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Maximum buoyancy flux across a salt finger interface 

by Melvin Stem1 

ABSTRACT 

A quantitative theory is presented for the flux of salt Fe and heat FT between two semi-
infinite layers having temperature difference t.T and salinity difference t:.S. The buoyancy flux 
{JFe - a.FT tends to a maximum subject to a small number of constraints, the most important 
of which states that the fingers in the interface between the two deep layers are in "stable" 
equilibrium. The optimal values of Fe, FT are in acceptable agreement with heat/salt experi-
ments when {Jt;.S/at.T~I, and the reasons for the quantitative discrepancy in the sugar/salt 
case are also discussed. A thermodynamical basis for optimizing the buoyancy flux is restated 
in the context of the present problem, and the probable effect of introducing more constraints 
is indicated. 

1. Introduction 

The schematic diagram for a laboratory realization of salt finger convection 
shown in Fig. 1 (Turner (1973), Linden (1973)) has also been used in the interpre-
tation of temperature-salinity "steps" which occasionally appear in the oceanic 
them10cline (Lambert and Sturges (1976), Williams (1974)). The temperature dif-
ference between the two semi-infinite "convective layers" is t:.T, the salinity differ-
ence is t:.S, and the fractional density excess of the lower layer is at:.T-{3t:.S>O, 

where (a,/3) are the expansion coefficients in the Boussinesq equation of state. The 
difference between the salt diffusivity Ks and the thermal diffusivity KT provides the 
basic mechanism for maintaining the motions in the presence of viscosity v. 

The convective and finger layers are coupled to the "transition layer" wherein the 
ascending (descending) fingers acquire a horizontal velocity which causes groups of 
fingers to merge in a plume. This element then rises (sinks) under its own buoyancy, 
thereby detaching the fingers from the edge of the finger layer and maintaining a 
constant height for the latter region. The way in which water is supplied to the 
fingers at their vertical extremities is also shown in Fig. 1. 

This picture provides the basis for the similarity theories in the previously cited 
experiments, and the purpose of this investigation is to provide a new quantitative 

1. Graduate School of Oceanography, University of Rhode Island, Kingston, Rhode Island, 02881, 

U.S.A. 

95 



96 Journal of Marine Research [34, 1 

FINGER 
LAYER 

1<,-li.T/2 

l 
h 

___ _l 

CONVECTIVE LAYER WITH LARGE 
SCALE TURBULENT MOTIONS 

Figure l. Schematic diagram of salt finger con-
vection between two semi-infinite layers. The 
temperature gradient T, and the salinity gradi-
ent S. are evaluated at the center (z = 0) of 
the finger layer. 

theory. This is based on Malkus' (1954) 
suggestion that turbulent regimes tend 
to a state of maximum dissipation, sub-
ject to constraints which depend on the 
particular system. Howard (1972) has 
applied this idea to the shear and 
thermal turbulence problems, while 
Lindberg (1971) has considered the 
double diffusive problem. The physical 
basis for the optimal principle is a con-
troversial subject, whose resolution 
must be a matter of interest to all 
"friends of fluids", and we hope to con-
tribute by using the principle to ex-
plain the flux measurements in salt 
finger convection. 

If the height z = H of the upper 
boundary (not shown in Fig. 1) ap-
proaches infinity then the system will 
be in a statistically steady state since 

the temporal decrease in (6.T, 6.S) will be negligible in the "run down" experi-
ment. The experiments cited are of the latter type and the quasi-stationary assump-
tion is justified by the fact that the measured fluxes correlate with the instantaneous 
(t:..T, t:..S). 

The total flux is the sum of a convective component and a diffusive compo-
nent. Thus if S'(x,y,z,t) denotes the departure of the salinity from the horizontally 

averaged value of S(z), and if w' denotes the vertical velocity then F8 = -w'S' is the 
convective salt flux , Ks Sz is the conductive component, and the sum of the two is 

independent of z. Likewise, the sum of the convective heat flux FT = -w'T' and the 
conductive component KT Tz is independent of z. The conductive components can 
be shown to be relatively small when the inequality (3) is satisfied, and consequently 
the buoyancy flux 

(1) 

will be independent of z. The significance of (1) is that it determines the dissipation 
of mechanical energy in the entire fluid. 

