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On the generation of internal waves by tidal flow
over a sill-a possible nonlinear mechanism
by B. L. Blackford 1
ABSTRACT
The generation of internal waves in a two layer tidal channel containing a sill is considered.
The distorted free surface associated with the locally accelerated tidal flow in the vicinity of
the sill is assumed to be the driving force for internal waves. A simplified, nonrigorous model,
which incorporates this forcing mechanism, is developed and predicts that internal waves should
be generated at twice the tidal frequency as well as at the tidal frequency. The amplitude of the
component at twice the tidal frequency is predicted to vary as the square of the amplitude of
the surface tide over the sill. The model also predicts a steady component of elevation of the
internal interface in the vicinity of the sill. The model predictions are compared to field observations from two natural fjord systems and also to experimental data from a laboratory wave
tank experiment. The agreement between theory and experiment is encouraging.

1. Introduction
Internal waves at the tidal frequency are a common feature of oceanographic observations in coastal regions. In some cases, the internal waves appear to be generated by the interaction of the surface (or barotropic) tide with a rapidly shoaling
bottom, or a sill. Several theories (Rattray, 1960; Cox and Sandstrom, 1962; Baines,
1973; and Stigebrandt, 1976; for example) have been proposed to relate the internal
tide to the surface tide and the bottom topography. In these linear theories the amplitude of the internal tide is proportional to that of the surface tide and the frequency of the internal tide is the same as that of the surface tide.
The main purpose of the present paper is to focus attention on a possible nonlinear generating mechanism which does not appear to have been included in previous models. Also, the less rigorous approach taken here differs considerably from
previous models. Basically, the generating mechanism derives from the horizontal
acceleration of the tidal flow over the sill. Using several simplifying assumptions
and approximations, a crude two-layer model which incorporates this forcing mechanism is developed and predicts that internal waves will be generated at twice the
tidal frequency as well as at the tidal frequency. This aspect of the model appears
to be supported by the observations of Matthews (1976) who reports internal waves,
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in Alaskan fjords, at twice the tidal frequency. Furthermore, the model predicts that
the amplitude of the internal wave, at twice the tidal frequency, should be proportional to the square of the amplitude of the surface tide. Expressions are obtained
which relate the internal wave displacements to time and to distance from the sill.
A steady elevation of the internal interface in the vicinity of the sill is also predicted,
even in the absence of a residual flow over the sill.
The expected effect of friction on the flow over the sill is also discussed and suggests that additional internal waves may be generated at the tidal frequency and at
odd harmonics of the tidal frequency. The amplitude of these additional waves, due
to friction, should be proportional to the square of the surface tide amplitude and
to the friction coefficient.
An important aspect of the model is that the harmonic components which appear
in the internal waves are caused by nonlinear effects in the surface tidal flow close
to the sill and are not the result of nonlinear effects in the internal wave motion itself.
The simplified hydrodynamic equations underlying the model are derived in Appendix A. These equations are solved in Section 2 giving an expression for the vertical displacement of the internal interface as a function of distance and time. In Section 3 the model results are applied to two real systems occurring in nature and the
predicted behavior is compared to field observations. A short set of experiments has
also been carried out in a laboratory wave tank and these results are compared to
the model predictions in Appendix B. In Section 4 the expected effects of friction
and of the spring-neap tidal cycle, respectively, are discussed.
2. The present model

Consideration is given to a two-layer channel system in which an enclosed basin,
or fjord, is separated from the seaward part of the channel by some sort of constriction, such as a sill. Figure 1 shows the details of the model system. A tidal amplitude
is imposed on the seaward part of the channel by the oceanic, or coastal, tide and
produces a tidal stream, U, over the sill. The magnitude of U will be such as to produce the observed tidal amplitude inside the basin, which is often the same as that
outside. If the tidal amplitude is known, U can be calculated from a knowledge of
the cross-sectional area of the stream over the sill and the surface area of the inner
basin.
It is often true that the speed U over the sill is much greater than the speed at
any other location in the system and this is assumed to be the case in the present
model. Associated with the locally accelerated flow the free surface in the vicinity
of the sill will be distorted, as indicated by { in Figure 1. The acceleration is assumed
to occur over a characteristic horizontal distance L, where L would be a function
of the topographic features of the channel and the hydraulics of the flow in the
vicinity of the sill. The distortion of the free surface will also occur over roughly the
same horizontal distance L. In the present model, L is an independent parameter
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Figure 1. Sketch of the two-layer model system. The density P• p, + !::.p, where !::.p is assumed
to be much less than p1. The depths H1, H2, and the depth of water over the sill are assumed
to be much greater than the tidal range at the surface. The distance, L, is assumed to be much
greater than all the vertical depths in the figure but is assumed to be much less than the
wavelengths of either the surface tide or the internal waves. The vertical scale in the figure
is gteatly exaggerated in comparison to the horizontal scale.

whose value may be estimated from an experimental knowledge of the surface currents of the particular system. Alternatively, L may be assumed to be the same order
of magnitude as the characteristic length scale of the sloping portion of the sill. In
a practical situation L may vary during the tidal cycle but this possibility is ignored
in the present model. It is assumed throughout that the flow over the sill remains
subcritical.
The free surface distortion is related to the surface velocity U(x,t) in the vicinity
of the sill by the simplified equation of motion

