
Journal of Marine Research, Sears Foundation for Marine Research, Yale University 
PO Box 208118, New Haven, CT 06520-8118 USA 

(203) 432-3154    fax (203) 432-5872    jmr@yale.edu    www.journalofmarineresearch.org

The Journal of Marine Research is an online peer-reviewed journal that publishes original 

research on a broad array of topics in physical, biological, and chemical oceanography.  

In publication since 1937, it is one of the oldest journals in American marine science and 

occupies a unique niche within the ocean sciences, with a rich tradition and distinguished 

history as part of the Sears Foundation for Marine Research at Yale University. 

Past and current issues are available at journalofmarineresearch.org. 

Yale University provides access to these materials for educational and research purposes only. 
Copyright or other proprietary rights to content contained in this document may be held by 

individuals or entities other than, or in addition to, Yale University. You are solely responsible for 
determining the ownership of the copyright, and for obtaining permission for your intended use. 

Yale University makes no warranty that your distribution, reproduction, or other use of these 
materials will not infringe the rights of third parties. 

This work is licensed under the Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License. To view a copy of this 
license, visit http://creativecommons.org/licenses/by-nc-sa/4.0/  
or send a letter to Creative Commons, PO Box 1866, Mountain View, CA 94042, USA. 



Some effects of bottom topography on baroclinic stability 

by Roland A. de Szoeke1 

ABSTRACT 

The effects of Fourier components of cross-stream topographic slope are included in the classical 
linear theory of quasigeostrophic baroclinic instability. The effect of uniformly sloping topography 
is reviewed, emphasis being placed on the possibility of destabilization through interaction between 
long topographic baroclinic Rossby waves and short thermal baroclinic Rossby waves with the same 
downstream wave number and phase speed. Such hybrid instability is shown to be triggered by 
topographic structure which bridges the cross-stream wave number gap between the two types of 
waves. An analytical perturbation technique depending on smallness of the Fourier modes of topo-
graphic slope is presented for calculation of phase speeds, growth rates, and wave functions, giving 
insight into the incipiently unstable hybrid waves. A numerical solution, not restricted by the as-
sumption of small Fourier components, which reduces to a matrix eigenvalue problem, is also pre-
sented; comparisons with the first terms obtained from the perturbation technique are made and 
agreement for small Fourier-structure parameter e is considered good. The modifications due to 
topography of the classical Eady instabilities are not fundamental in nature even for quite large e; 
in particular the primacy of the classical baroclinic energy source is not disturbed. The hybrid in-
stabilities, however, primarily redistribute energy among the baroclinic source and the rate of 
working by the fluctuation Reynolds stress on the (fluctuation-induced) mean horizontal shear 
through the agency of the topographic drag forces; the growth of the hybrid fluctuations is only 
a second order (in e) demand on the energy source. 

1. Introduction 
The theory of quasigeostrophic baroclinic instability (Charney 1947, Eady 1949) 

was developed as a model for the large planetary-scale fluctuations in the atmosphere 
and ocean. The vorticity dynamics of the instability (Bretherton 1966a, b) and its 
energy source in the distribution of potential energy in a vertically-sheared geo-
strophic current (Pedlosky 1964) are well understood. Eady (1949) showed that only 
waves longer than 2.62 times the baroclinic Rossby radius of deformation could be 
unstable, while Blumsack and Gierasch (1972), including the effect of a uniformly 
sloping bottom, found also a long-wave cutoff, whose explanation lies in the emer-
gence of a class of neutral long waves trapped by topography. 

We shall call the short neutral waves thermal baroclinic Rossby waves (or simply 
thermal waves) and the long neutral waves topographic baroclinic Rossby waves (or 

1. School of Oceanography, Oregon State University, Corvallis, Oregon, 97331, U. S.A. 
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Figure 1. Definition sketch for the baroclinic 
model. lsopycnals, scaled in arbitrary units, 

simply topographic waves), although 
this terminology is not intended to im-
ply any exclusivity to the suggested pri-
mary dynamic effect. By 'low wave 
number' ('long wave') or 'high wave 
number' ('short wave') we mean total 
wave number (k 2 + /2)1/ 2• Hence a short 
thermal wave and a long topographic 
wave may have the same downstream 
wave number k, but differ in cross-
stream wave number /. The main result 
of this paper will be to show that if the 
bottom topography possesses structure 
to bridge the cross-stream wave number 
gap between a neutral thermal and a 
neutral topographic wave of the same 
downstream wave number k and fre-
quency m (and phase speed c = w/k) a 
wave of hybrid structure emerges which 
is unstable. 

are indicated. The basic model is summarized in Sec-
tion 2. A perturbation method for solv-

ing the equations for small bottom curvature (characterized by a small parameters) 
is presented in Sections 3-4. A numerical eigensolution technique, applicable for finite 
e without the necessity of summing large numbers of terms in a power series expan-
sion, is presented in Section 5. Unstable fluctuations are able to interact with them-
selves through nonlinear dynamic effects and produce rectified second-order (in the 
infinitesimal amplitude a) mean fields: these are discussed in Section 6. A crude 
application of the results of the theory to the situation of the Florida Current is 
made in Section 7. 

2. The model 

The equations governing the stability of small-amplitude quasigeostrophic disturb-
ances on a steady baroclinic flow have been amply discussed in the literature 
(Charney and Stern 1962, Pedlosky 1964). The vorticity equation for an infinitesimal 
disturbance on a parallel shear flow U(y,z) in a channel of almost rectangular cross-
section of width L and depth H but with a slightly deformed bottom (Figure 1) is, 
in dimensionless form, 

where 
(2.1) 

(2.2) 
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is the cross-stream gradient of basic potential vorticity (cf. Bretherton (1966a)) and 
the Burger number B is defined by 

g dfh n2 
B = B(z) = - - - --

eo dz• f2L2 
(2.3) 

where e1 (z•) is the basic statically stable stratification (z• = Hz is the dimensional 
vertical coordinate) of the Boussinesq fluid of "mean" density eo • Typically, Burger 
numbers for both ocean and atmosphere are of order unity. The choice of axes is 
clear from the figure. The velocity and density perturbations are related to the de-
pendent variable <p through 

where 
</) = Re { <p(y,z)eik(x-ctl}, (2.5) 

the dimensionless pressure. A plane wave form has been assumed for the perturba-
tion, with real downstream wave number k and (possibly complex) phase speed 
c = c, + ic; . The horizontal and vertical coordinates have been scaled by Land H, 

respectively. The horizontal perturbation velocities are scaled by U0 , which typifies 
the magnitude of the basic shear flow. The time scale is taken to be L/ U0 • 

Implicit in the quasigeostrophic assumption is the supposition that the Rossby 
number 

Uo 
Ro= -

JL 
(2.6) 