The subsequent theory focuses on these fluxes and on the equilibrium height of 
the finger region, this being experimentally defined by 

h = 6..T/Tz (2) 

with Tz evaluated at z = 0 
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The experimental value of (2) is independent of "starting conditions", and depends 
only on gat..T, g/36.S, KT, Ks, v. Note that the depth defined by (2) differs from 

t::..S/S •. 
We shall determine an upper bound for F using constraints which recognize the 

quasi-laminar nature of the finger layer, and therefore we review (Sec 2) the theory 
for the equilibrium of infinitely long fingers in region having constant mean vertical 
temperature and salinity gradients. These considerations are then applied to the 
finite finger region in Fig. 1, and two additional constraints are introduced in Sec. 3. 
The first of these merely recognizes that the horizontal variation of S' in the finger 
region cannot possibly exceed the given t..S. We also point out that the upper bound 
in the latter inequality can only be realized if Ks < < KT, and consequently special 
attention will be directed towards the asymptotic regime 

KB<< KT<< V (3) 

The conditions under which the upper bound obtained in Sec. 4 is most likely to 
be realized (as an equality) correspond to the heat/salt experiments (rather than 
the two solute (sugar/salt) experiments), and comparison of theory with experiment 
is made in Sec. 5. In Sec. 6 we give the theoretical argument for choosing F as the 
optimal field. 

2. Review of past work 

In an unbounded Boussinesq fluid having a uniform mean vertical density gradi-

ent f3Sz - aT.<0 it is possible to have a purely vertical velocity (0, 0, w'(x,y) which 
satisfies the exact momentum (4), heat (5), and salt (6) equations. In this case the 
vanishing of the horizontal velocities implies the vanishing of the horizontal pres-
sure gradient. When the vertical pressure gradient is subtracted from the exact 
momentum equation, together with the horizontally averaged gravity force, we have 

0 = v V 2w' - g((3S' -aT') (4) 

(5) 

(6) 

The expression for the buoyancy (density) flux obtained by multiplying (4) with 

w', and by averaging horizontally is 

F = -(v/g)w'v'2w' (7) 

The expression for the non-dimensional heat/salt flux ratio r obtained by multiply-
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ing (5) with S', by multiplying (6) with T', and by averaging and dividing these 
equations is 

aw'T' 
r=---= 

(3w'S' 

KS aTz - ---
KT (3S,. 

(8) 

For any prescribed /S'/,Tz,S~ an infinite number of solutions of (4) - (6) can readi-
ly be found, each of which has different horizontal planform. But the stability of 
any such solution depends on the non-dimensional number 

D=_F_ 
v(aTz-f3Sz) 

(9) 

according to the "collective instability" theory which is reviewed in the next para-
graph. That theory places an upper bound on D, and thereby provides an inequality 
which must be satisfied by any realized salt finger layer. We assume that the salt 
finger region in Fig. 1 is stable in this sense, and the consequent inequality for (9) 
will provide an essential constraint on the maximization of F in the context of Fig. 1. 
Likewise, Eqs. (4)-(6) will be assumed to apply in the finger layer (but not in the 

transition layer). Therefore Tz and Sz are not "given" but must be related to other 
parameters in Fig. 1. It will be convenient, therefore, to use the formal relations 

F/D 

( rKT ) 
V --1 

KS 

(10) 

F/D 

V (1-~) 
rKT 

(11) 

obtained by solving (8)-(9) for Sz, Tz 
In Stern's (1969, 197 5) collective instability theory the basic state consists of any 

particular solution of (4)-(6) having a fixed finger width -rrL and a given finite ampli-
tude 15'/. An oblique plane wave perturbation is then applied to the basic state, this 
perturbation having infinitesimal amplitude and a wavelength M> >-rr L. (The M-
perturbation would behave like a classical internal wave if the salt fingers and vis-