_!!!!_ +
fJt

U uU
ox

=-

_§_I_

(1)

g fJx

where g is the acceleration due to gravity and U is the velocity in the x direction
due to the surface tide. The effects of friction and Coriolis force have been neglected
in Eq. (1). The latter is assumed to be justified for the narrow channel being considered here. Friction may be important and its expected effect is discussed further
in Section 4. Velocities in the y direction and variations with y are neglected, where
y is the direction normal to the channel.
We take the viewpoint that U is imposed on the system by the tidal rise and fall
and therefore assume that U has the form (x > 0)

U(x,t)

=

U1

•

coswt • [(1-a) exp (

-

{ ) +a].

(2)
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where U1 is the amplitude, at the tidal frequency w, of the flow over the sill. The
factor [(1-a) exp (

-

+) +

a] accounts for the fact that the surface flow is

strong only close to the sill. The dimensionless quantity a is assumed to be small, i.e.
a<< 1, and represents the ratio of the surface velocity far (x> >L) from the sill to
that over the sill. The exponential form for the decay of the velocity with distance
from the sill was chosen for mathematical convenience, whereas physically it has no
particular merit over other possible forms. The important point is that it includes
the characteristic distance L in a plausible way. A similar expression would also be
valid on the basin side of the sill but with x measured (positively) from the inner
edge of the sill. We regard Eq'. (2) as an assumption of our model and do not pretend that it represents a rigorous solution for the tidal flow over the sill. However,
considerable justification for this form of U(x,t) does exist and is given in Part (iii)
of the discussion.
For the sake of simplicity we assume a ::::: 0 and then, using Eq. (2), the linear
and nonlinear acceleration terms in Eq. (1) become

au = -w u smwt
. exp (
1

+)

(3)

for the linear term, and

u _!_!!__
ox
for the nonlinear field acceleration term. The sum of these two terms determines,
via Eq. (1), the distortion of the free surface due to the accelerated tidal flow in the
vicinity of the sill. Note that the nonlinear term given by Eq. (4) has a component
at frequency 2w and also a steady (de) component. The linear term given by Eq. (3)
has a component at frequency w only.
We now wish to investigate the effectiveness of the distorted sea surface,

!~

(x,t), as a generator of internal waves in the two-layer system. The discussion is
confined to the seaward side of the sill but the same arguments would also apply to
the basin side. It is assumed that the wavelength of the surface tidal oscillation (and
also the internal wavelength) is much greater than L and therefore horizontal pressure gradients directly associated with the tide are ignored. In essence, in this model,
the internal wave in the two-layer system is driven only by the horizontal pressure

gradient arising from

~'

uX

(x,t) as given in Eqs. (1), (3), and (4). The hydrostatic

approximation is used to calculate the horizontal pressure gradient at depths below
the surface and the two-layer system is treated as a linear one as far as its internal
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wave response is concerned. The latter means that the individual driving terms in
Eqs. (3) and (4) can be considered separately and the total response then obtained
by addition. However, it should be emphasized that the basic driving mechanism
embodied in Eqs. (1), (3), and (4) is nonlinear.
It is argued in Appendix A that the linearized hydrodynamic equations for the
two-layer system can be replaced, for long internal waves of small amplitude, by
an equivalent lower layer whose momentum equation is given by
=_gr (

ot
where g,

=g

H1

H1

+H

)
2

8{2

(5)

ox

, H1 and H 2 are the undisturbed thicknesses of the upper and

p

lower layers, respectively, and {2 is the displacement of the internal interface from
the undisturbed position. U 2 is the velocity in the x direction in the lower layer due
to ~e internal wave. Eq. (5) is valid in the absence of driving forces and if we introduce the driving term, - g

!; ,

associated with the acceleration of the surface

tidal flow in the vicinity of the sill, then according to Eq. (Al 1)
ou2

~::::: - gr

(
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H1

) 8{2
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o{
ax

(6)

Combining Eq. (6) with the linearized continuity condition, Eq. (A 7),
(7)

valid for the lower layer when {2
(x,t)

<< H

2,

then gives the following equation for u 2

(8)

(i) Effect of the nonlinear field acceleration. To proceed further we must assume
a form for - g

ax

. From Eq. (1), - g

~{

ux

consists of a sum of the linear

and nonlinear acceleration terms. For the sake of simplicity, we introduce only one
of these terms at a time into Eq. (8). The total response can then be obtained by
addition of the separate results. Taking the nonlinear acceleration term first we
At
therefore let - - be of the form

ox

ar = - - U,2
.1
- e x p - ( -2x-) e"'
- g--\,ax
2L .
L

(9)

where <r = 2w, corresponding to the oscillatory component in Eq. (4). The imaginary exponential time factor has been introduced for mathematical convenience.
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Substituting Eq. (9) into Eq. (8) then gives
iJ2u2
at 2

_

=_

g, H 1 H 2 iJ2u2
(H 1 + H 2 ) ax 2

icrU/ (

H1

2L

H1

+ H2

-2x-) e"'. 1

exp (

)

L

(10)

Anticipating an oscillatory response let

= u(x) e i ut

ui(x,t)

(11)

and substitute into Eq. (10). One then obtains

::~ + k u =
2
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f;t

2
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where
k 2 = <r2(H, + H 2)
g,H1 H 'l.

r

Eq. (12) has the solution
u(x) =Ae'" +Be-'"+

[

;
1+

2<rL

-

kL ) _ , ] (
2

(13)

H,!'H,) exp-(

n
(14)

The coefficients A and B can be determined from the following boundary conditions:
a. For x >> L, require a wave propagating seaward,
b. At x = 0, require u = u 2 = 0.
Using these boundary conditions in the above equation then gives
A= 0 and B

=

2<rL

[

-W,'

1+

(

) -• ]

k2L

!'