(f = Coriolis parameter, taken to be constant) is small, i.e., that the rotation is 
strong, so that Coriolis forces predominate over advective and time-dependent ac-
celerations, which leads to the simple form of the first pair of the relations (2.4). 
These relations imply that the horizontal divergence of the perturbations is of order 
Ro, the size of the neglected term. The continuity equation for a Boussinesq fluid, 

therefore implies that the vertical velocity must be scaled by Ro as well as the aspect 
ratio HJL, i.e., the vertical velocity scale is Ro U0H/L. The pressure and density 
scales are, respectively, e0JU0L, e0JU0L/gH. The perturbed quantities u, v, w,e,<p 
have a further implicit infinitesimal amplitude scale a, to render them small with 
respect to the basic flow of order unity. This scale is immaterial in the set of equations 
(2.1), (2.4) since they are linear and homogeneous; however, it must be borne in mind 
if higher-order corrections in the implicit amplitude expansion in powers of a are 

sought. 
The boundary conditions are that the normal velocity at the rigid boundaries must 

vanish. From (2.4) and (2.5), this implies that 
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<p = 0 (y = 0,1) 

[33, 1 

(2.7) 

(2.8) 

On the bottom, the vanishing of normal velocity implies, in dimensional variables, 

w* = v* · (geometric slope of bottom). 

Our basic dynamic assumptions have demanded that we scale the vertical velocity 
by the Rossby number Ro. Consistent with these assumptions, then, we must stip-
ulate that the bottom slope not exceed 0(Ro). If this stipulation is violated, the as-
sumption of quasigeostrophy is invalid, and a different, i.e., ageostrophic, dynamics 
is necessary.1 Consequently, we take the form of the bottom topography to be z = 

Ro h(y), so that the bottom condition can be written, in dimensionless form now, 

dh 
w = v-

dy 

and can be taken to be imposed, in the formal limit 0, at z = 0. Hence, from 
(2.4) and (2.5) we have 

(2.9) 

The classical source of energy, if quasigeostrophic baroclinic disturbances are to 
become unstable, lies in the distribution of potential energy in the basic flow (Ped-
losky 1964), and is made available by the interaction of baroclinic Rossby waves 
trapped by the gradients of potential vorticity concentrated in the top and bottom 
boundaries (Bretherton 1966a, b). 

The inclusion of topography in the bottom boundary condition (2.9) has the effect 
of modifying the advection of heat by the perturbation along the boundary. Blumsack 
and Gierasch (1972) show that the ratio of the slope of the bottom boundary to the 
slope of the isopycnals at the bottom is 

(2.10) 

If this ratio is greater than unity (i .e., if Uz and ( Uz - Bhy) have opposite signs in 
(2.8), (2.9)) then instability is inhibited. Numerical work (Orlanski 1969; Orlanski 
and Cox 1973) on complex models of baroclinic instability in boundary currents 
shows that finite-amplitude effects of topography and horizontal shear can apparently 
overwhelm the effect of stabilizing bottom slope. 

1. Alternatively, we might demand the blocking condition v = O at such a steep slope and retain quasi-
geostrophy. Flow around islands and seamounts is frequently modelled in this way (Hogg 1973). 
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3. Perturbation formalism and zeroth-order solution 

We shall consider parallel shear flows for which 

the simplest such flow being the case of linear vertical shear 

U(y,z ) = z . 

97 

(3.1) 

(3.2) 

Further, linear vertical stratification is assumed so that the Burger number B is con-
stant (cf. Eady 1949). The vorticity equation (2.1) reduces to 

(3.3) 

in which, clearly, the basic flow plays no part. The basic flow can enter the problem 
only through the boundary conditions (2.8), (2.9), so that the character of any in-
stability depends intimately on the nature of these conditions. 

Incorporating bottom topography in the channel creates another source of poten-
tial vorticity along the bottom boundary and removes the symmetry between the 
boundary conditions top and bottom (compare eqs. (2.8), (2.9)). We shall consider 
topography of the form 

dh(y) dh1(y) 
B-- = o0 +s--

dy dy 
(3.4) 

where o0 , s are constants, s I. Eady (1949) considered a flat horizontal bottom, 
00 = s = 0. Blumsack and Gierasch (1972) considered 00 * 0, buts = 0. 2 Using Blum-
sack and Gierasch's result as the zeroth order solution we shall derive a perturbation 
scheme valid for small nonzero s. Our method is similar to McIntyre's (1970) treat-
ment of the effect of slight horizontal shear in Eady's flat-bottomed problem. How-
ever, as we shall see, inclusion of the effect of topography results in situations which 
cannot arise in McIntyre's model and which give rise to a new type of instability 
qualitatively different from Eady's classical baroclinic instabilities. 

The problem posed by eq. (2.1) with boundary conditions (2.7), (2.8) and (2.9) is 
an eigenvalue problem for the phase speed c. The simplified form for h(y) given by 
(3.4) suggests a perturbation expansion in powers of s 

<p = <po+ e<p1 + e2<p2 + .. . 

C = Co+ eC1 + e2C2 + .. . 

which yields a sequence of problems (/ = 0, 1, 2, ... ): 

Lcp1 = 0 

2. Hide (1969) considered a similar problem. 

(3.5) 

(3.6) 

(3.7) 
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, 1-L1(z) 
D<p1 = B1 + --- c1<po = B1 (z = 0,1) 

(z- c0) 2 

<p, = 0 (y = 0,1) 

where 

L = ;z2
2 + B (:;2 - k 2) 

D = !.__ _ 1 - L1 (z) 

OZ Z - Co 

L1(z) = 00 (1 -z). 

The left-hand sides of (3.8) are given by 

B0 = 0 

and for / > 1 by the recursion relations 

, 1- 1 ( 1 -L1 (z) ) ( 1-L1(z) ) 
(z-c0)B1= 2 cj B1_j +---<p1_j - U1 B1_ 1 + ---<p1_ 1 + 

j = I z - Co z - Co 

+ [U 1,-(1-z)h1y] <p1_ 1• l 

[33, l 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

B1, B; are functions of y and z; however they are required only at z = 0,1. 
The zeroth-order problem (I = 0) is precisely that considered by Blumsack and 

Gierasch (1972). A set of modes with phase-speed eigenvalues c0m and corresponding 
wavefunctions %m(y,z) distinguished from one another by the number m = 1, 2, 3, ... 
of half-wavelengths filling the channel is possible: 

where 

<fom(y,z) = sin mny Xm(z) 

Com = Co(µm) = ½ ( l - Oo co:~m) ± 

[( coth µ )2 ] 112 
± ½ l - 00 µm m - 4(1 -o0)µm- 2(µmcothµm- l) 

Xm(z) = µmcOm cosh µmz - (1 - Oo) sinh µmz 

(3.15) 

l (3.16) 

(3.17) 

(3.18) 

is the total angular wave number for the m-th mode measured in inverse units of the 
baroclinic Rossby radius of deformation NH/f Instabilities are possible when the 
argument of the square root in (3.16), which depends only upon o0 andµ = µm, is 
negative, provided that the root for which Im c > 0 is chosen. Figure 2(a) (similar to 
Blumsack and Gierasch's (1972) Figure 2) distinguishes the stable and unstable re-
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Figure 2. (a) Total wave number µ vs. uniform 
slope 60 stability diagram; contours of imag-

