phase angle due to secondary maxima in the amplitude response function. In practice this means that for topographies centered around values of K> 5, say, the observed phase of the spring to neap residual vorticity cycle does not bear any useful
information.
Finally Figure 6c gives enstrophy and energy functions, Q,s(.\) and qd.\), of the
spring to neap cycle in the topographic vorticity field in the case of a random topography having a spectrum given by (53).
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B

b. the phase angle 'l'12(K) as a function of K (absciss) for /31 = 0.966, /3, = 0.4 and for three
different values of the friction parameter b (10-1 , 1, 10-1). Where the curves intersect the
ordinate, the highest fully drawn curve belongs to b = 10, the dashed curve to b = 1 and the
lowest fully drawn curve to b = 10- 1 •

Thus,
(74)
where
(75)
and
(76)
where
(77)

Also here the dependence of Q12 and
ofGdK).

q1 2

on>.. is self-evident in view of the behavior

As the solution (68)-(73) is rather cumbersome, more physical insight may again
be obtained by solving (63) perturbatively, neglecting first the advection term. The
first order solution then reads:
(78)
where
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C

c. Spring to neap enstrophy, Q12(A) (drawn line) and energy, q12(A) (dashed line), functions for
= 0.966, fl• = 0.4 and b = I as a function of A (absciss).

fl,

W1=
W2=

ka(k)U 1
{(r/H)2+0"/P

ka(k)U2
{(r/ H) 2+0"22 }!

cf> 1 =-arctg-O",H
r

(J".,H

c/>2 = -arctg - r

(79)

, which after substitution in the advection term gives at second order for the vorticity TJ 12 at the difference frequency 0" 2-0"1
(80)

where
k U1U2h(k)
{r2+H 20"m2}! {r2+ H 2(0"2-0"1) 2}!

2
W1 2 =:! - - - - - - -- -- - - -

/3 2K2h(k)

(81)
(82)

and
(83)

U,O"-,_

a 12 = arctg - U20"1

= arctg (

(r/ H) 2+0",2)
•
2
(r/ H) -+0"2

¼1r

(84)
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= arctg -CT2-- -CT1- = O

(85)

= 'Pm = -arctg (cr,,JI/ r)

(86)

/31 2

2

, hence
'P1 2

This solution, which approximates (68)-(73) for
shows that the fortnightly
varying component of residual vorticity is proportional to the separate velocity
amplitudes of both tidal components for small values of K. Moreover it shows that
the phase angle cp 1 2 , which measures the delay of the vorticity response relative to
the spring to neap cycle in the velocity, is a function of the ratio of the mean frequency of both tidal components to the relaxation frequency of bottom friction and
not of the ratio of the spring to neap frequency and the frictional relaxation frequency, as it would be in a real linear system driven at the difference frequency
cr2 -cr1 • By decreasing the frictional relaxation frequency, cp 12 approaches -n/ 2.
Thus, the phase difference between the spring to neap cycle in the velocity and the
residual vorticity is at most about 3.7 days (for small values of K of course).

'6. Discussion

In this section we compare the results derived before with the rather limited data
concerning tidal residual vorticity. Moreover we discuss the limitations of the theory
due to various assumptions made in the derivation of the basic equation. Finally we
mention some applications of the results to fields of related research.
Field observations of residual vorticity in tidal areas are scarce, even more scarce
than observations of residual currents, as one needs simultaneous current velocity
measurements over a long period at various locations close together. For the present
problem, topographic vorticity produced by variations in bottom depth in the open
sea, only the observations of Riepma (1977) can be used giving an order of magnitude of the residual vorticity of -2.10- s s- 1 in an area where U(M 2 )= 7.10- 1 ms- 1
and Kio = l. For f= l0- 4 s- 1, h/ H = I0- 1 as a first guess, we then find 17 0 '==' 10- 6 s- 1.
For the value of the residual velocity associated with the topographic effect we have

nU

U o = --'T]o
CT

(87)

Thus, for f / 1, Uo 2.10- 2ms- 1, which is close to the observed values. Moreover, a
spring to neap cycle in the residual vorticity must be expected, given by
'f/ 1t

=f

;

KG12½(K)

(8 8)

For the observed value of /32=V(S2)/ U(M 2)= 0.35 and assuming b= r/ Hcr=½, we
find G12½( l) = l.l0 - 1 • Hence, '1]12'==' 1.10-s whereas Riepma (1977) actually observed
17 12 '=='2. 10-s. Even more interesting is the phase angle '1'12 of the spring to neap cycle
in the residual vorticity. As is shown in Figure 4b, the angle for K = 1 is both very
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sensitive to variations in K and in the friction parameter b. As the actual values of
these parameters in the field are rather uncertain, comparison between theory and
observation should be read with caution. Nevertheless for the above given values of
K

and b we find '1'12=- -

3

-1r,

4

i.e. a reversal of the vorticity cycle relative to the

cycle in the current velocities, vorticity being highest 1 to 2 days after neap tides,
the explanation of which has been given befor:e. It is interesting that such an anomalous cycle has indeed been observed by Riepma (1977), albeit with a delay of 2
to 3 days, i.e. highest absolute values of residual vorticity occurring 2 to 3 days
after neap tide.
Thus, an order of magnitude between 10--s and 10-s s- 1 seems to be a representative value for topographic tidal residual vorticity. It should be noted that, for
f and h/ H fixed , such a value cannot be raised by increasing the effective slope inoo, tfi 0 (il (K)~K-1, which means Kt/1 0 Ci l~ concreasing K . As given by (36), for
stant. That is, an increase in slope is exactly counterbalanced by a decrease of effectivity of residual vorticity production for those values of K . Thus for values of f and
h/H given before, 7) 0 = 10- 6 -10- 5 s- 1 is also an optimum value. This means that
the assumption of neglecting in (20) the term 77 U • Vh (scattering of relative vorH