cosity were absent, with the frequency being given by [g(aTz-f3Sz)P sin '1r, where "t 
is the angle which the wave front makes with the horizontal.) The salt fingers pro-
vide a source of energy for maintaining (or amplifying) the M-wave against dissipa-
tion by viscosity, and the coupling mechanism is as follows. Since groups of fingers 
tend to move with the local velocity of the large scale perturbation, the local shear 
of the M-wave will tend to tilt the groups of fingers away from the vertical, and 
consequently the salt/ heat flux when averaged over a group of fingers will vary 
slowly in space. This "eddy flux" associated with the fingers, and its divergence on 
the M-scale, tend to modify the T-S fluctuations on the M scale, thereby producing 
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a new component of buoyancy force. The equations of motion for the M-wave are 
obtained from the primitive equations by averaging in the ,,r, direction, and by then 
making the following assumptions. The molecular diffusion of beat and salt on the 
M-scale is neglected because of (3), and the Reynolds stress of the fingers on the 
wave is neglected for the same reason. It is also implied that the new component 
of the buoyancy force acting on the wave depends on the difference between the 
eddy (finger) flux of beat and salt, and not on the separate values. The final assump-
tion is that only the direction of the fluxes in a finger is changed when it is tilted, 
whereas the magnitude retains its undisturbed value. The change in direction of the 
"eddy" fluxes is then related to the shear of the M-wave by simple kinematical 
considerations. The equations for the conservation of heat and salt are then sub-
tracted to obtain an equation for the time rate of change of the buoyancy force. 
The new term in the latter force is proportional to F and to the shear of the M-wave. 
The new force also does not depend explicitly on L or r, and consequently the 
growth rate of the M-wave depends on M, ,,r,, v, g F, g (o:Tz-f3Sz) only. The 
minimum critical condition for amplification, obtained by considering all values 
of (M, "¥), can then depend on only one non-dimensional number, this being 
gF I vg(o:Tz-f3Sz), and D = 1 is the numerical value of the minimum critical num-
ber in Stem's theory. 

This instability theory implies that small positive D-1 should produce slowly 
amplifying oscillations having nearly horizantal velocities. It is reasonable to pre-
sume that such oscillations will be stabilized (by non-linear factors not considered 
in Stem's theory) at a small finite amplitude, so that quasi-laminar fingers can still 
be realized for small positive D-1. But with increasing D-1 the lateral displace-
ment of the fingers presumably increases, and when the displacement is comparable 
with -rrL the fingers will merge. Thus we suggest that there is another critical value 
of D-1 ( of order unity?) at which self-destruction of the fingers occurs, together 
with the complete mixing of the mean vertical density gradient. 

Some support for this picture is provided by experiments (Stem and Turner 
(1969), Lambert and Demenkow (1971), Chen and Turner (1974)) wherein a 
homogeneous layer of salty (light) water is placed above a thermally stratified layer.2 

Long thin fingers form at the interface, extend downwards, and remain stable 
throughout the experiment when the temperature gradient in the lower region is 
sufficiently large. But if Tz is reduced then one observes that the fingers beneath the 
interface "swing and sway", and the shear which results from this instability can be 
made sufficiently large so that it mixes the mean vertical gradient in a finite vertical 
region, eventually producing a convective layer in a region formerly occupied by 

laminar fingers. 
When this stability consideration is applied to the quasi-laminar finger region of 

2. These experiments are actually done with sugar and salt (at constant temperature), and thus the 
words "thermally stratified" are used in the sense of an analogy. 
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Fig. 1, it is seen that the realized value of D-1 must be less than the critical value 
mentioned above. Although the precise value of that number is unknown, it must 
be greater than zero according to the stability theory discussed above, and it is be-
lieved to be of order unity. Therefore a necessary condition for the realization of a 
quasi-laminar finger region is 

D~2±1 (12) 

where the confidence interval for this modest "rational" constraint reflects our 
ignorance of the transition process. 

In view of the importance of this result we review here some relevant measure-
ments of Linden (1973, Thesis), who finds that {3F8(v{3t.S/h)-1 equals 4 X 

l0- 2v- 1 = 4 independent of at:.T. Since (3F8 = F/1-r, h = t:.T/Tz, and f3Sz << 
aTz in these experiments, we can write Linden's result as 

D = 4 {3t:.S (1-r) 
at:.T 

(13) 

Moreover r<l, {3t:.S/at:.T<l in the experiments, and therefore Eq. (13) is consistent 
with the theoretical bound (12). Also, the upper bound in (12) is approximately 
realized by (13) when {36.S / at:.T 1. It thus appears that the finger region is quite 
stable for small {3t:.S/at:.T, and the state of marginal stability is approached as 

(This state marks the change in the convective regime which occurs 
when {36.S> at:.T (top heavy)). In lieu of a rational explanation of Linden's formula 
(13) we shall direct the following theory towards the limit ((36.S/ at:.T~l) in which 
the equality in (12) is realized, but D will be retained as a parameter in that which 
follows, and (12) (or (13)) will be used only in the final result. 