0 '----'---'----'--'-----'-__...J'--....L..--l 

inary part of phase speed c; = 0, 0.05, 0.1, 0.32.---.--..-........--..------
0.2, 1/2 V3 ( = 0.29), 0.4, for B = 0.25 are b. MEI 

shown. (b) c,, c; vs. µ fo r B = 0.25, 60 = 
-1.0 (eq. (3.16)). kci 0.16 

gions in the (µ,<\)-plane. For c\ > 1, that 
is, for bottom slopes in the same sense as 
and larger than the isopycnal slope, no 
instabilities are possible. For O < o0 :;; 1 
(bottom sloping in the same sense as but 
more gently than the isopycnals) and 
00 < 0 (bottom slope opposite to isopycnal 
slope) there exists a range of total wave 
number wi th both short- and long-wave 
cutoffs in which baroclinic disturbances 

2.0 4.0 

k 
6.0 8.0 

Figure 3. (a) Phase speed c,, and (b) growth 
rate kc; vs. wave number k for B = 0.25, 
60 = - 1.0, c = 0; modes m = 1, 2, 3, 4, 5 are 
shown (from eq. (3.16)). Accidental degene-
racies (crossovers) are labe!Jed A,,. Region B 
is "almost" degenerate. The instabilities are 
labelled MEI , ME2. 

are unstable. For large negative o0 the unstable range is exponentially narrow and cen-
tered on µ + o0 = 2. For o0 = 0 (Eady's model) the longwave cutoff is absent. Notice 
the cusp in the curve separating the stable and unstable regions at µ = o0 = 0. We 
shall refer to these modes as "Eady instabilities" (even when o0 * O); later when the 
modifications to these instabilities for nonzero e are taken into account, we shall 
refer to "modified Eady instabilities of the m-th mode" (abbreviated MEm). In 
Figure 2(b) both branches of the phase speed relationship (3.16) have been plotted 
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against total wave number for c\ = - 1. The dispersion relation is resolved into two 
"lobes" separated by the region 2.62 < µ < 3.23 where the phase speed is complex. 
Contrast this with the situation for 00 = 0, where the complex region extends from 
µ = 0 to µ = 2.40, and the left-hand lobe is absent. The long-wavelength cutoff pro-
duces this left-hand lobe, whose importance can be seen as follows. In Figure 3(a) 
we have transformed fromµ as abscissa to k, the downstream wave number (formula 
(3.18)), and displayed the real part of the phase speed for the modes m = I to m = 5, 
for 00 = -1, B = 0.25. Figure 3(b) shows the growth rates for the unstable ranges in 
Figure 3(a). Notice that the left-hand lobe of them = I mode cuts the upper branches 
of all the other modes and the lower branch of the m = 2 mode. These intersections 
represent accidental degeneracies, that is, conditions under which an eigenvalue c 
has two linearly independent corresponding eigenfunctions <p0(1 l, %<2>. The de-
generacy at A1 in Figure 3(a), for example, is between eigenmodes which have 
sin(:ny) cross-stream structure (one half-wavelength across the channel) and sin(2ny) 
structure (two half-wavelengths). If the equations and boundary conditions (2.1), 
(2.7), (2.8), (2.9) had even a small degree of cross-stream structure through either 
U(y,z) or dh(y)/dy having, say, a structural component cos(ny), then we might ex-
pect the degeneracy to be removed or "split" . 

This may be illustrated by an analogy to a system of nonlinear resonant interac-
-+ 

tions. Consider a triad of waves {(k<n>, w<n>) , n = 1, 2,3} each of which satisfies the 
dispersion relationship 

-+ 
where en> = (k<n>, mnn) is a two-dimensional wave number and w n} is an angular 
frequency, and suppose that 

-+ -+ -+ eo - k c2> + k'3> = 0' 

w<I) - w<2) + w<J) = 0. 

Then such a triad is resonant; i.e., if a pair of the waves in the triad exists, they will 
spontaneously generate the third through a nonlinear process and continually inter-
change energy among themselves. In our case, at point A 1 in Figure 3(a), say. 

w<I) = w<2> = kc , 

where k = 2.89 and c = 0.585. The third member of the triad must be 

w<3> = 0, 

which we identify as not a "free" wave at all but a component of the cross-stream 
topography. We expect the "resonance" to manifest itself as an instability because 
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of the energy source in the basic flow . These intuitive physical arguments are verified 
in the next Sections. 

The condition for an accidental degeneracy may be summarized as follows. Two 
modes m,n are accidentally degenerate at a downstream wave number k if 

(3.19) 

Since the phase speed varies monotonically on either the upper or lower branch of 
either lobe of the dispersion relation (3.16), the equality in (3.19) can only be achieved 
between a point on a left-hand lobe and another point on a right-hand lobe. We dis-
tinguish two types of accidental degeneracy: 

Type A(u) Degeneracy between the upper branches of two modes m,n at a phase 
speed strictly greater than the real part of any phase speed in the range of unstable 
Eady waves, indicated by the vertical interval labelled E in Figure 2 (b) for c',0 = - 1. 

Type A(l) Degeneracy between the lower branches of two modes m,n at a phase 
speed strictly less than the real part of any phase speed in E. 

Type B Degeneracy between a mode m on a lower branch and a mode n on an 
upper branch at a phase speed within E. 

4. Higher-order corrections: phase speeds 

Let us now seek higher-order corrections to the zeroth-order solutions { <po,c0 } 

found in Section 3. We shall first show how to determine the /-th phase speed cor-
rection c1 assuming that c0 , c1 , .•• c1_ 1 and <po, <p1 , ••• <p1_ 1 have already been ob-
tained. At an ordinary downstream wavenumber k of the dispersion curve for the 
m-th mode, say, we may focus on the zeroth-order solution 

(4.1) 

However if a degeneracy exists at wave number k between modes m and n, say, so 

that 
Co= Com = Con, (4.2a) 

then % may be any linear combination of the independent wavefunctions %m,%,., 

i.e., 
(4.2b) 

where y is a constant which is indeterminate at zeroth order. 
The phase speed corrections c1 may be determined at each order by the following 

considerations. Suppose 1/-'(y,z) is a function satisfying the boundary conditions (3.8), 
(3.9). Then for 1P to be a solution of (3.7) it is necessary and sufficient (Courant and 
Hilbert 1953, § 5.14) that the quantity L1j! be orthogonal to any nontrivial solution 
of the homogeneous problem corresponding to (3.7)-(3.9), i.e., 
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fi fi<p 0Ltpdydz = 0. 

