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Asymptotic regimes in mixed-layer deepening
by R. A. de Szoeke1 and P. B. Rhines 2
ABSTRACT
The model equation for the mixed layer proposed by Niiler (1975) combines the KrausTurner turbulent erosion prescription with the Pollard-Rhines-Thompson treatment of induced
shear-flow deepening and limiting by Coriolis forces. We show here that both are special cases
which emerge asymptotically from the model equation. Numerical solutions show the dynamics
to pass through four distinct regimes, in the case of wind-mixing of an initially resting fluid.

Niiler (1975) has proposed, for the turbulent energy balance for a wind-mixed
layer (in the absence of solar heating), the following equation:
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We have added the term (C) which represents the energy needed to spin up the
level of turbulence C 0 u.2 in the increment of the mixed layer dh in time dt. The
symbols and physical significance of the various terms in (1) are explained by Niiler.
In this note we shall discuss various limiting forms for the solution of (1), valid for
different time-ranges as the mixed layer develops.
For times slightly later than the initial instant, t = 0, term (B) in (1) behaves
like u.4t2, which is very small and may be neglected. The neglect of (B) allows an
exact solution of (1), namely,
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= 0 at t = 0). For small t, the balance (C)
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For large t, (A) ,..., (D), so that
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The break between these two modes of behaviour comes at approximately
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(using C0 = 1, m 0 = 1.2), when a depth of (6C 0 )lu.JN is attained. Hence, term
(C) represents a significant demand on the available turbulent energy only during
the first Brunt-Vii.isii.lii. period after the initiation of mixing; after that it may be
safely neglected. For typical oceanic conditions N = 21r/ 600 sec- 1 , so that linear
deepening according to (3) lasts only for about 100 sec. The depth attained in this
time (for u. = 1-2 cm/ sec) is 2-5 m. In Kato and Phillips' (1969) experiments the
lowest N = 1.38 sec-1, so that (3) can only hold for less than 1 sec, achieving
depths of about 2-3 cm. The one-third power deepening proceeds from the same
mechanism that was suggested by Kraus and Turner (1967).
Let us next consider the duration of time for which term (B) is adequately approximated by u.4t 2 and (C) may be neglected. Scaling h by 2\/2 m 0 u./N and t
by 4\/2 m 0 2 / N , (1) becomes, in nondimensional terms,
( h4 - t2)
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For small t, an expansion for h in powers of t 2/s may be obtained:
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The first term, (3t) 11 3, comes from the balance (A) ,..., (D) and represents nondimensionally the same dependence as (4). The first two terms of (7) are identical,
after restoration of dimensions, with the two terms obtained in Niiler's equation
(28). If a non-zero initial depth is chosen, h(O) = h 0 =fa 0, t should be replaced in
the leading term of (7) by t + ½h 0 3 ; the higher order terms will also involve ho,
although in more complicated ways.
For large t, a balance between (A) and (B) holds approximately, h s,; 1112 , as
proposed by Pollard, Rhines and Thompson (1972), and a series solution of (6) in
powers of 1- 112 may be obtained:
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The leading terms of (7) and (8) coincide numerically at t = 9, giving h = 3. Taking the first three terms of each, series ( 7) and ( 8) agree numerically to better than
2% between t = 2 and I= 20, and to within 8% between I = 1 and t = 100.
Numerical solutions of ( 6) for various initial conditions agree with either (3t) 1 /s or
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series ( 8) to within 1 % . (In the scaling we used for equation (6), the break be1 13
tween t behaviour and linear t behaviour, given by (5), comes at t = y 3C 0 8 / 2 /
3
8mo == 0.13.) If we take the break between (7) and (8) as t = 9, h = 3, this corresponds in dimensional terms to a time and depth of approximately 2 hours and
10-14 m for a typical oceanic situation (N= 21r/600 sec- 1 , m 0 = 1.2, u. = 1-2
cm/ sec). For the laboratory experiments of Kato and Phillips, since the mean flow
is not developing linearly in time (so that (B) in (1) may not be approximated by
u. 4 t2) , it is not clear what behaviour to expect for large t.
Niiler (1975) evidently did not observe the possibility of transition from (7) to
0, corresponding to nondimensional t
oo
(8). He misinterpreted the limit m 0
(which will be beyond the validity of (7), and in which limit the first term of (8)
may be recovered), as a singularly degenerate form of (1 ), whose solution ( 8) cannot be reached from (7). We have shown that the transition from (7) to (8) does
take place.
More generally, whenever the mean transport of the mixed layer is developing
faster than t\ jhuj ,....., t", n
t, say, the shear production at the base of the
mixed layer, term (B), will eventually dominate other source terms, the balance (A)
,-., (B) will ensue, leading to