3. Additional constraints 

It is obvious that the salinity of a downgoing finger (Fig. 1) cannot exceed 
s .+t:.S/ 2 and the salinity of an upgoing finger cannot be less than S0-t:.S/ 2, so 
that the salinity fluctuation in the finger region must satisfy the inequality 

IS'!~ t.S/ 2 (14) 

Clearly, the upper bound (maxS'=t.S/ 2) cannot be realized when Ks ,..., KT (sugar/ 
salt experiments), because the molecular diffusion of S is of comparable importance 
with that of Tin the finger region. But it is possible that the upper bound in (14) 
might be realized when Ks< < KT (heat/salt experiment) because dS/ dt is small in 
the finger region. These considerations will bear on the question of whether or not 
the upper bound for F in Sec. 4 can be attained in any experiment. 

The final constraint recognizes that there is no preferred horizontal direction, 
and consequently the finger planform is stochastic. Although observations (Shirt-
cliffe and Turner (1970)) show that the close-packed array of salt fingers has con-
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siderable short range order, so that each sinking finger is surrounded by approxi-
mately four rising neighbors, the planform has a slow random space-time variation, 
especially under the "fully developed" conditions corresponding to Fig. 1. A weak 
stochastic variation in the finger region also seems to be demanded by the fact that 
there are highly disordered motoins in the transition region, from which the fingers 
are "fed". On grounds of symmetry, therefore, we assume that the finger region 
must be horizontally isotropic in the sense that the salinity correlation 

C(q, cp) = S'(x,y)S'(x+q cos cp, y+q sin cp) (15) 

between two points separated by horizontal distance q, is independent of the angle 
cp which their connecting line makes with the x-axis. Unfortunately, this is an ex-
cessively strong constraint because there appears to be no solutions of (3)-(5) which 
satisfy it. Therefore, we will use the weaker version 

C(q, cp+rr/2) = C(q, cp) (16) 

which merely requires "orthogonal isotropy", or that the correlation coefficients 
along any two perpendicular lines be equal. 

A salinity distribution (17) having square symmetry is "orthogonally isotropic". 
In order to prove this we construct the (x,y) axes parallel to the orthogonal nodal 
lines S' = 0, with the origin at the intersection of two nodal lines. The planform for 
the square then satisfies 

S'(x,y) = S'(y,x) 

S'(x,-y) = - S'(x,y) 

and the left-hand side of (16) becomes 

C(q, cp+rr/2) = S'(x,y)S'(x-q sin cp, y+q cos cp) 

= S'(y,x)S'(y+q cos cp, x-q sin cp) 

(17a) 

(17b) 

Since the averaging is over all values of the dummy variables (x,y), the transforma-
tion of the integral which is obtained by replacing y with x and x with -y yields 

C(q, cp+rr/2) = S'(x,-y)S'(x+q cos cp, -y-q sin cp) 

= C(q,cp) 

where (17b) has been used. Thus we have shown that (16) holds for any "square". 
Furthermore, if Si'(x,y), Sz'(x,y) denote the salinity planforms for any two or-

thogonal squares, i.e. 

Si'(x,y) Sz'(x+a, b+y) = 0 

for all values of (a,b), then it is readily seen that Si'+S2' satisfies (16). It follows 
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that any superposition of mutually orthogonal squares gives rise to an S'(x,y) which 
is "orthogonally isotropic". We are now prepared to state the main problem. 

4. Upper bound for F 

What is the maximum value of (7), for fluctuations satisfying Eqs. (4)-(6), (12), 
(14), and the orthogonal isotropy condition (16)? Since all these constraints are 
dynamically consistent (in a local sense), and since the realized state must satisfy 
more conditions (i.e. the full non-linear equations of motion for the entire fluid), 
the realized F should be less than the maximum value computed below. 

From (6) and (10) we get 

and therefore (7) becomes 

V [ ( TKT )]
2 

F=-g DvKsF- 1 -;;--1 
When (8) is utilized in the elimination of (S',T') from (4)-(6) we get 

[V 4-g,8Sz K8 - 1v- 1(1-r)] w' = 0 
and the eigenfunction equation for S' obtained from (10), (18) is 

(18) 

(19) 

(20) 

Although the general eigenfunction solution of equation (20) has a rectangular 
planform, the "square" is the only one which is orthogonally isotropic. Therefore 
the general S' (x ,Y) satisfying (20) and ( 16) is obtained by superimposing "squares", 
the typical one of which is denoted by subscript i and has the salinity distribution: 

ai sin xJ L sin yi/ L 
½(A,Bt.S) l Jail 

i 

(21) 

where A(,Bt.S/ 2) denotes the sum (over i) of the moduli of the squares. These 
(x;,Y;) coordinates are related to the primary (x,y) coordinates by an arbitrary 
rotation and translation. The relative amplitude of the ith square is determined 
by the arbitrary coefficient a;, and the sum in the amplitude normalization of (21) 
is taken over all the squares that may be present. All these squares must have the 
same width 7rL, the value of which is obtained by substituting (21) into (20), and 
thus we have 