[33, 1 

(4.3) 

In the non degenerate case ( 4.1 ), <fJo = <fJom is uniquely defined, and c1m, the /-th cor-
rection for the m-th mode phase speed, is determined at each order by integrating 
the term <fJomLVJ by parts and using the boundary conditions (3.8), (3.9) for %m and 
tp to obtain 

(4.4) 

(independent of tp) where 

Am = f~dy [Ll(z){%m(y,z)}2]z= J 

Z-Com z=O 

4 [1 - <50(1 - c0m)] [c0m - ½ (1 - <50µ-;,,1 coth µm)] 

= µm [µ!,(I - Com)2- I] 

(4.5) 

Since B;m is specified in terms of the c0 , • • • , c1_ 1 and <p0 , • • • , <p1_ 1 appropriate for 
them-th mode, eq. (4.4) determines c1m. For example, for l = I, the right hand side 
of (4.4) 

(4.6) 

may be evaluated after determining 

(4.7) 

from the recursion relation (3.14). Thus 

(4.8) 

In the degenerate case (4.2), on the other hand, since there are two nontrivial 
linearly independent solutions of the homogeneous problem, namely %m and <fJon, 
we obtain two orthogonality conditions like (4.3) for l = 1: 

ff <fJomLtpdydz = 0 = ff <fJonLtpdydz (4.3)' 

where B 1 must be specified in terms of the <fJo given by ( 4.2 b) which involves the 
arbitrary constant y . These two conditions may be rewritten, after integration by 
parts and use of (3.8), (3.9), as 

where 

Ame,= am+ ya~n 

YAnCI = a~n + yan 

f l rl -z ]z=l 
a~n = dy - - h1/Pom<fJon 

0 Z - Com z= O 

Eqs. (4.9) determine both c1 and y. Eliminating y we obtain 

(4.9a) 

(4.9b) 

(4.10) 



1975] de Szoeke: Some effects of bottom topography 103 

whose solution is 

(4.11) 

Corresponding solutions for y = Y± are easily found from (4.9). Hence at accidental 
degeneracies such as those labelled A1 in Figure 3 (a) the slightest inhomogeneity in 
the basic potential vorticity distribution along the boundaries, reflected as a weak 
O(e) nonseparability in our equations, will remove or " split" the degeneracy between 
the two crossing modes by slightly shifting the eigenvalues from the degenerate value, 
i.e., 

c0 + ect, 

and, by determining two corresponding values of y, " locking" the eigenfunctions 
into two specifi c linear combinations of the formerly degenerate wavefunctions. This 
procedure determines the first correction c1 at a degeneracy, and uniquely specifies 
the zeroth-order wavefunction <p0 • Higher-order phase-speed corrections c1 may now 
be obtained in the same way as at ordinary wavenumbers assuming a foreknowledge 
of c0 , c1 , ... c1_ i, <p0 , <p1 , . . . <p1_ 1 • The higher-order wave function corrections <p1 

can be obtained by the method described in the Appendix. 
If a~n = 0, then Cf = anP.•m, anP•n, which are to be compared with (4.8). Cor-

respondingly, y± = 0, oo from (4.9). Evidently, unless a~n 'l= 0, the modes do not 
interact at the degeneracy. 

Now (4.11) holds precisely at an accidental degeneracy and (4.8) at points on a 
dispersion curve well removed from degeneracies. Missing is a formulation valid 
close to, but not precisely at, an accidental degeneracy, i.e., at a wavenumber k for 
which Com c0n. However a fairly straightforward adaptation of the above argu-
ments yields, for the correction c' to the zeroth-order approximation Com ( c = c0m + c') 
at such a near-degeneracy: 

c' = ½ l 8 (;: + ;:) + (con- Com)] ± 

± ½ {[ e (;: - ; : ) + (con- Com)r + 4e2 ;:;J½ 
(4.12) 

(Note: a specific expansion in powers of e such as (3.6) is not formally possible in 
this case unless a specific ordering assumption about I Con - Com I is made. For ex-
ample, if I c0n - c0m I were of larger order than e then the correction c' would be larger 
than O(e) and an expansion such as (3.6) would be invalid.) 

If O(e);: I c0n- Com I '.':; 0(1), then these two roots for c' are approximately 

an 
c' ,;, ( Con - Com) + e T 

n 

and 
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Thus, moderately removed from the crossover point, i.e., where the phase-speed dif-
ference of the two crossing modes exceeds O(s), the approximate dispersion relation 
(4.12) simply reproduces, to O(s), the noninteracting modes as given by (4.8). 

On the other hand, iflc0n-Coml-.:;: O(s), (c0n-com) maybe neglected in (4.12), which 
simply reduces to (4.11), hitherto valid precisely at the crossover point. Hence (4.12) 
is an appropriate dispersion relation uniformly valid throughout the region of de-
generacy and smoothly joining the regions of validity of (4.8) and (4.11). 

Of great interest are the conditions under which the argument of the square root 
in ( 4.11) will be negative so that instabilities will develop in the neighborhood of the 
zeroth-order degeneracies. Clearly the quantities Am, An, <1 m, <1 n, <1~n as defined by 
(4.5) -(4.7), (4.10) are real. Hence, for the argument of the square root occurring in 
(4.11) or (4.12) to be negative, it is necessary that 

(4.13) 
From (4.5), this may be written 

From (3.16), ½(l - 00µ;1 coth µP), p = m,n, is the average value at wave-number k of 
c0P = c0 and the corresponding phase speed on the alternate branch of the p-th mode. 
Hence, for type-A accidental degeneracies (for either upper or lower branches), the 
two factors in the numerator of (4.14) must have the same sign so that their product 
is positive. To satisfy inequality (4.14), therefore, the two factors in the denominator 
must be of opposite sign. Supposing for definiteness that m < n, we must have 

1 1 
1 - - < Co < 1 - - . (4.15a) 

µm µn 

For type-B accidental degeneracies, on the other hand, the product of the two 
factors in the numerator must be negative. Hence, the two factors in the denominator 
must be of the same sign so that either 

I 
C0 < 1- -

µm 

I 
or c0 > 1--. 

µn 
(4.15b) 

It can be shown from (3.16) that phase speeds on both branches of the right-hand 
lobe of a dispersion relation c0 (µ) fall in the range 

0 < Co< 1. 

Hence accidental degeneracies can only occur for phase speeds in this range. Further, 
both branches of the right-hand lobe are bounded above by (1 -1/µ), while both 
branches of the left-hand lobe are bounded below by (1-1/µ) when c0 > 0 (cf. Figure 
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2(b)). Now it is easily seen graphically that, for any accidental degeneracy between 
a right-hand lobe atµ = µm and a left-hand lobe atµ = µn , 

Hence the condition ( 4.13) is always fulfilled for a type-A degeneracy, but never for 
a type-B degeneracy. We shall refer to the instability at such a degeneracy, when it 
occurs, as a hybrid instability between either the upper or lower branches of the m-th 
and n-th modes (abbreviated by HmnU or HmnL). 