( H

H )

(15)

2

i

Substituting these coefficients into Eq. (14) and the result into Eq. (11) then gives
the solution for u 2 (x,t),
u,(x,t)=

[
2<rL

;(,~L) _,] (n,!'H,)(exp( - i')•'"'-e'<ITT-b<)

1+

2
(16)

Combining Eq. (16) with Eq. (7) and doing the necessary differentiation and integration and taking only the real part, one obtains an expression for , 2 (x,t) (nonlinear)
C, (x,t)

=

2g, Lk 2

[

u(

1+

r,](+

___!::!::__
2

+ k sin (<rt where k is given by Eq. (13) with <r = 2w.
cos<rt

k x) )

exp (

-

-¥-)
(17)
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Eq. (17) is an expression for the spatial and time dependence of the displacement
of the internal interface on the seaward side, as driven by the oscillating free surface
distortion close to the sill. It represents the effect of the nonlinear field acceleration
only. For distances x >> L it has the form of an internal wave propagating seaward with phase speed a/ k = [grH ,H 2/(H 1 +H2 )P. At positions closer to the sill
the propagating term is augmented by an oscillating term whose amplitude varies
as exp (

-

ir ).

An important feature is the dependence of , i x ,t) on Ui2,

the square of the amplitude of the flow speed over the sill.
Determination of , 2(x ,t) maximum. It is of interest to calculate the maximum
values obtained by , ix,t) . This is done here for the two cases, x = 0 and x >> L.
For the latter case Eq. (17) gives
{

2

max. (x

>> L) =

2grkL

[

uz
1

l

+

(

kL ) _ 2
- 2-

]

(18)

At x = 0 the situation is slightly more complicated and Eq. (17) must be differentiated with respect to time and set equal to zero to find the time, tm, at which the
maximum of , i x = O,t) occurs. Doing this one finds
a-tm = tan- 1

(

(19)

)

Using this result in Eq. (17) gives an expression for the amplitude of the displacement at x = 0, i.e.

,2max. (x = 0) = - - - - - - = =u,2= = = = =

(20)

2

l

2grkL

+(

k; ) -

Effect of the steady term. The effect of the steady term, U ,2 / 2 in Eq. (4 ), on the
displacement of the interface can be found by assuming a steady response and thereby putting au 2 ;at = 0 in Eq. (All) of the appendix. then becomes

,2

u~r
2

,ix) (steady)= -g/ g,., =

4

exp -

(

2x)
-r;-

(21)

The steady term produces an extra elevation of the interface in the region close to
the sill. This term must be added to the oscillating terms in Eq. (17) and will increase the chances that deep water will be raised above the level of the sill during
the tidal cycle. It appears that the steady term has no effect at distances x > > L.
(il) Effect of the linear acceleration term. The linear acceleration term, au I at, in
Eq. (1) causes an additional distortion of the free surface which can be treated in
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the same manner as the nonlinear term. The free surface slope due to the linear acceleration can readily be obtained from Eq. (3), i.e.

!!

-g

= iwU, exp (

-

+)

eicot

where the complex notation has again been used. Introducing this driving term into
Eq. (6) then gives
OU2

-

at--g,

H,
) 8{2
H,+H2 fix

(

+
(22)

Combining Eq. (22) with Eq. (7) and repeating the procedure used for the nonlinear
term, one obtains the following expression for the internal wave displacement
{z(x,t) (linear)= g,.k 2 [l

~'%L)-

2]

(

+exp ( -

l ) sinwt - k cos (wt - kx))
(23)

where k can be determined from Eq. (13) using <r = w. Expressions for the maximum values of {ix,t) at x >> L and x = 0 are then
(24)
and
{2 max. (x = 0) =

----=u='=w===
g,kyl + (kL)-

(25)

2

It should be emphasized that the value of kin Eqs. (18) and (20) is twice the value
of kin Eqs. (24) and (25). This is because <r = 2w.
The total response of the internal interface to the linear and nonlinear acceleration effects may be obtained by addition of Eqs. (23), (21) and (17), which gives
{lx,t) (total)= g,(k 2U~wL- 2 )

+

+

~L (

4

-

exp

(

+

exp (

2

u+4g,
1

( (

-

exp (

-

2x)

-L

+) sinwt-

-

t)

cos (2wt)

k cos (wt- kx))

+ k sin2 (wt -

kx)))