(:2 r gF(I-r) 
- ----,-----

DKsv2 ( r: -1) (22) 
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Note that the non-linearity in our problem occurs only parametrically, and a solu-
tion of (20) is given by the sum of (21), or 

la; sin x;/L sin y;/L 
S'(x,y) = (Af3AS/2) _ i __ l~la-; I __ _ (23) 

i 

In addition to satisfying (16), this superposition of arbitrarily oriented squares also 
satisfies (14), if A"='l, because of the identity l~a;l"='~la;I, 

We now turn to the dissipation integral (19), the last term of which is 

and therefore (19) becomes 

F3/2 D~ (Ks)! (l-r) 3/2( rKT -1 )! A 2 [ ~a;2 ] (24) 
(/3AS)2 (gKT)i - 16 KT Ks (~ja;l )2 

The following inequalities are to be noted. The last term in (24) is less than unity 
because 

(~la; l)2 ~~a/ 

When a single square is present the equality sign applies here, and in 

A"=' 1 
Eq. (12) also gives the inequality 

DA"=' 1.2 ± 20% 

(25a) 

(25b) 

(25c) 

When these relations are used in (24), and when it is noted that the function (l-r)3 
(rKT/ Ks-1) attains its maximum possible value for 

3 + KT/Ks r=----
4 KT/Ks 

we conclude that the upper bound of (24) is given by 

F LC 3(1.2) (1 / )</3 - -KS KT 
({3AS)4/3 (gKT)A 164/3 

(25d) 

(26) 

The fundamental question now arises as to the conditions under which this maxi-
mum buoyancy flux can be realized. Since (26) is based on (25c), and since the 
latter is only realized when /36.S I aAT 1, it follows that the upper bound in (26) 
can be expected to occur only in the same limit. We also note that the optimizing 
heat/salt flux ratio (25d) does not depend explicitly on D, and therefore the pre-
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dieted value of r is independent of (36.S / at..T. But this important conclusion con-
ceals the implicit assumption that D (in (24)) is independent of r, because the 
existence of such a dependency would obviously alter the value of r which maxi-
mizes (24). Before comparing these results with experiment, we also note that the 
expression for the finger width (22) can also be cast into a form which is inde-
pendent of the parameter D. Thus we use (10), (8), (25d) in (22) to get 

g(1-r)f3Sz = gaTz 1-r = gaT,, ( 4Kp/ KS -l ) 
KBV KpV r KpV 3+Kp/Ks 

or 

(27) 

We will also need the value of the layer depth (2), and by using (11), (12), (26), 
(25d) we obtain (for 

164/3 
h= -- (1.2)2 

3 

5. Comparison with experiment 

v(l+3Ks/ Kp)-1 

[g(Jt..S(Kp-Ks)P 

a) Heat and salt (or sugar), i.e. Ks/ Kp 1/ 100. 

(28) 

The comparison between the theoretical (12) and the observed (13) non-dimen-
sional "layer depth" has been discussed previously, and therefore we turn to the 
salt flux. f3Fs has been measured as a function of ((36.S, at..T) by Turner (1973) and 
by Linden (1973), with the average of the two experiments being given by 

---'-(3_F-'-s __ = 0.1 ± 20% 
((36.8)4/3 (gKp )! 

when (36.S 1 
at..T 

(29) 

The measured value of the left-hand side of (29) decreases with (36.S/at..T in a 
manner which is consistent with (13) (Linden (1973)). Although both authors cited 
above agree that the heat/ salt flux ratio is independent of (36.S/at..T, their values 
for the constant r differ considerably, with the average being 

r= 0.3 ± 0.2 (30) 

The theoretical value (25d) is also independent of (36.S/ at..T, and when Ks/ Kp = 
1 / 100 its value is 

r=¼ (31) 

In view of the experimental uncertainty in (30) we will compare (29) with the 
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optimal value of f3Fs = F/1-r computed from (26), (31). Thus we find that the 
theoretical value 

f3Fs = 3(1.2) = 0_12 
(/3AS)4/3 (gKT)¼ 164/3 (¾) 

is in agreement with (29), and it remains only to compare the theoretical width (27) 
of the fingers with the observed values. We refer to Fig. 3.13 of Linden's thesis 
(1971) (the (1973) paper contains a drafting error, according to a private com-
munication).3 Using our notation for the finger width we have the experimental 
value of 

c.g.s. units 

The theoretical value, obtained by substituting a= 2.5 x 10-4, g = 103, KT= 1.5 
X 10-3, v = 10-2 in (27) is 