Examples 

(i) Suppose that the topography perturbation is given by 

dh1 (y) 
-- = oi: 1 cos ny, 

dy 
(4.16) 

and that we are considering a type-A degeneracy between the first and second modes, 
i.e., 

m = 1, n = 2 

(e.g., points Ai, A 2 in Figure 3). From formula (4.6) we see that 

From (4.10), 

From (4.11), using (4.5) for J.1 ,J.2 , we obtain for the first phase-speed correction 

To obtain the growing wave we choose the branch for which Im c1 > 0. 

(ii) The example just cited may be generalized to incorporate more general topo-

graphy of the form 
dh1 (y) "' 
-- = L °'s cos sny. 

dy s= I 

Then at an accidental degeneracy between the m-th and n-th modes (4.10) gives 

(4.18) 

a a do not necessarily vanish as in the previous example, for, from (4.6), 
m> n 
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(4.19) 

and a similar expression follows for an. Hence we see that for ix2m or ix2n sufficiently 
large, am, an may be made so large that the roots (4.11) for the phase-speed correc-
tion c1 may be real. However, from (4.12) we see that this merely means that the 
wave number kmax of maximum growth-rate is shifted to that point on the un-
perturbed dispersion diagram (Figure 3) for which 

(4.20) 

Thus at a degeneracy between two modes, components of the cross-stream topo-
graphic structure having wave numbers equal to the sum or difference of the cross-
stream wave numbers of the degenerate modes tend to destabilize the degeneracy, 
even though the actual region of instability may be shifted to right or left in accord 
with (4.20). 

(iii) We may further generalize these examples to incorporate the effect of higher-
order structure in the basic flow of the form 

00 

U(y,z) = z + e 2 (As cosh B1 l 2snz + Bs sinh B1l 2snz) cos sny (4.21) 
s= I 

which still fulfills the restriction (3.1), i.e., 

Similar remarks apply to the effects of this structure on the splitting of degeneracies 
as were made for the effect of topography. 

5. A numerical eigensolution technique 

McIntyre (1970), in a problem similar to that considered here, has demonstrated 
a convergence theorem for the e-expansions proving the existence of a finite radius 
of convergence for I e I :5 e0 • Thus by taking sufficient terms in the power series in e 
(eqs. (3.5), (3.6)) we may obtain a good approximation to the solution of (2.1), (2.7) -
(2.9) even for moderate-sized e. However, an alternative computational technique is 
available which does not exploit the smallness of e. Suppose that the vertical shear 
is uniform U(y,z) = z, and that the bottom topography is expressed as 

dh oo 

B - = c\+ 2 Bixn cos nny. 
dy n = I 

(5.1) 

We shall seek a solution to (2.1), (2.7)-(2.9) in the form 

00 

<p = 2 Em(z ) sin mny (5.2a) 
m = I 
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Em(z) = (µm sinh µm)- 1 [Z2m-l cosh µ,,,z + Z2m cosh µm(z - 1)] 
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(5.2b) 

(cf. (3.15)-(3.18)). This form already satisfies the differential equation (2.1) and the 
sidewall conditions (2.7). Substitution into (2.8), (2.9) yields 

00 

L [(1 -µ;,1 cothµm- c)Z2,,,_1 - µ;;,1 cosechµmZ2,,,] sin mny = 0, 
m= I 

- 1 cZ2"' sin mny + [l - c\- 1 Brx.v cos vny] x 
m = 1 V = 1 

X 1 [µ;;,1 cosech µmZ2m-l + fl;;,1 coth µmZ2ml sin mny = 0 . 
m= I 

Multiplying these equations by 2 sin nny and integrating from y = 0 to y = l, we 
obtain 

(I - µ~ 1 coth µn- c)Z2n-l - µ~ 1 cosech µnZ2n = 0 , 
00 

L { - conmZ2m- [(l - oo)Onm- H Brx.'1n-ml- Brx.n+m)l x 
m=I 

for n = 1,2, . . . , where 

rx.~ = O; 

These relations can be expressed as 

(¥-cl)? = 0 

(5.3a) 

} (5.3b) 

(5.4) 

(5.5) 

where? is the infinite column vector formed from the coefficients Zn, [ is the unit 
matrix, and ¥ is an infinite matrix whose elements are given by 

M2n- l. 2n- l = l - µ~ I coth µn 

M2n- l. 2n - µ~ 1 cosech µn 

M2n- i . m = 0, otherwise (5.6) 

M2n.2m-1 = [(l - oo)onm- ½(Brx.'1n-m1- Brx.n+ m)]µ;;,1 cosechµm 

M2n.2m = [(l -oo)0nm- ½(Brx.'1n- m1-Brx.n+ m)]µ;;,1 cothµm 

Eq. (5.5) poses an infinite-dimensional matrix eigenproblem whose solution yields 
a set { c;, ?!} of phase-speed eigenvalues c; and eigenvectors?'! = (Z;)m, m = 1,2, 
.. . , from which the eigenfunctions <p;(y,z) can be constructed using (5.2). If the 
coefficients in the Fourier series for the slope (5.1) all vanish, rx.n = 0, n 2: 1, then the 
eigenproblem can be solved analytically and yields the eigenvalues and eigenfunctions 
obtained in equations (3.15)- (3.18) with Em = E~>(z) = OmnXn(z) for n = 1,2, . . . 
in equation (5.2). If the rx.n can be considered small , i.e., typified by a number e 1, 
then the spectral equation (5.5) can be expanded in powers of e and the eigensolutions 
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0 .___.__..___,___..____._ _ _,____.____, 

0.16 
MEI 

b 
kc· 

I 0.08 

2.0 6.0 8.0 

Figure 4. (a) c, , (b) kc; vs. k for B = 0.25, c50 = 
- 1.0, s = 0.5; truncation N = 10. Only first 
topographic Fourier coefficient ( ~ sin ny) is 
nonzero. Instabilities are labelled MEl, H12U, 
H12L, H13U. Cf. Fig. 3. 

for c and cp sought in a power series in 
s as in (3.5), (3.6) so that the results of 
Sections 3-4 are reproduced, even in 
the case of accidental degeneracy (de 
Szoeke 1973). However, the procedure 
is more laborious than that of Sections 
3-4, and not so physically revealing at 
each stage. We have found the eigen-
values of 1ef numerically for the case 
where only the first Fourier coefficient 
of topography cx1 is nonvanishing: 

dh 
B- = b0 -2s cos ny; 

dy l (5. I)' 

We have had to truncate M at some 
finite (even) order N. Eigenanalysis of 
this truncated matrix gives approxima-
tions to the phase-speed eigenvalues for 
both branches of the first N/2 modes 
and the first N coefficients Zn corre-
sponding to each eigenvalue in the ex-
pansion (5.2). The quality of the ap-
proximation can be tested by com-
paring with the results obtained when 
N is replaced by N + 2. For example, 
when the results for N = 8 and N = 10 
are compared the phase speeds for 
both branches of the first three modes 
agree to at least three significant de-
cimal figures and usually much better. 
The fourth mode (the highest mode 
obtained for N = 8) phase speeds, not 
surprisingly, differ considerably, often 

more than 10 percent. Numerical experiments for large truncations (N = 40, say) 
reveal that the coefficients Z2n - I, Z2n decrease approximately exponentially with n, 
usually by a factor of more than 10 with each successive n. Truncating the series 
(5.2) for the eigenfunctions corresponding to the gravest modes (the first, second, 
third) after N/2 terms (where N = 8, say) involves neglecting coefficients (Z9 ,Z10) 

which are 0(10-3) at most compared to the largest coefficients. We therefore conser-
vatively estimate the error in summing such truncated series to be less than 1 per-
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Table I. Modified Eady instabilities of the first and second modes for first Fourier component of 
topography nonzero e = -½Bo:, . Shown are wave numbers of maximum growth-rate km, max-
imum growth-rate kmci, and range of instability (k,, k,). B = 0.25, 60 = -1.0. 