(26)

where k is given by Eq. (13) with a- = w. Note that the amplitude of the time dependent part of Eq. (26) will not be a simple sum of the amplitudes due to the
linear and nonlinear effects considered separately. It is of interest to note that Eq.
(26) reduces exactly to the expression given by Stigebrandt (1976) when L >> k- 1
and H, is set equal to the depth of water over the sill.
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3. Applications to real systems

To obtain some idea of the magnitudes predicted by the present model it is instructive to apply the equations to real situations in nature, keeping in mind the
restrictive assumptions which have been made in the model.
(i) St. Lawrence River-Saguenay River System. The Saguenay Fjord joins the St.
Lawrence River near Tadousac, Quebec. At this point the two systems are separated
by a sill of only 20 to 30 m depth, whereas the depths on either side of the sill are
200 to 300 m. Tidal speeds of about 2 m/s are observed over the sill (Reid et al.,
1976). The region is well known for the intense upwelling which occurs and as a
generation point for seaward propagating internal waves which have been observed
in the St. Lawrence River downstream from the sill (Forrester, 197 4 ). Table 1 gives
the parameter values used in applying the present model to this system. The density
structure in the real system has a continuous variation in the vertical and is only
very crudely approximated by a two-layer structure. The values of p 1 and p 2 used in
Table 1 represent rough averages of the densities in the layers above and below,
respectively, the chosen interface depth H 1 • The density data were obtained from
Reid et al. (1976).
Table I. Parameter values for the St. Lawrence-Saguenay System .
U, == 2 mis
(p,-p ,)l p, == 2 X 10......, g, = 2 X 10-2 m i s'
H, = 70 m and fl,= 230 m
L == 2 km
w == 1.4 X 10--< rad l s, which corresponds to the M, tide.

The value of L given in Table 1 was estimated from Canadian Hydrographic
(Navigational) Charts No. 1203 and 1204, which cover the area in question. Using
the values from Table 1 in Eq. (13) gives k::::::: 1.4 x I0- 4 m- 1 for the internal wave
component at frequency w and twice this value for the component at frequency 2w.
The corresponding wavelengths are 46 km and 23 km, respectively. The amplitudes
of the linear and nonlinear components can now be calculated. From Eqs. (24) and
(25) the linear terms at x >> L and x = 0 are, respectively,
max. (x >> L) ::::::: 7 m ?
linear
max. (x = 0)::::::: 27 m S
From Eqs. (18), (20) and (21) the corresponding nonlinear terms are, respectively,
and

{ 2

{ 2

max. (x >> L)::::::: 13 m }
max. (x = 0) ::::::: 48 m
nonlinear
and
{ 2 steady (x = 0) ::::::: 50 m
{2 steady (x >> L) 0
Examination of these results indicates that the linear and nonlinear effects are of
about the same order of magnitude for this system. It can also be seen that the dis{ 2

{ 2
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Figure 2. Comparison plots of the internal interface displacement, Ut), as a function of time,
for the St. Lawrence-Saguenay system. The dotted curve shows the prediction of the simplified model at x = 0 and the dashed curve is the model prediction at x = S km seaward from
the sill. The solid curve shows the measured vertical excursions of the 31 %0 isohaline at an
anchor station located about 8 km seaward of the sill (Hassan, 1973). Table 1 gives the
parameter values used in Eq. (26). Note that the dotted curve in the figure does not include
the effect of the steady term in Eq. (26).

placements at x = 0 are much larger than at x >> L and that the elevation of the
interface at x = 0 due to the steady term is particularly noteworthy.
The large predicted values of the interfacial displacements are in quite good agreement with the observations near the mouth of the Saguenay. This is probably fortuitous, since such large values clearly violate some of the assumptions made in the
derivation of the theoretical expressions. Specifically, the assumption that {2 << H2
is violated and also the boundary condition which says that u 2 = 0 at x = 0 breaks
down once the lower layer water is raised above the level of the sill.
Nevertheless, the results indicate that the acceleration based driving mechanism
described herein may be an important factor in producing the intense upwelling and
internal wave generation for this system. Note that deep water raised above the
level of the sill on the flood would likely be carried over the sill, as described by Reid
et al. (1976). During the ebb tide, deep water raised above the sill on the seaward
side would have a tendency to be entrained by the outflowing surface water, and
thereby contribute to upwelling.
Figure 2 shows plots of {it) as a function of time at x = 0 and at x = 8 km seaward from the sill, respectively, using Eq. (26) and the parameters from Table 1.
Note that t = 0 in the model corresponds to maximum ebb tide over the sill and
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Table 2. Parameter values for the Glacier Bay System.
U, ="' 0.9 m i s
(p ,-p,)/ p, ="' 0.5 X 10-0 and g , ="' 5 X 10-a mi s'
H , ="' 70 m,

