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The variance spectrum of phytoplankton in a turbulent ocean
by Kenneth L. Denman1 and Trevor Platt1

ABSTRACT
Spatial heterogeneity of ecological variables is recognized as an important stabilizing factor
for ecosystem function, but has proved to be a difficult concept to characterize in quantitative,
operational terms. In the sea, however, chlorophyll concentration can be estimated by a continuous in vivo measurement, and used to describe the spatial structure of phytoplankton populations in terms of a variance spectrum in either wavenumber or frequency space. In this
paper a theoretical representation is proposed, from dimensional considerations, of the variance spectrum of phytoplankton abundance in which the critical parameters are the net rate of
reproduction of the phytoplankton r and rate of dissipation of turbulent kinetic energy e. The
resulting spectrum is shown to have two distinct regions separated by a third boundary region
centered about a wavenumber k, = (r"IE)~. (For typical upper ocean values of r and E, k,-,
e,; 1 km). For wavenumbers k >> k, , the chlorophyll variance spectrum E~(k) is proportional
to k----,,13, not unlike that for a passive scalar like temperature, but for wavenumbers k << k,,
it is predicted that E~(k) o: k-1 • Finally several spectra derived from observations in the upper ocean are shown to be consistent with the proposed k-1 spectrum.

1. Introduction
Spatial heterogeneity of the environment has been identified as a crucial factor
in the maintenance of ecological stability (Huffaker, 1958; Smith, 1972; May,
1973). A corollary is that the populations themselves, growing and dispersing in
a heterogeneous environment, become structured in space (Segel and Jackson,
1972). While the qualitative . significance of spatial organization is well accepted,
its characterization in quantitative, operational terms has proved an elusive goal.
Perhaps the best opportunity for a quantitative description occurs in marine systems, where there exists an intimate dynamic relationship between the structure of
phytoplankton populations and the structure of their environment (Steele, 1974).
In this case, the generation time of the organisms is of the same order as the time
constant for important excitations of the fluid medium, whose resulting motions
are responsible for the passive dispersal of the organisms. Furthermore, both the
spatial structure of the phytoplankton and the intensity of the dispersion process
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can be estimated by measurement. Recently, the profound significance of this interplay between physics and biology for the dynamics of phytoplankton growth has
been demonstrated in some elegant measurements by Pingree et al., (1975) in the
English Channel, and a striking example of the effect of spatial variability in the
phytoplankton on the survival of larval fish has been provided by the work of
Lasker (1975) on feeding of the anchovy in the Pacific.
These considerations have stimulated interest in the study of spatial heterogeneity of phytoplankton in oceans and lakes. The recent years have seen a renewed effort in field measurements in which the patchiness of phytoplankton has
been characterized by the variance spectrum of chlorophyll a concentration (Platt
et al., 1970; Platt, 1972; Denman and Platt, 1975; Powell et al., 1975; Fasham
and Pugh, 1976; Denman, 1976). These spectra have been interpreted under the
hypothesis that the phytoplankton act as a passive scalar contaminant of the turbulent flow field, and have been compared with the spectra of other passive scalars,
such as temperature, under purely physical control. But because phytoplankton
cells are reproducing continuously, chlorophyll a concentration is a nonconservative quantity, and it has not been made clear how this affects the spectral shape
one might expect to observe in the ocean. We propose here a theoretical representation of the variance spectrum of phytoplankton in wavenumber space derived
from dimensional considerations. Then we give actual examples, consistent with
our theoretical treatment, of spectra for that portion of the chlorophyll variance
which is uncorrelated with temperature fluctuations.