-rrL = 0.30 (Tz)-l 

The theory also predicts that the mean salinity gradient (10) in the finger region 
vanishes. This result, together with max S' = t::..S/ 2, is also consistent with Linden's 
observations, and thus we conclude that "maximum buoyancy flux" is consistent 
with all measurements when Ks/KT ee 1/ 100. 

b) Sugar/ salt experiments, i.e. Ks/KT= t. 
Quantitative comparison in this case seems to be precluded by Lambert and 

Demenkow's (1971) estimate that the key parameter Dis three orders of magnitude 
smaller than the theoretical upper bound (12). A possible reason for the huge gap 
is suggested by Shirtcliffe's (1973) measurements for the inverse problem ("cold-
fresh" water lying over "hot-salty" water), wherein a very rapid increase of FT was 
found as {31::..S / a!::..T 1. If a similar effect occurs in the sugar finger problem then 
the measurements of D by Lambert and Demenkow may not be representative of 
the asymptotic regime {31::..S/at::..T l to which the theory applies. On the other 
hand there is no reason to expect such an erratic behavior for r, and the experi-
mental value of r = 0.90 ± .01 appears to be quite independent of {31::..S/ a!::..T. Thus 
it is of interest to compare r, and other quantities not strongly dependent on {31::..S/ 

at::..T, with the theory. 
When Ks/KT= t Eq. 25d gives r = ½, a value which is most significantly lower 

than the experimental value cited above. The largest value of {31::..S/ a!::..T for which 
a flux determination is available (Stem and Turner (1969)) gives {3F8 /({3AS)413 = 
10-2 cm/ sec or F / ({3!::..S) 413 = 10-3 cm/ sec. The latter number is an order of mag-

3. Also see a forthcoming paper by H. E. Huppert and P. F. Linden entitled "The Spectral Signature 
of Salt Fingers." 
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nitude smaller than the value obtained from (26) with Ks/ KT = ½, and the discrep-
ancy can easily be attributed to the theoretical value of D which was used. We also 
have some optical determinations of the wavelength 2-rrL of sugar/salt fingers when 
his not too small. In Fig. (19) of Shirtcliffe and Turner (1970) we see that 2-rrL = 
0.09 cm. (our notation) when h = 1 cm. Although the corresponding value of aAT 

is not explicitly given, the value of (aTz)l = (aAT / h)l can be adequately estimated 
for present purposes from the cited initial value of aAT in each experimental run. 
Accordingly, the value aAT = 0.05 has been used in (27) to obtain the theoretical 
finger width 2-rrL = 0.06 cm as compared with the observed value of 0.09 cm . 

6. Why maximize F 

Insofar as the dynamics of the "convective layer" do not enter explicitly, the 
foregoing theory implies that the finger layer controls the flux of heat and salt. The 
following discussion is related to this point, and to the question raised in the title 
of this section. 

It is easily shown that if the salt flux {3F 8 = FI 1-r had been maximized (rather 
than F) then r = 1 would have been the optimal value of the flux ratio, and this 
result is qualitatively incorrect. One is therefore justified in remarking that the 
maximization of F is just as implausible as maximizing F 8 , and thus we are obliged 
to provide a basis, or at least some objective procedure, for "selecting the selection 
principle" . On the other hand, one should not expect the optimal principle to be 
rigorously derivable from the time dependent equations of motion, because of the 
statistical element which enters into the turbulence problem. Likewise, the elucida-
tion of the principle should exploit the statistical nature of the problem, and in such 
a manner that the assumptions can be scrutinized. 

There is also a pragmatic reason for believing that "something" is a maximum 
in turbulence, this being related to the non-uniqueness (degeneracy) of the stationary 
solutions of the equations of motion. In the classical Rayleigh-Benard convection 
problem, for example, we know that there are infinitely many stable finite amplitude 
solutions at supercritical Rayleigh number. Moreover, the manifold of stationary 
solutions (or the number of independent degeneracy parameters) increases with the 
Rayleigh number. We also note that a discrete number of the degenerate solutions 
have been realized in Rayleigh convection (and in Couette flow), by suitable manipu-
lation of the initial conditions. On the other hand, the similarity laws for fully de-
veloped turbulent flow imply that the fluid "forgets" its initial state. In this sense 
the statistics of the turbulent regime are unique, even if the class of solutions to 
the equations of motion is not. Therefore an optimal formulation of the problem 
will at least give unique results, which can be compared with the corresponding 
experimental values. 