230 m

H,

L="' l km
cu
1.4 X 10-< rad / s

k

=
= 2.7 X 10-< m-

1

therefore wt= 31r/2 corresponds to high water. The time axis in Figure 2 begins
at high water. Examination of the figure shows that the behavior at x = 0 is considerably different from that at x >> L; not only are the displacements much larger
at x = 0 but the shape of the curve is also different. The solid line in Figure 2
shows the measured vertical excursions of the 31 %0 isohaline (mean depth ::::: 70 m)
at an anchor station located about 8 km seaward of the sill at the mouth of the
Saguenay (Hassan, 1973). Comparison with the predicted curve (dashed) at x =
8 km indicates that the two have similar features, giving some support to the model.
However, it should be cautioned that the Saguenay-St. Lawrence system is much
more complicated than the simple model and, in fact, contains several sills with
accelerated flows, each of which could act as a generator of internal waves. Also,
the width of the St. Lawrence at this location is large enough to cause Coriolis
effects to be of importance (Forrester, 1974).
(il) Glacier Bay, Alaska. Matthews (1976) reports observations of internal waves
in Glacier Bay, an Alaskan fjord. Time series measurements of the vertical excursions of isopycnals were carried out at an anchor station located inside the fjord at
approximately 35 km from the sill at the entrance. The experimental results suggest
the presence of an internal wave component at twice the tidal frequency as well as
at the tidal frequency . It is of interest to apply the results of the model calculation
to this situation also. However, in order to apply the model results inside the fjord
one must make the additional assumption that the internal wave is not appreciably
reflected from the landward end of the fjord. Making this assumption and noting
that t = 0 will now correspond to maximum flood tide over the sill, Eq. (2) can then
be applied inside the fjord. Table 2 gives the parameter values for this system and
the dashed curve in Figure 3 shows a plot of the predicted behavior of {2(t) at x =
35 km. The solid curve in Figure 3 shows the measure behavior of the cr1 = 24.1
isopycnal (Matthews, 1976). The experimental and theoretical curves are seen to
have similar features in this case also.

(iii) Validity of the assumption u 1 << U. In the derivation of the model equations
in Appendix A, the assumption was made that u1 << U and also that {){' I ax <<
{)(/ ox. The latter is equivalent to {) / {)x (u1U) << au; at + U au; ax. It is now
possible to make a crude check on the validity of these assumptions for the solutions
obtained. From Eq. (2) and Eq. (7) one obtains the following expression for U1
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Figure 3. Comparison plots of the internal interface displacement, {,Ct), as a function of time
fo r Glacier Bay, Alaska. The dashed curve shows the model prediction at x = 35 km from
the sill, inside the fj ord. The solid curve shows the measured vertical excursions of the u, =
24. 1 isopycnal at an anchor station located about 35 km landward from the sill (Matthews,
1976). T able 2 gives the parameter values used in Eq. (26).

U1

=

2
H igr(kU,w
2 + L-

+

4~L (

2)

exp (

(

-

-

exp -

x )
-y:-

(

r)

coswt

+ cos(wt -

sin2wt - sin2(wt - k x )))

kx)

(26a)

Note that u1 = 0 at x = 0 for all values of time. This is expected to be the case
since it is merely a result of the boundary conditions u 2 = 0 at x = 0 and Eq. (A9).
Using the parameter values from Table 1 in Eq. (26a) one finds the maximum
value of u1 to be about 0.25 m/ s for the Saguenay-St. Lawrence system. Comparing this value with the maximum value of U of 2 m/ s indicates that the approximation u1 << U is fairly good in the important generation region (x ::;; L) close to the
sill. The value of au 1 / ax can also be calculated from Eq. (26a) and gives, for the
Saguenay-St. Lawrence system, the maximum amplitude of U Dui/ ax
2 x 10- 4
2
m/ s • Comparing this with the maximum amplitude of U au I ax
2 x 10-s m/ s2
indicates that the approximation ar I ax << a,; ax is also reasonable for this
system.
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Figure 4. Sketch of the free surface in the vicinity of the sill when both field acceleration and
friction effects are taken into account : (a) maximum flood tide, and (b) maximum ebb tide.
Note that the linear acceleration effects vanish at these times .

Similar conclusions are also reached for the parameter values used in Table 2
for the Glacier Bay case.
4. Discussion
(I) The Effect of Friction. The arguments presented so far have completely ignored
the effect of friction on the flow in the vicinity of the sill. However, in real systems
friction might be important (Long, 1975; Reid et al., 1976). To get a qualitative
idea of the expected effect of friction on the present model, consider Figure 4 which
shows an enlarged sketch of the region close to the sill in Figure 1. The situation at
maximum flood tide is depicted in Figure 4a, where the dashed line is the free surface depression due to the nonlinear field acceleration and the dotted line gives the
expected distortion of the free surface due to frictional retardation. The solid line
gives the resulting free surface obtained by adding the two effects.
Figure 4b shows the situation at maximum ebb tide. The important point is that
the field acceleration effect has not changed in character, whereas the slope of the
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free surface due to friction has reversed sign. The above behavior is reproduced by
the following approximate expression for the free surface slope due to friction, i.e.
for X;;,;: 0
. . )
-a{- (fnction

ax

F(U)
~- •
g

(27)

where F(U) is a function of U which depends on the nature of the friction. This
function determines the magnitude of the free surface slope due to friction. The
second factor in Eq. (27), (UI IUI), is the instantaneous velocity over the sill divided
by its absolute value. This factor has the value -1 during flood tide and + 1 during
ebb tide and therefore determines the sign of the free surface slope during the appropriate tidal phase, as in Figure 4. Note that (U II VI) is a square wave of unit
amplitude and fundamental frequency w, which may be Fourier expanded as

u

+(

/Ui
The last factor, exp (

-

coswt

-+

cos3wt

+ ... )