2. A theoretical spectrum

Suppose that the turbulent eddies may be characterized by a length-scale d
(wavenumber ~ d- 1 ), and a corresponding time-scale T, the time taken for an eddy
of size d to transfer its kinetic energy (velocity variance) to eddies of diameter d/2.
The essence of our method is to compare this time-scale T with a characteristic
time-scale ,- 1 for the phytoplankton reproduction, given by the reciprocal of its
exponential growth-rate r. We recognize three regimes, according to the relative
magnitudes of T and ,- 1 :
(i) T << ,- 1 ; structures in the phytoplankton distribution on scales defined by
the sizes of turbulent eddies satisfying this inequality are destroyed by mixing into
a much larger volume of fluid as the kinetic energy is transferred to smaller scales.
Reproduction has a negligible effect, and the expected spectral shape for chlorophyll is not different from that predicted for a conservative passive scalar, such as
temperature.
(ii) T >> ,- 1 ; features in the phytoplankton distribution with characteristic
scales defined by the sizes of turbulent eddies satisfying this inequality are accentuated (relative chlorophyll concentration increases significantly) by reproduction
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before the eddy transfers its energy to smaller scales. Reproduction cannot now be
neglected, and we expect the chlorophyll spectrum to differ from that for temperature. An essential difference between the two spectra is that variance is introduced
into the chlorophyll spectrum at all length-scales in this regime, whereas the typical temperature spectrum is determined by a cascade of variance from a source at
low wavenumbers to higher wavenumbers. Qualitatively then, we expect that in
this wavenumber region, chlorophyll variance will be a less strongly decreasing
function of wavenumber than will temperature variance.
(iii) T = ,- 1 ; represents a transition regime between (i) and (ii).
In the following section we use dimensional analysis to construct a variance
spectrum for chlorophyll in the three wavenumber regimes that have been identified above. First, consider a turbulent flow field that is isotropic in three dimensions and for which the turbulence is generated at large scales only : there exists a
range of wavenumbers (defined as the inertial subrange) over which the velocity
variance is transferred without loss from its low wavenumber origin to successively
higher wavenumbers until it reaches scales small enough that viscous dissipation
becomes important (Kolmogoroff, 1941). Let E v(k) denote the one-dimensional turbulent energy spectrum where the subscript v is to emphasize that Ev(k) represents
the variance of velocity fluctuations. Within the inertial subrange, Ev(k) depends
only on the wavenumber k and on the rate of transfer of kinetic energy from lower
to higher wavenumbers. Because this cascade is conservative, the transfer rate must
be a constant equal to the rate of viscous dissipation, e, at small scales. For consistency with what follows we can think of e as the rate of destruction at higher
wavenumbers of variance in velocity. A dimensional analysis based on these assumptions leads to the well-known relationship (Kolmogoroff, 1941);
E ,,(k)

=A

e 21s k- 5/s '

(1)

where A is a dimensionless constant. The validity of (1) bas been demonstrated for
regions of the ocean characterized by very high Reynolds number turbulence
(Grant et al., 1962).
Consider next a scalar contaminant 0, such as temperature, which is transported
passively by the fluid motions. Assume that its conductivity is small compared to
the viscosity of the fluid. We need one additional parameter to specify the variance
spectrum Ee(k), namely the quantity Xe which represents the rate of destruction of
the variance in 0 at high wavenumbers: it is a parameter completely analogous to
5 3
E. A dimensional analysis for the inertial subrange also predicts a k- / dependence
for Ee(k) (Obukbov, 1949; Corrsin, 1951):
Ee(k)

= A'XeE-

where A' is another dimensionless constant.

11 8

k-s/ s

(2)
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We suggest that the spectral distribution E/!,(k) of phytoplankton abundance /3
in a turbulent ocean will depend not only on a similar set of parameters e, k and
Xf!, but also on the growth parameter r. In the same manner as for equations (1)
and (2), a dimensional analysis can be carried out which leads in the general case
to a dependence of the form
(3)

Because we have (at present) one more parameter than we have equations, F remains an unspecified function of the dimensionless group ek 2 r- 8 • Let us define a
characteristic wavenumber kc _ (r 3 / EP to be interpreted as the scale at which phytoplankton growth and turbulent energy dissipation are of comparable importance
in shaping the spatial distribution of {3. Then (3) may be rewritten as
Efl(k)

= A"X13r-

1

k- 1 F(k/ kc) .