< t, this behaviour will never become evident.
For later times, the Coriolis force swings the mean motion vector away from the
surface stress direction, reducing the mean motion turbulence production ( term (B)
in ( 1)) below the rate u.4t 2 assumed above. We return to equation (1 ) , neglect
(C), scale t by J- 1 , and h by 2l u.f(Nf) ~, and obtain the nondimensional equation

in place of (8). If n
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where ho(t) = {½(1-cost))l and A'= 2im 0 (f/ N)l == 0.14 (for f = l x l0- 4 sec- 1 ,
N = 10- 2 sec- 1 ,m0 = 1.2) which we may consider small. This is a generalized form
of (6) (although with a different scaling), and we shall seek a solution, analogous
to (8), as a power series in A ', the lowest-order term being given by ho(t), which
was obtained by Pollard, Rhines and Thompson (1972). The first two terms in this
series are then
h

= h (t) + ½A '
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The second term has a singularity at t = 1r (corresponding to the lapse of one-half
0(A'), the
pendulum-day), at which ho(t) attains its maximum ho = 1. For 1r - t
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second term in (10) is finite, 0(1). Near t =
1, so that (9) becomes approximately
(477
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Neglecting the ¼s 2 term, we obtain
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,

the constant of integration s0 ,-, 0(1) being chosen so that 1 + 77(s) joins onto (10)
at -s s 0 • The neglect of ¼ s2 in (11) is justified as long as s
0(A'1 l 3 ) ,-, 0.5.
4
As t increases substantially beyond t = 11" , the term h 0 in (9) dies away so that
an approximate balance between (A) and (D) reestablishes itself, leading again
to a one-third power development
h

{12 m 0 N(t

+ t )}11
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3

(in dimensional variables), the virtual zero-crossing time of which, t = -t0 , occurs
somewhat earlier than t = 0.
The various parametric regimes emerge clearly in the exact, numerical solution
of (1) . Figure 1 shows two cases : [u. = 1, m 0 = l] and [u. = 3, m 0 = ½ ]. The
ordinates are ratios of various terms, to term (A). Simple, unstratified deepening
(h ex: t) occurs for the first 30 to 200 sec (depending on the strength of the stress
and the 'stirring' parameter m 0 ), Kraus-Turner erosion ( ex: t 1 l 3) then lasts until 15
to 60 min have passed, when the Pollard-Rhines-Thompson ( ex: t 1 l 2 ) regime takes
hold, until about 12 hours. Finally Kraus-Turner erosion returns.
Let us summarize the deepening behaviour we expect from equation ( 1 ) in the
oceanic situation. [Values correspond to extremes of these parameters: m0 = 0.51.2, u. = 1 - 3 cm/ sec, 271"/ N = 5 min to 10 min, f = 10- 4 sec- 1 , C 0 = l.]
(i) Initially, a linear deepening according to (3), lasting for a fraction of a BruntVaisala period (~ 100 sec) and attaining a depth of 2-7 m, while the level of
turbulence in the incipient mixed layer spins up.
(ii) Next, a t1 / 3 deepening (4) as the turbulent work done by the wind at the
surface erodes heavy fluid from below and mixes it uniformly through the surface
layer, raising the potential energy.
(iii) Meanwhile, the mean flow has been accelerating, until after 20 to 120 min
at a depth of 5-20 m, the production of turbulent energy by the shear at the
base of the mixed layer becomes important, and a t 1! 2 deepening (8) takes over,
(iv) gradually shading into f- 112 {2(1-cos ft) p 14, equation (10), as Coriolis
force swings the mean motion away from the wind direction.
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Figure la. Numerical solution of the complete mixed-layer model equation, (1), showing various asymptotic regimes. Solid curve : the ratio DJA of terms in (1); dashed curve: B/ A; dotted
curve: C / A . Parameters u. = 1, mo= 1, C, = 1.
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Figure lb. Same as Figure l a, but u. = 3, m o = ½.
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(v) Expansion (10) breaks down after one-half pendulum-day, having attained
a depth of 2 314 u,(Nt)- 1 ! 2 = 12-49 m (for u. = 1-2 cm/ sec). Equation (12) describes the development around this time.
(vi) Finally, the shear production energy becomes insignificant, and a deepening,
proportional to t 1 / 3 reestablishes itself.
Acknowledgments. The authors acknowledge the support of grants NOOO-14-75-C-029, NR083-315 for computing services at Oregon State University, and National Science Foundation
grant GX-36342 at Woods Hole. This is Contribution 3601 from the Woods Hole Oceanographic Institution.
REFERENCES
Kato, H., and 0. M. Phillips. 1969. On the penetration of a turbulent layer into stratified fluid.
J. Fluid Mech ., 37 : 643-655.
Kraus, E. B., and J. S. Turner. 1967. A one-dimensional model of the seasonal thermocline,
Part II. Tel/us, 19 : 98-105.
Niiler, P. P. 1975. Deepening of the wind-mixed layer. J. Mar. Res. 33:
Pollard, R. T., P. B. Rhines and R. 0 . R. Y. Thompson. 1972. The deepening of the windmixed layer. Geophys. Fluid Dyn. 4: 381-404.

Received: July, 1975.