(28)

t ),

in Eq. (27) accounts for the fact that the great-

est surface slopes are assumed to occur within the distance L from the sill.
Frictional forces are usually proportional to the square of the fluid velocity, Long
(1975) for example. Therefore, choosing F(U) = -KU2, U = U1 coswt, and approximating (U I IVI) by the first two terms in Eq. (28), Eq. (27) then reduces to the form
(friction)

~-

f

2

~ ,2 exp (

t )(

4coswt

+

!

cos3wt + . . . )
(29)

Eq. (29) represents an extra driving component which must be included in Eq. (1)
along with the linear and nonlinear acceleration components. The total response of
the lower layer to all the driving forces could then be determined. Examination of
Eq. (29) suggests that two new features will be introduced by friction : firstly, there
is a component at frequency w whose amplitude depends on Ui2 ; and secondly,
there is a component at frequency 3w whose amplitude also depends on U1 2 • If more
terms from the expansion of (UI IUJ) in Eq. (28) are included then even higher frequency components will be introduced, but with considerably less amplitude. The
relative importance of all these new components in comparison with the acceleration
terms will depend on the value of the friction coefficient K.
(ii) Efject of the spring-neap tidal cycle. The effect of the spring-neap tidal cycle on
the amplitude of the internal waves generated by the acceleration mechanism can be
seen by examining Eq. (26). The amplitude of the component at frequency 2w is
proportional to U,2 while the component at frequency w is proportional to U1 • Since
V 1 is the amplitude of the tidal stream over the sill it will vary from spring to neap
tides. This not only means that the generation mechanism will be more intense dur-
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ing spring tides, but also that the component at frequency 2w should be enhanced
more than the component at frequency w. This aspect of the model could be investigated by measuring the amplitudes of the propagating internal waves at frequencies
w and 2w, throughout at least one spring-neap cycle. Note, however, that internal
waves generated by the friction effect could alter the argument since there would
then be a component at frequency w with amplitude proportional to U/ . The argument then depends on the magnitude of the friction coefficient, k.
(iii) Justification for the form of U(x,t). In the present model the time dependence

of the flow over the sill was assumed to be purely sinusoidal at the fundamental tidal
frequency, and the flow was assumed to vary exponentially with distance from the
sill, as can be seen from Eq. (2). These assumptions are important to the model and
therefore require some justification. Using a conformal mapping technique, Sandstrom (1977), it is possible to obtain a rigorous solution for the case of inviscid,
irrotational flow over a sill under the assumption of a level free surface. This solution is consistent with a sinusoidal flow and it also shows that the exponential form
for the free surface distortion is a very good approximation. Deviations from this
solution will occur due to free surface distortion, but are expected to be small.
Further justification comes from experimental observations. In many natural
fjords the amplitude and phase of the surface tidal elevation is essentially the same
inside the fjord as outside and also the observed waveforms are essentially sinusoidal. Supporting evidence for this claim comes from Forrester (1972), who gives
tidal constituents for various locations along the St. Lawrence river system. Forrester's data show that the amplitude of the M 4 harmonic constituent is only 2-3 %
of the amplitude of the M 2 constituent near the entrance to the Saguenay fjord.
Matthews (1976) finds similar behavior in Alaskan fjords . Given the above conditions on the tidal elevations inside and outside the fjord it follows from continuity
that the flow over the sill must also be essentially sinusoidal, provided that the tidal
range is small compared with the mean water depth over the sill. Further evidence
comes from the wave tank experiment, described in Appendix B, where the flow
over the sill was observed to follow the sinusoidally driven plunger, despite the considerable distortion of the internal waves generated by the flow.
An important feature of the present model is that the distortion of the internal
wave is caused by the nonlinear acceleration term in Eq. (1). Basically, this term is
just the Bernoulli effect associated with the surface tidal current and which gives
rise to a depression of the free surface close to the sill, on both the flood and ebb
tides. A pressure gradient varying at frequency 2w is thereby created and causes
the 2w component in the internal wave. This fluctuating depression does not average
to zero over a tidal cycle but instead yields a mean depression of the free surface
in the vicinity of the sill. This mean depression is responsible for the steady component of elevation of the internal interface, as predicted by the model. Dronkers
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(1964, p. 207 ff) discusses similar free surface distortions associated with flow over
weirs but does not discuss the generation of internal waves.
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APPENDIX A : Hydrodynamic Equations
Consideration is given to the hydrodynamic equations appropriate to the two-layer system
of Figure l. Coriolis force, friction, y-components of velocity, and dependence on y are all
neglected. Let (U + u,) be the velocity in the x-direction near the surface of the upper layer,
where U is the tidal velocity as given by Eq. (2) and u, is the velocity due to the internal wave.
The internal wave is considered to be generated by the effects of U and we therefore assume
that u, << U. The validity of this assumption can be checked later for the results obtained.
The force balance equation for the upper layer then becomes
a
~ ( U + u,)

a

a,

+ (U + u,) ax (U + u,) = -g ax total

(Al)

where {t o ta1 is the total surface distortion due to the combined effects of U, u, and a coupling
between U and u, due to the nonlinear term. Let {,o ,., = { + {, + f where { is due to U, {, to
u, and {' to the coupling between U and 11,. Expanding Eq. (Al) and substituting for {tou1 then
gives