' 
MEI ME2 

6 km kmCj (k,, k.) km kmC/ (k,, k,) 
0 4.97 0.245 (4.19, 5.64) 1.07 0.035 (0, 1.52) 
0.1 ....... 4.99 0.239 ( 4.26, 5.66) 1.00 0.025 (0, 1.44) 
0.2 . . .. . .. 5.09 0.225 (4.42, 5.74) 0.90 0.019 (0, 1.24) 
0.3 . . ..... 5.26 0.204 (4.66, 5.86) 0.70 O.Oll (0, 0.92) 
0.4 ... . . . . 5.45 0.186 (4.94, 6.00) 0.35 0.002 (0, 0.50) 
0.5 . . .. . . . 5.74 0.163 (5.25, 6.19) 

cent. Thus we see that for apparently quite drastic truncations (N = 8), very good 
approximations to the phase speeds and eigenfunctions for the gravest modes can 
be obtained. 

The method of eigensolution was the QR algorithm as described by Wilkinson 
(1965, chap. 8) and incorporated into a FORTRAN program called EIGENP by 
Grad and Brebner (1968). 

Figure 4 shows the phase-speed dispersion curves for the first 5 modes for a trunca-
tion of N = 10, with e = - ½ B<X1 = 0.5 (only one Fourier coefficient of topography), 
B = 0.25, <50 = - 1.0. In accord with the above remarks all but the m = 5 mode curves 
are taken to be reliable. This figure should be compared with Figure 3, for which 
e = 0, B = 0.25, <50 = - 1.0. Evidently the range of the modified Eady instability of 
the first mode (MEI) has been pushed to higher wave number and narrowed some-
what and the maximum growth-rates reduced. The ME2 instability has been pushed 
to lower wave number and completely eliminated. There have emerged, however, 
hybrid instabilities between both the upper and lower branches of the first and second 
modes (H12U and H12L). The wave number range of the former is rather narrow 
and the maximum growth-rates much below those for the MEL The latter however 
has emerged as a very powerful instability with a very broad range and maximum 
growth-rates comparable to, if a little less than, the MEL The last point to note is 
the emergence, for e = 0.5, of a small region of instability at the crossover between 
the upper branches of the first and third modes (H13U). This contrasts with the pre-
diction of the perturbation theory for e that no such instability will occur for mode 
numbers differing by more than 1. However, for larger e, the interpretation of the 
mode number as the number of half-wavelengths across the channel, correct in the 
limit e 0, becomes more tenuous because the modes are now a Fourier sum over 
all the submultiple wavelengths of the channel width. Thus interaction becomes pos-
sible between the modes and the topographic structure through the supplementary 
Fourier components in the modes. 

The development of the instabilities as e was increased from Oto 0.5 was studied 
and the results summarized in Tables I, II which show, for increasing e, the maximum 
growth-rate kmci and the wavenumber km at which that growth-rate occurs for the 
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Table II . Hybrid instabilities between the first and second modes for first Fourier component of 
topography nonzero e = - ½Ba1 • Shown are wave numbers of maximum growth-rate km, maxi-
mum growth-rate kmc;; numerically computed range of instability (kt , kp from Section 5; 

theoretical range of instability (k~ , k~) from Section 4. B = 0.25, Oo = - 1.0. 

Hl2L Hl2U 
£, k k C . (kt, k~) k k C . (kt, kp 

m ml m ml 

(k~, k~) (k~, k~) 

0 2.89 0 4.06 0 

0.1 . .. .. 2.87 0.039 (2.62, 3.14) 4.10 0.017 (4.06, 4.12) 
(2.60, 3.17) (4.01, 4.10) 

0.2 . . . . . 2.92 0.Q75 (2.32, 3.36} 4.22 0.030 (4.15, 4.32) 
(2.32, 3.45) (3.96, 4.14} 

0.3 . ... . 2.99 0.103 (2.06, 3.54) 4.41 0.042 ( 4.32, 4.54) 
(2.04, 3.70) (3.90, 4.17) 

0.4 .. . .. 3.01 0.121 (1.88, 3.70) 4.65 0.047 ( 4.56, 4.80) 
(1.76, 3.95) (3.85, 4.19) 

0.5 .. . . . 3.08 0.137 (1.79, 3.82) 4.95 0.Q48 (4.82, 5.11) 
(1.53, 4.16} (3.79, 4.19*) 

• The theoretical upper bound is so taken because otherwise it would overlap the zeroth-order MEI 
range (see Table I for e = 0). 

major types of unstable modes. According to lowest-order O(s) perturbation theory 
(Section 4) this wavenumber should not shift for hybrid instabilities for increasing e 
since a 1 = a 2 = O; however higher-order effects evidently shift it to higher values for 
both Hl2L and Hl2U. Also shown for all modes are the ranges of instability ob-
tained from inspection of computed diagrams such as Figure 4; these are to be com-
pared in the case of hybrid instabilities with the theoretical ranges calculated from 
the lowest-order correction equation (4.12). Agreement is quite good overall although 
declining with increasing c as expected: the agreement is worst for Hl2U at large e 
where the comparatively narrow theoretical range (whose width is approximately 
correct, however) is predicted at wave numbers far too low; this may be due to the 
proximity of the MEI instability. 

Numerical computations (not shown) for higher Fourier components in the topo-
graphy have been performed (e.g., c = - ½Bcc2 * O; all other components zero) and 
confirm the predictions of the first-order perturbation theory of Section 4. The cited 
example yields an instability at A 3 in Figure 3 (Hl3U) but not at A 1 or A 2 • For 
moderate s, even Hl3L emerges from k = 0 near point B in Fig. 3. 