(4)

For wavenumbers k >> kc we expect r to be an unimportant parameter and Efl(k)
should have a similar shape to that given by (2) for Ee(k) in this range. However,
for wavenumbers k << kc we expect that e will be an unimportant parameter in
which case Efl(k) assumes the form
(5)

where C is a dimensionless constant. Three features of this spectrum deserve emphasis. First, as we deduced by intuitive reasoning, the wavenumber dependence
of E 13 (k) is less strong than that for Ee(k) in this range. Second, the high wavenumber boundary for this region, kc = (r 3 / e) l, is identical to the transition wavelength
defined in Corrsin (1961) for the variance spectrum of the reactant in a turbulent
mixture undergoing a first-order chemical reaction. There, instead of the growth
rate r, a constant parameter of opposite sign which represented the reaction rate or
"death" rate of the passive scalar reactant was used. Third, individual phytoplankton species with different growth rates r will share a common spectral slope k- 1
for k << kc, but their spectra will begin to follow the temperature spectrum at a
species-specific scale, kc o: r312 ; that is, the spectra of faster growing species will
diverge from the temperature spectrum at a higher wavenumber than those for
slower growing species. A range of values for kc can be estimated from our knowledge of r and e. For actively growing phytoplankton, the growth rate r has a range
of about 0.5 to 3.0 X 10- 5 s- 1 • In the upper 50 m of the ocean, reliable estimates
of the turbulent dissipation rate e are scarce but a range of 10- 1 to 10- 9m2s- 3
would seem reasonable. From these values, we calculate an estimated range for
ko- 1 of roughly 0.2 to 20 km. For average conditions then, we might expect kc- 1
to be of order 1 km.
The arguments that lead up to equation (5) could be criticized on the grounds
that the turbulent motions in the upper ocean on scales greater than the depth of
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Figure 1. A schematic of the proposed spectrum for the spatial variability of phytoplankton,
Ep(k), as a function of the wavenumber, k, displayed on a log-log plot. The region of primary biological interest is that to the left of k. where we predict a k-1 dependence. The
high wavenumber region to the right of k,, where turbulent motions dominate, has a dependence between k-• and k-a. For typical upper ocean values, k. = (r I e)! assumes a
value ~ 1 1an-1 •

the thermocline (~ 100 m) are neither three-dimensional nor isotropic : observations of the variance spectra of sea-surface temperature at these scales (Saunders,
1972; Holladay and O'Brien, 1975) have a wavenumber dependence from k- 2 -2
to k - 3 rather than k- 513 _ A k- 2 wavenumber dependence would suggest that the
turbulent transfers occur primarily at fronts or discontinuities; a k- 3 wavenumber
dependence would suggest a two-dimensional turbulent field (Kraichnan, 1967).
But these are minor considerations for the region of primary biological interest,
k >> kc, where the rate of physical turbulent transfer should not be an important
parameter, and we believe that the k- 1 dependence should still apply to the variance spectrum of chlorophyll. In the high wavenumber region k >> k 0 we would
expect E 13 (k) to follow Ee(k) with a slope from k- 2 to k- 8 • A schematic plot of our
proposed phytoplankton spectrum is given in Fig. 1.
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3. Experimental evidence--the residual spectrum
In the range k << kc, a k- 1 dependence is difficult to observe directly, primarily
because this wavenumber range coincides with the region where contamination
from vertical displacements caused by internal waves often dominates the variance
observed along horizontal transects. In this section, we describe a technique for
eliminating that part of the chlorophyll variance-spectrum associated with internal
wave effects, and present several examples of spectra so calculated.
Continuous observations of chlorophyll and temperature in the sea either at a
point (Fasham and Pugh, 197 6) or along horizontal transects (Denman and Platt,
197 5; Denman, 197 6) often show a high degree of correlation between the two
parameters over a wide range of scales. As areas of high phytoplankton biomass
are often found, not in the well-mixed upper layer of the ocean, but rather in regions of higher stability such as the seasonal thermocline, much of the observed
correlation results from the simultaneous vertical displacement of horizontal layers
in both chlorophyll and temperature (Denman, 1976). If their vertical gradients are
of the same sign, the correlation is positive; if they are of opposite sign, the correlation is negative. As we are interested here in horizontal structure, we should
be able to use the correlation of chlorophyll with temperature to remove the effects
of vertical displacements.
Intuitively, we believe that the method corresponds to that used to determine the
noise spectrum in a linear stochastic system (Jenkins and Watts, 1968; p. 351). We
consider the chlorophyll concentration B(x) at some point x on a horizontal transect
of length L to be represented by the sum of a convolution of the temperature 0
plus a residual f3 uncorrelated with temperature:
B(x)