( .}!!_
ot +

u.}!!_)
ax

+

c~)
at

+

(-a
ax (U u,) ) = -g --2.L
ax - g .ih.
ax - g _K_
ax

(A2)

where the term u, (au ,/ax) has been neglected. The term a/ ax(U u ,) represents the nonlinear
coupling between U and u,. Using Eq. (1) and the definition -g (a{' I ax) = a/ ax(U u,), the
above equation reduces to
a,,

au,

(A3)

="' -g {) X

The force balance equation for the lower layer is
a½
at ="'

a~

g, ax

g

ai
ax

-g

a,
ax

-g

ar
ax

(A4)

where u, is the velocity in the lower layer due to the internal wave and the nonlinear term u,
(au, / ax) has been neglected. It is assumed that the lower layer does not rise above the level of
the sill during the tidal cycle, so that the lower layer does not contribute to the flow over the
sill.
The continuity equation for the upper layer is

a

_

[h ,(U

+ u,)] = -

ah,
at

(A5)

where h, = H, + {tot a 1 - { , and O is the vertically averaged value of U in the upper layer. Assuming that the m ajor contribution to ah, / at comes from the internal wave mode we set
a/ ax(h,O)""' O and Eq. (A5) becomes
'
(A6)
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The continuity equation for the lower layer is

a

a~

a~

fix (hz1,1 ,) = - lir = - lir
where h,

(A7)

= H2 + {,. Adding Eqs. (A6) and (A7) gives
a
a
ax
(h ,u, + h,u,) = - lir (h1 + h,) == 0

(AB)

For the case of small amplitude internal waves{,<< H,, H, and Eq. (AB) reduces to
H,u,

== -

H ,u,

(A9)

Combining Eqs. (A3 , 4 and 9) then gives an equivalent force balance equation for the lower
layer, i.e.
(AlO)
As a further approximation we now neglect the coupling term O{' I ax in comparison with the
forcing term 8{ / Bx. Note that this is probably the most serious approximation made. Eq. (AlO)
then becomes
(Al 1)
Eq. (Al 1) suggests that as far as forced internal waves are concerned, the two-layer system can
be replaced by an equivalent lower layer which obeys Eq. (All) and the continuity Eq. (A7).
Since O(lax is assumed to be known from Eq. (I) it is then possible to solve the latter two
equations for u,(x,t) and {,(x,t), as done in the text using the linearized version of Eq. (A7).
Implicit in the above derivation is the assumption that the tidal flow U may vary with depth
within the upper layer. Certainly this must be true at x = 0, for example, where U = 0 below
the sill but has its maximum value above the sill. On the other hand, it is also implied in the
derivation that u, and u, are independent of depth within their respective layers, which is the
usual case for long internal waves (Defont, 1961). Physically, these aspects of the model seem
plausible but a rigorous justification would be difficult to give.
APPENDIX B: Laboratory Wave Tank Experiment
As an additional means of comparing the predictions of the theoretical model with experimental data, a short set of measurements has been carried out in a laboratory wave tank. Figure
5 shows a sketch of the experimental arrangement used. An oscillatory velocity, U = U1 coswt,
was produced over the sill by the vertical motion of the plunger situated to the left of the sill.
On the right-hand side of the sill internal waves were produced, by the oscillating flow, on the
interface between the two layers and propagated toward the right. An absorber, consisting of
multiple sheets of aluminum, at the far end of the tank prevented reflection of the internal
waves.
The lower layer of density p, consisted of salt water mixed with a dark colored dye. The upper layer of density p, consisted of clear fresh water, so that the position of the interface between the two layers was easily visible. The vertical excursion, {,(t), of the interface, at fixed
distances from the sill, was measured at five-second intervals using a centimeter scale attached
to the side of the tank. The period of the plunger was typically 50 seconds so that about 10
values of Ut) were obtained per tidal cycle. This was sufficient to establish the gross features
of the waveform, in order to make comparisons with the model predictions.
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Figure 5. Sketch of the laboratory wave tank apparatus. The dimensions of the tank were 250
x 9 x 20 cm.
Table 3 lists the relevant parameter values applicable to a typical experimental run. The
value of the characteristic length scale L was determined by visually estimating the distance
from the sill over which the major accelerations appeared to occur. The wavelength, >., of the
internal wave was much greater than the depths H, and H o so that the long wavelength regime
was valid. The wavelength of the barotropic tide was about 30 m which is very much greater
than any other lengths in the problem. The free surface should therefore remain essentially
flat except in the high acceleration region close to the sill. This was indeed observed to be the
case. It should also be noted that the amplitude of the barotropic tide was about 0.1 cm, which
is considerably smaller than the other depths in the problem. The value of U, was much less
than the critical velocity (U, = Vgh = 30 cm / s) for flow over the sill, so that the flow regime
was subcritical.
It was assumed in the theoretical model that L was much greater than the total water depth,
H, and H o, but this is not the case in Table 3. This probably means that the hydrostatic approximation will be less valid here than for the natural fjord systems discussed in Section 3.
This follows because the relatively smaller values of L should produce larger vertical accelerations in the region close to the sill. It should in fact be noted that a clockwise rotor was observed, in the upper layer, on the downstream side of the sill during the flood phase of the
tidal cycle. Stigebrandt (1976) also mentions a similar observation. The extent to which such a
gyre will influence the pressure gradient felt in the lower layer is not easy to say.
In Figure 6 the experimental observations of Ut) are compared with the model predictions
given by Eq. (26). In all cases t = 0 corresponds to low water in the tank; that is, the time at
which the plunger reaches its maximum vertical height. In Figures 6(a) and (b) the parameter
values used in Eq. (26) were those given in Table 3, whereas for Figures 6(c) and (d) the plunger
frequency was increased to "' = 0.21 rad/ s (T = 30 s). With this value for the frequency, U, =
7.5 cm/ s, k = 0.029 cm-1 , while the remaining parameters in Table 3 are unchanged. The
Table 3. Parameter values for wave tank experiment.
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Figure 6. Comparison plots of the experimental and theoretical vertical motion of the internal
interface as a function of time, at fixed distances from the sill. (a) x = 100 cm; (b) x = 5 cm;
(c) x = 100 cm; and (d) x = 5 cm.