The position of a theory of turbulence, relative to the full hydrodynamic equa-
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tions, has often been compared to the position of thermodynamics and statistical 
mechanics, relative to the full equations of particle mechanics. One of the elementary 
aspects of classical thermodynamics is that there is "no diffei:-ence" between a static 
(isothermal) experiment performed at constant pressure (e.g. a gas underneath a 
piston) and a similar experiment performed at constant volume (e.g. clamp the 
piston). This equivalence is a consequence of the large number of molecules, since 
a single particle behaves differently when it is located beneath a movable piston 
and when it is located beneath a fixed boundary. We therefore assert that the exist-
ence of a large number of "compensating" eddies in the turbulence problem will 
allow us to " construct" a constant pressure (or constant stress) experiment which 
is indistinguishable from the experiment at constant volume (wherein the boundaries 
are immovable). 

In order to explore the implications of this assertion in the context of the salt 
finger problem (Fig. 1), we suppose that this large system is bounded at some large 
z = H by a fl.at plate (the "piston" ). The latter is also constrained by sidewalls so 
that it can move a small vertical distance in contact with the slightly compressible 
liquid. Thus the piston will come to some stable equilibrium (z = H), such that its 
weight is balanced by the horizontally averaged pressure P at z = H. P will depend 
on H and on the entire field of motion, with the latter being non-unique, as stated 
above. Let .\. denote a degeneracy parameter, with all values of .\. (in a certain in-
terval) corresponding to some statistically steady solution of the equations of mo-
tion, and let P = P(H,.\.) denote the corresponding pressure field. The "average 
width" of a salt finger is an example of such a degeneracy parameter. (Note that 
there are a continuum of possible values of the finger width which satisfy (4)-(6), 
and we assume that this degeneracy is also a feature of the exact equations of mo-
tion for the entire fluid .) The problem, then, is to determine the realized value of 

A= Ao. 
To do this we consider the stability of the piston when it is displaced an infinitesi-

mal amount t:..H by an external force, and when .\. changes by an amount 8.\. from 
the realized average value at z = H. We refer here to ensemble averages, whereas a 
large but finite system (Fig. 1) will exhibit such statistical fluctuations naturally. 
The different symbols (6.,8) are used to emphasize the fact that the (H,.\.) fluctua-
tions are partially independent, since the .\. fluctuations occur even when H is fixed, 
and since the H fluctuations can be imposed by an external force. 

The state corresponding to .\.+8.\. is in equilibrium (not necessarily stable) by 
definition of the degeneracy parameter, and P(H+t:..H, .\.+8.\.) is the corresponding 
fluid pressure. Therefore the difference between the latter and the weight of the 

piston is 

(32) 
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This force must oppose the displacement t:.JJ if the system is to be stable at (H,>..o), 
and therefore the product of (32) with t:.H must be negative for all values of 8>... It 
follows immediately (Stem (1962)) from this inequality that 

aP(H,>..o) = 0 
a>.. 

(33) 

Therefore a necessary condition for a solution to be realized is that the pressure 
must be an extremum with respect to the degeneracy parameter(s) at fixed H. Since 
H only occurs parametrically in (54), it appears that the constant pressure experi-
ment is merely a convenient artifice. We propose to call (33) the generalized princi-
ple of "minimum free energy" (Helmholtz) because of the connection of the latter 
with the pressure in classical thermodynamics. 

A small calculation is now necessary to relate the pressure to more familiar con-

vective terms, and we shall first consider the role of the compressibility. Let P de-
note the vertical average of P(z), and note that the former is a linear combination 
of p, T, S according to the average of the equation of state for a fluid having con-
stant a, f3 and compressibility. The mean density p0 = p will obviously be the same 
for all of our degenerate solutions at the same H, or ap/ a>.. = 0. If we also impose 

a symmetry condition (about z = 0 in Fig. 1) on all of our solutions, such that T = 
T OJ S = So, then we have aT I a>.. = 0 = as I a>... It then follows that aP I a>.. = 0 and 
(54) may be written as 

- 8-(P(H,>..o) - P) = 0 
a>.. 