6. The second-order mean fields 

We represent the total velocity, density and pressure fields (indicated by tildes) as 
sums of the mean fields (in the sense of a downstream average; indicated by over bars) 
and fluctuating fields (primed): 
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U = U + u' 

v = Rov+ v' 

~ - ' w= w + w 

e = e +e' 

p = p+p' 

111 

(6.1) 

where we have assumed the scaling of Section 2. To leading order in the small para-
meter, a, characterizing the amplitude of the fluctuations the primed variables in this 
partition of the fields may be identified with the u, v, w, e, <p perturbation fields (eq. 
(2.4)). To order unity u, p, e are to be identified with the basic flow U(y,z), f Udy, 
f Uzdy, respectively; to this order in a, v and w are vanishing. However these mean 
fields have O(a2) corrections due to rectification of the fluctuating fields through the 
nonlinear terms of the equations of motion; we shall show how to compute these cor-
rections from the distribution of fluctuation Reynolds stress - u' v' and lateral buoy-
ancy flux - v' e'. Substituting (6.1) into the relevant scaled quasigeostrophic equations 
and averaging with respect to the down-stream coordinate x, we obtain, after a small 
amount of manipulation, a set of equations similar to the familiar Reynolds' mean 
equations: 

u1 - v = - (u'v')y 

u = -py 
o = - fiz- e 

e1 -Bw = -(v'e')y 

1\+wz = 0. 

(6.2a) 

(6.2b) 

(6.2c) 

(6.2d) 

(6.2e) 

The scaling factors necessary to restore the dimensions of ii, v, ware respectively U0 , 

Ro U0 , Ro Uolf/L: the scaling-down of v by Ro is necessitated by the maintenance of 
balance in both the downstream-averaged continuity equation (6.2e) and the mo-
mentum equation (6.2a). The cross-stream momentum balance (6.2b) is geostrophic, 
and with the hydrostatic equation (6.2c), the pressure may be eliminated: 

(6.2f) 

The mean downstream momentum balance (6.2a) is basically ageostrophic however; 
moreover, this equation is similar in form to the heat balance equation (6.2d). The 
mean equations (6.2) are driven by the mean perturbation fluxes of momentum and 
buoyancy which are obtained to leading order from eq. (2.4) and the solutions <p dis-
cussed extensively above. The conditions of vanishing normal flow at the boundary 
complete the specification of (6.2). 

From (6.2e) we may define a streamfunction 

v = -'lj}z, w = '1/)y (6.2g) 
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for the second-order mean recirculation induced by the fluctuations. Eliminating all 
variables from (6.2) in favour of '1/J, we obtain 

[ f)2 B-1 f)2] - B-1-( I ') - (-,--,) - + - 1JJ - V (! yy U V yz. 
fJy2 fJz2 

(6.3) 

The boundary conditions are simply 

1P = 0 (y = 0,1; z = 0,1). (6.4) 

For linear basic stratification, uniform vertical shear, and uniformly sloping to-
pography, the problem posed by (2.1), (2.7)-(2.9) is separable (s = 0) and Blumsack 
and Gierasch's (1972) modification of Eady's solution, given by (3.15)-(3.18), ap-
plies: 

<l> = Re %meik(x-ct) = ekc;t sin mny A(z) cos [k~ + ph(z)], (6.5) 

where 

From (6.5) we may readily form 

- -- 2k d 
-v'e' = <l>x<l>z = ½ke c;1 sin2 mnyA2(z) dzph(z) 

= ½(1 - <J0)µ~,kc;e2kc;t sin2 mny l 

(6.6a) 

(6.6b) 

(6.6c) 

(6.7) 

which is independent of z. If c1 = 0, we may take ph(z) = 0 from (6.6b) so that a 
stable disturbance has no vertical phase structure and does not redistribute buoyancy 
in the mean ( - v' e' = 0). On the other hand, an unstable disturbance (c1 > 0 strictly) 
will possess a nontrivial vertical phase structure ph(z), so that the buoyancy flux 
(6.7) will be nonvanishing; indeed, it is well-known that the redistribution by the 
lateral buoyancy flux of the potential energy in a steady baroclinic geostrophic flow 
is the source which energizes the classical baroclinic instability (Eady 1949, Phillips 
1954). The only effect of the uniform topography in (6.7) is the factor (1- <J0); this 
type of topography has no fundamental effect on the character of the Eady insta• 
bility. 

On the other hand, 

-u'v' = <l>x<l>y a: - cos [k~ + ph] sin [k~ + ph], 

the downstream average of which vanishes; there is, in the mean, no cross-channel 
redistribution of momentum by the fluctuations because the phase structure of any 
unstable disturbance is independent of y. 
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The solution of (6.3), (6.4) with (6.7) as the forcing function is quite simply 
obtained: 

2kc; 2kc-, 2 ( s) ( - l)l' - 1 [cosh B1l 2vn(z - ½) ] . 
"Pm = - e 'µm I - uo L., 

0 
------- - 1 Slll vny. 

nB v = 1 v(v" - 4m2) cosh ½ B 112vn 
(6.8) 

V "F 2m 

The y-structure is dominated by the components that are nearest to v = 2m and 
hence have the largest coefficients in this summation; viz., sin (2m - l)ny and sin 
(2m + I)ny. Form = l these are sin ny, sin 3ny with coefficients 2/3, -2/15 respec-
tively. "Pi has been computed from (6.8) at k = 5.l near the wave number of maxi-
mum growth-rate of MEI for B = 0.25, 00 = - 1.0 and is depicted in Figure 5(a); 
it shows a large counterclockwise cell (sin ny) dominating the channel with weak 
clockwise cells (sin 3ny) along each wall. The rate of momentum transfer ii 1 to the 
mean flow may be calculated from (6.2a); it is shown for m = l and k = 5.1 in 
Figure 5(b): the mean shear i,z (and hence the isopycnal slope eY through (6.2f)) is 
reduced throughout most of the width of the channel and slightly enhanced along 
the sidewalls (Phillips 1954). 

Let us consider the modification of the Eady-Blumsack-Gierasch solution for a 
slight amount (e 1) of Fourier structure in the topography. The modified solution 
may be written 

<pm = <pOm + B<plm + • · · (6.9) 

where %m is given by (3.15)-(3.18) and 

<p1m = L sin ,my [Z~~-l cosh µnz + cosh µ/z - I)](µn sinh µn)-1 (6.10) 
n 

where the z~O are computable from the power series perturbation formalism devel-
oped in Sections 3-4. We may now write the modified form of (6.5) as 

<P = e"c;tA (y,z) cos [M + ph(y,z)], 

although the y-dependence of the phase structure is weak: 

a 
- ph(y,z) ~ 0(e). 
ay 

(6.11) 

(6.12) 

Nevertheless, this means that there is an 0(e) Reynolds stress induced by the topog-
raphically modified unstable fluctuations, since -u' v' is proportional to (a/ay)ph. 
In Figure 5 ( c) we have computed the leading order contribution to - (u' v')) e from 
the perturbation formalism of Sections 3-4. The leading contribution to the buoyancy 
flux is again given by (6.7); there is an 0(e) correction, which may be calculated from 
(6.9) and (6.10), which induces a weak z-structure into - v' e'. 
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Figure 5. Second-order mean fields (a) VJ, (b) 
ii1 for k = 5.1, B = 0.25, o0 = - 1.0, s = 0 
(MEl instability) forced by buoyancy flux 
(6.7). (c) 0(s) Reynolds stress gradient 
-(u'v')y/s as 0 for MEI. Same para-
meters. 