ticity by sweeping it over the topography by the tidal current) relative to the Coriolis
production term, fU • Vh , is justified a posteriori. The asymptotic behavior of
H
tfi0 <i>(K) also implies that velocities associated with residual topographic vorticity
have an optimum value between 1 and 10% of U for the above given values of f
and h/H. Both for
and for
these velocities are a smaller fraction of U;
for
oo, of course, in accordance with a constant vorticity and a decreasing length
scale. Thus, also the neglect in (20) of the self-advection term u • 'V'l') relative to
the tidal advection term, U • 'V'l'), as well as the neglect of the self-interaction terms,

_fu_•_V_h_ and _r_ j • (Vh Xu) , relative to the production terms _fU_•_V_h_ and _r_
H
H2
H
H2
j • (Vh XU), is justified a posteriori. Hence, in a sense our theory is "self-consistent"
in that, for realistic values of h/ H, the resluts for the topographic vorticity field cannot violate the assumptions on which they are derived.
Finally we mention here the importance of topographic vorticity dynamics for
other, related processes. First the occurrence of shears in the tidal velocity field, of
which vorticity is a part, adds to the diffusive strength of the field. The effective
diffusivity related to a topographic velocity field has been modeled in different ways,
leading either (Sugimoto, 1975) to an expression for the effective diffusion coefficient like
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where the coefficient c (of order 0.5) is related to the shear effect of the residual
eddies (velocity and length scales u 0 and L) together with smaller scale turbulence.
For u0 ="'2.10- 2ms- 1 and L-==3.5 10 4 m, K ""' 350 m 2s- 1 • Another way (Zimmerman,
1976; Oonishi and Kunishi, 1979) leads to
K

= c(v,.X.)

U l0

(90)

where the coefficient c is a function of .X., the ratio of tidal displacement amplitude
and the length scale of the residual eddies, and of v, the ratio of the kinetic energies
of the residual velocity field and the tidal velocity field. For values of v and A in
accordance with the observations from the southern North Sea of Riepma (1977)
-v~l0- 3 , .X.~1-both treatments give C=" l0- 1 , hence K ="' 300 m 2 s- 1 • Thus, no
matter how one perceives the physics of the diffusive processes in detail, the order
of magnitude of the effective diffusion coefficient is the same.
A second process to which topographic tidal vorticity production is closely related is residual sediment transport and the formation of sand banks in tidal sea
areas. In fact we touch upon a problem of interaction between the bottom morphology and the overlying current velocity field , as the latter is both influenced by and
giving shape to the former. Although the close connection has been well-known for
a long time, quantitative research on this problem is still in its infancy. Recent results of Pingree (1978) and Pingree and Maddock (1979) show that tidal residual
sediment transport by the bottom stress exerted by the tidal currents is sensitive to
the residual and to the M4 component of the velocity field, both of which can be
generated topographically. The analysis of the response of the vorticity field to the
topography presented here suggests a close relationship between the extent of submarine tidal sand banks and the magnitude of the tidal displacement amplitude, as
their ratio is one of the most important parameters in the problem to which the response itself is rather sensitive. Thus, one could imagine that having initially a random topography in which no length scale is predominant, such a topography, if subjected to a tidal current velocity field, would be transformed in such a way that
topographic features of the order of the tidal displacement amplitude, producing
the largest response in terms residual bottom stress, would predominate after some
time, the topography then being in equilibrium with the velocity field. Of course,
definite conclusions on this point have to wait a detailed analysis of sediment transport by the topographic tidal velocity field and of their mutual interaction.
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Appendix

The evaluation of Fourier coefficients C, (K) in (29) proceeds as follows. Using the Fourier
series
co

::s

exp (iKCOS t) =

i"' e•m• lm (K)

(AI)

m= -oo

, where J m (K) is a m'th order Bessel function of the first kind, we substitute the series in the
integrand of (29). Integrating next, the result reads:
ij(K,f)

a(K) exp(-iKCOS f)

f

2i

"'
m = - oo

X

e"' ± ct,
;m J,,. (K)e'ml, (
i(m+l)-b

e-"• + ct,
i(m-1)- b

)

(A2)

C, (K) is now given by
C, (K) =

f

1

2rr

,;;

o

-

-e-••• dt

(A3)

1

Substituting (A2) in (A3) and using the Bessel function rel ations (Watson, 1944):
l - m (- K)

J,,._, (K)

= J m (1<)

(A4)

2m

+ lm +l (K) =-K-Jm (K)
d

lm-- l (K) - Jm+l (K) =2--;r;-Jm (K)

(A5)

= 2/m' (K)

(A6)

, the result given in (30)-(32) is obtained.
For practical purposes another but equivalent formulation of (30) was used (Temme, 1978):
C, (K)

= -½ ji>-' a (K)

R,-,,(K, I+ib)

+

(K, -I+ib)}

(A7)

where

R, (K,a)

=

(AS)
n= -00

The computation of C, (K) is then facilitated by recurrence relations for R, (K,a) :
R-, (K,a)

2a

2

+ R, (K,a) = -K- - -K-Ro (K,a)

R m+1 (K,a) + R,.-, (K,a) =

2
-K-

(m-a) Rm (K,a)

(A9)
(AlO)
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