548

Journal of Marine Research

[36, 3

error bars on the experimental curves represent the observed scatter of the data obtained from
repeated observations over several cycles. In Figure 6(a) the error bars are not shown since, for
this case, the error bars were not significantly larger than the diameter of the circles representing the experimental points. Generally speaking, the error bars are larger for the curves at x ==
5 cm than at x == 100 cm. This was mostly due to the reduced visibility caused by slight mixing
of the two layers in the active region close to the sill.
Figure 6(a) shows the experimental (dark circles) and theoretical (dashed curve) behavior
of ( ,(t) at a position 100 cm from the sill. At this position x >> L , so that the nonpropagating
terms in Eq. (26) are negligible. The effect of the 2w component is evident in the theoretical
curve near wt == 31r/ 2 and the experimental curve also shows a similar, but weaker, distortion
in the same region. The amplitude of the experimental curve is somewhat larger than that of
the theoretical curve.
Figure 6(b) shows the corresponding curves at x = 5 cm from the sill. For this case x << L,
so that both the oscillatory and steady state terms in Eq. (26) are important. The effect of the
2w component is more pronounced than in Figure 6(a), for both the theoretical and experimental curves. The experimental curve has a de offset (or steady elevation) of 0.09 cm whereas
the predicted offset from the steady term in Eq. (26) is 0.17 cm. The amplitude of the theoretical curve is larger than that of the experimental curve, which is opposite to the result in Figure
6(a). Thus the measured ratio of the amplitude of (,(t) at x << L to that at x >> L is less than
that predicted by the theory, for this case. To be more specific, the measured amplitude ratio
was 1.2, whereas the predicted ratio was 2.0. On the other hand, in Figures 6(c) and (d) the
measured amplitude ratio was 1.2 compared to a predicted ratio of 1.5.
Figures 6(c) and (d) show the measured and predicted behavior of ( ,(t) at x = 100 cm and
x = 5 cm, respectively, for the case where the plunger frequency was increased to 0.21 rad / s.
The basic shapes of the curves are similar to those in Figures 6(a) and (b), whereas the amplitudes are considerably increased. Comparing Figures 6(c) and (a), it can be seen that the measured amplitude at x = 100 cm has increased by a factor of 2.4, compared to a factor of 3.0
for the theoretical amplitude. At x = 5 cm, comparison of Figures 6(d) and (b) shows that the
measured and theoretical amplitudes h ave both increased by a factor of 2.3. For the sake of
comparison, it is interesting to note that the expression given by Stigebrandt (1976) for the internal wave amplitude predicts an increase of only 1.5, independent of distance from the sill.
The de offset effect is also apparent in Figure 6(d), having a measured value of 0.21 cm
whereas the theoretical value of Usteady) is 0.38 cm. The de offset effect was a persistent
feature of other experimental runs [with different values of the parameters in Eq. (26)] carried
out but not reported here. The amplitude was usually less than that predicted by the theoretical
model, as for the two cases shown in Figure 6.
Summarizing, it can be said that some aspects of the theoretical model are supported by the
wave tank experiments, whereas others are not. The gross features of the theoretical and experimental waveforms in Figure 6 are in quite good agreement, both with regard to the shape
of the curves and their relative phase relation. Certainly, the experimental curves show good
evidence for the wave component at frequency 2w, as predicted by the theory. The amplitudes
of the curves are also in quite good agreement. However, it should be cautioned that the amplitude of the theoretical curves is quite sensitive to the value of L , and although the value of L
given in Table 3 is very reasonable it is only a crude estimate. The predicted steady elevation
of the interface in the region close to the sill is also supported by the experimental results, but
has a smaller amplitude. The greatest discrepancy between theory and experiment appears to
be the fact that the ratio of wave amplitude at x << L to that at x >> L is not as large as the
theory predicts.
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