=

f:

h(u)O(x-u)du

+ {3(x)

,

(6)

where h(u) is the linear transfer function between chlorophyll and temperature,
and where the series B(x) and O(x) each have zero means. If we construct the autocovariance equation corresponding to (6) and make the Fourier transformation, we
find the following partition of the chlorophyll variance ink-space:
E s(k)

=G

2

(k)Ee(k)

+ E13(k)

,

(7)

where G(k) is the gain function corresponding to h(u). Replacing G~(k) with the
equivalent expression for the squared-coherency spectrum K 2 es(k) gives an equation for the variance spectrum of phytoplankton corrected for contamination by
internal waves:
E13(k)

= Es(k){l -

K 2 es(k)}

.

(8)

EfJ(k) may be called the residual spectrum. Fig. 2 shows four residual spectra
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Figure 2. Four spectra of chlorophyll variance calculated according to text equation (8). (The
dashed lines represent the original spectra before application of equation (8).) The log-log
axes of kEp(k) versus k should yield a flat spectrum for a k-1 power law dependence. Particulars of the series are given in Table 1.

for chlorophyll calculated from smoothed spectral estimates according to (8). The
observations, made in the upper 10 m of the maritime estuary of the St. Lawrence
River during June, 1973, (Denman, 1976) are summarized in Table 1. Coherence
between temperature and chlorophyll was significant only for wavenumbers less
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Table 1. Details of the data runs taken during the period 23 to 26 June, 1973 in the maritime
estuary of the St. Lawrence River (Denman, 1976).
Chl a variance
under spectrum
Mean Chi a
Mean Depth
Length
(mg m--s)
(mg'm~
(m)
(km)
Run
A
B
C
D

5.0
5.6
5.0
6.5

16.9
37.5
35.8
25 .6

~ 2 X 10- m-

4.9
9.2
3.1
12.

3.1
17.
4.4
20.

The residual spectra E 13 (k) differ from the original spectra
EB(k) by being flatter for wavenumbers less than ~ 2 X 10-sm- 1 , and by their
having a more pronounced discontinuity in slope at that wavenumber.
In logarithmic plots of kE13 (k) against k, such as are used in Fig. 2, a k- 1 power
law region would appear fl.at. The observed tendency for these spectra to flatten
out at wavenumbers less than k ::::: 2 X 10-sm- 1 lends tentative support to our
hypothesis that there exists a region of k- 1 dependence where the spatial organization of the phytoplankton population is controlled by their rate of reproduction
rather than by the horizontal turbulence. Furthermore, the high wavenumber cutoff k- 1 ::::: 0.5 km is well within our estimated range of 0.2 to 20 km. It is interesting to note that in a series of measurements made in the well-mixed epilimnion of
Lake Tahoe (Powell et al., 1975) where vertical gradients and internal waves were
considered unimportant, the variance spectrum for chlorophyll showed a pronounced discontinuity at k- 1 ::::: 0.1 km.
One should like to be able to calculate residual spectra for lower wavenumbers
than is possible with the data that are presently available. Ideally, one would
sample over longer transects, following surfaces of constant density. However, the
sampling time for transects long enough to test the hypothesis (~ 100 km) is not
small compared to r- 1 , although remote sensing could obviate this difficulty. Also,
we have ignored the possible effect of local variations in r, the rate of reproduction (Platt and Filion, 1973), or in the intensity of grazing, either of which may be
large enough to have a significant effect on the structure of phytoplankton patchiness.
than
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