(34) 

The above consideration shows that the compressibility merely produces a static 
effect which is of no consequence in the stability criterion. Therefore we shall now 

return to the Boussinesq approximation for the evaluation of P-P. The horizontal 
average of the vertical component of the momentum equation gives 

aP(z) a _ - = - gp(Z) - Po -- W 2 

az az 

since w = 0 = vV2w. By multiplying this with z +Hand averaging vertically from 
z = -H to z = +H we get 

P(H) - P = - g(z+H)P + po w2 

since w2 vanishes at z = ± H. Therefore (34) becomes 

- 8-(W- g/ po zp) = 0 
a>.. 

(35) 

Since p(z) - po is anti-symmetric about z = 0, and approaches the prescribed 
boundary values ± po (at:.T-{3t:.S)/2 in a distance of order h (c.f. Fig. 1), it follows 
that the potential energy term in (56) has an order of magnitude 
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a g --- ga6.T ah 
a>.. -;:-· z(p-po) ,..., Ii a;: 

which approaches zero as H oo. This term is negligible compared to the kinetic 
energy term in (56) because w2 does not vanish at large lzl, and thus we have 

_a_w2 =O 
a>.. 

(36) 

This states that the r.m.s. vertical velocity is an extremum in the fully developed 
(H oo) salt finger regime. 

A similarity argument (Kraichnan (1962)) is now invoked to establish the fact 
that a relation between W2 and gF (and H) exists which is independent of the finger 
width or the heat/salt flux ratio. For this qualitative purpose the following mecha-
nistic picture is adopted. We have mentioned that groups of salt fingers merge in 
the transition layer, and thereby produce a somewhat larger-scale buoyant element. 
This plume then rises a certain distance z' under the influence of its own mean 
buoyancy force gp' I Po ,..., gF /w'. A time of order z' / w', and an acceleration of or-
der (w')2 / z' is required for this rise, and therefore (w')2 /z' ,-.., gF / w'. Thus w' is 
proportional to (gFz'P, and we then obtain the similarity relation 

(W')2 = constant (gFH)J 

for the mean-square vertical velocity in the large container. The constant in the 
above equation is of order unity, with its precise value depending only on the local 
kinematics and dynamics of the convecting layer (Kraichnan (1962)). That value 
does not depend explicitly on the details of the finger layer, such as the finger width 
or r, and (36) then implies 

aF =O 
a>.. 

Thus we have provided a basis for the optimization used in this paper, and the 
underlying assumptions are quite visible. The exposition also indicates the rather 
subtle coupling between the convective and finger regions. If the thermodynamic 
stability argument (33) is correct, then it should be equally applicable to other 
turbulence problems. 

8. Conclusion 

The upper bound in (26) is in acceptable quantitative agreement with the heat/ 
salt (Ks < < Kr) experiments when (36.S a6.T, but a more accurate measurement 
of the flux ratio r is needed to test (31). A theoretical explanation of (13) is also 

needed when(36.S/a6.T < 1. 
The changes which occur when Kr is reduced (sugar/ salt experiments) is qualita-

tively explained by the theory, but the observed r = 0.9 is definitely larger than our 
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theoretical r = 0.5. We have attributed the quantitative error in this case to the 
constraints used, rather than to the principle of maximum dissipation. 

The optimizing mode in our calculation turns out to be a rather simple analytic 
function, in contrast with the weak stochastic structure of observed salt fingers. It 
would therefore be very interesting if the theory could be extended in such a way 
as to satisfy the strong isotropy constraint (c.f. (15)). Such a theory would pre-
sumably predict the domain structure of the finger planform, or the distance over 
which fingers are correlated. The question also arises as to the amount by which (26) 
will change when more and better constraints are used. 

In lieu of an answer to the latter question, and in order to provide a confidence 
estimate for (26), we have proceeded in the "opposite" direction by relaxing one of 
the constraints used previously. In this connection we first note that the previous 
theory implies Sz 0 as Ks 0. Since both terms in (6) are then small, and since 
the neglected terms associated with the small irregularities in the finger layer are 
likely to be of equal importance, we have withdrawn (6) as a constraint, replacing 
it with the much weaker statement: Sz = 0. This procedure has the effect of enorm-
ously increasing the number of possible solutions. By means of a long and intricate 
calculation we then find that when (7) is maximized subject to Sz = 0, (4), (5), (12), 
(14) and (16), then the value of (26) is increased by a factor of two: (but the value 
of (31) is increased by only 3%). We therefore believe that when more and better 
constraints are added to the problem, the value of (26) will not be smaller than half 
the value stated therein. 
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