Figure 6. (a) - (u'v')y; (b) - (v'e')y; (c) VJ; (d) 
ii 1 for k = 5.8, B = 0.25, o0 = - 1.0, e = 0.5, 
MEI. Cf. Fig. 5. 

The structure of the second-order mean field& for these modified Eady instabilities 
is therefore, for small s, substantially the same as for the simple Eady instability 
(eq. (6.8), etc.). Even for moderates, the qualitative features of the pictures for s = 0 
are not significantly altered. For example, Figures 6(a, b) show the second-order 
forcing fields - (u' v')y, - (v' e')y for s = 0.5 at k = 5.8 (the approximate wave number 
of maximum growth-rate at that value of s) for MEI (B = 0.25, o0 = - 1.0) com-
puted by the numerical methods of Section 5. The former is very similar to Figure 
5(c) (after multiplication by s = 0.5) and the latter is only slightly dependent on z 
resembling the form given by (6.7). The corresponding second-order forced fields, 
'f/J, u, (Figures 6(c,d)) are indeed very similar to Figures 5(a, b); VJ is skewed to the 
right at the bottom and the clockwise gyre on the left wall is enhanced compared 
with the right-wall gyre; this skewing and intensification in the left bottom corner 
is also evident in the picture for u,. 

For hybrid instabilities the wavefunction and phase speed are given, in terms of 
the perturbation expansions of Sections 3-4, by 

cp = <'Pom + Y<'Pon + 0(s) 

where %m, %n are given by (3.15)-(3.18) and, approximately, 

(6.13a) 

(6.13b) 

(6.13c) 
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y and c 1 are determined by the proce-
dure given in Section 4 and are in 
general complex. Again, we may write 
<pin the same form as (6.11) but now 

a 
ay ph(y,z) ~ 0(1) (6.12)' 

in contrast to the situation for the 
modified Eady instabilities. Hence the 
Reynolds stress as well as the buoyancy 

y 

Figure 7. (a) - (u' v')y; (b) -(v'e')y fork = 2.89, 
B = 0.25, c50 = - 1.0, Hl2L, as e 0. 

flux are of order unity. In Figures 7(a, b) we have plotted from the e-expansions the 
leading order contributions to - (u' v')y and - (v' e')y at Hl2L for k = 2.89 (wave-
length of maximum growth-rate), B = 0.25, 150 = - 1.0. 

Since 
a 
at (mean quantity) £,2 2kc;~ 0(e) 

for hybrid instabilities, eqs. (6.2) may be simplified by neglecting time derivatives at 
lowest order in e. Thus (6.2a), (6.2a) simply reduce to 

- -(, ') 
V = UV Y' (6.14a, b) 

so that these quantities are obtainable by inspection of Figures 7 (a, b). Equivalently, 
we might have wri tten 

1P = B- 'v' e' (6.14c) 

(From the properties of the fluctuations, it can be shown that eqs. (6.14) satisfy the 
necessary boundary conditions.) 

Now the downstream-averaged flu ctuation energy balance may, in the scaling 
we have been using, be written 

!_ (J.u'2 + 1. v'2 + }; Ro2 H
2 

w' 2+ ½ B - 1(!' 2) + [Ro- 1(v'p') + (w' p') ] = l at 2 z - L 2 Y z 

= - B- 1 v' e'"f!y - u' v'uy 

(6.15) 

(Pedlosky 1964). The fir st term on the left is the rate of change of the fluctuation 
kinetic plus potential energies. The second term is the internal rate of working 
of pressure forces due to boundary effects. The fir st term on the right is 
the classical baroclinic energy source: the rate of production of energy by the 
slight vertical redistribution by the lateral buoyancy flux of the potential energy 
available in the density field associated with a geostrophic current. The second 
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Figure 8. (a) - (u' v')y; (b) - (v' e')y; (c) '1/J; (d) 
ii 1 for k = 3.0, B = 0.25, <50 = - 1.0, H12L, 
t: = 0.5. Cf. Fig. 7. 

term on the right is the rate of working 
of the Reynolds stress upon the hori-
zontal shear of the mean flow. If the 
basic flow has moderate horizontal shear 
this may be the primary source term for 
the so-called barotropic instability (Kuo 
1949). For modified Eady instabilities 
- u' v' ~ 0(e), so that this term does not 
enter the lowest order fluctuation energy 
balance; indeed, in McIntyre's (1970) 
model, where 0(e) horizontal shear is as-
sumed, this term is 0(e2) and it may be 
positive or negative, i.e., 'down-gradient 
or counter-gradient momentum flux may 
pertain. In strong contrast, for hybrid 

8 -
instabilities - ~ 0(e), while - u' v' ~ at 

0(1), so that the primary energy balance must be between the two right-hand terms 
and the pressure-working terms. Hence the drag forces due to topography catalyze 
the hybrid unstable fluctuations so that they transfer energy between the baroclinic 
and barotropic terms on the right of (6.15) thereby modifying the second-order 
mean flow u; the maintenance of the fluctuation energy is a much smaller O(e) 
demand on the available energy than this redistribution. 

The forcing fields - (u' v')y, - (v' e')y for e = 0.5 at k = 3.0 (approximate wave 
number of maximum growth-rate for H12L) for B = 0.25, o0 = - 1.0 have been com-
puted numerically by the method of Section 5 and plotted in Figures 8(a, b). Com-
paring with Figures 7 (a, b) the qualitative similarity is still evident although the sym-
metry of Figures 7 (a, b) bas been considerably disturbed. The cell of positive 
- (u' v')y in the left bottom corner has intensified strongly and become connected with 
the slightly weakened right top positive cell. Apart from considerable skewing of the 
picture for - (v' e')y a small quite strong positive region has emerged in the left bot-
tom corner. The streamfunction 1P and rate of change of mean flow i,1 have been com-
puted from the full set of eqs. (6.2) for this case and plotted in Figures 8(c,d) which 
show a somewhat skewed antisymmetric mean recirculation and a very complicated 
pattern for u1 especially along the bottom and towards the left corner: this effect is 
evidently due to the drag forces exerted along the bottom boundary by the topog-
raphy. 

Figures 9(a, b), IO(a, b,c,d) for H12U at the wave numbers and curvature para-
meters e indicated in the captions correspond to Figures 7 (a, b ), 8 (a, b, c,d) respect-
ively for H12L. Similar remarks about the qualitative similarities between the pic-
tures for e = 0 and e = 0.5 can be made. Absent from the pictures for Hl2U, in 
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contrast to Hl2L, is the concentration 
of structure along the bottom; rather, 
the complexities along top and bottom 
are about the same for H12U. 

Apparently the faster-moving H12U 
for which c, = 0.73 (compared to c, = 

0.58 for H12L) bas the character of a 
hybrid thermal-topographic baroclinic 
Rossby wave primarily evanescent from 
the top boundary potential vorticity 
sheet, but able still to utilize the re-

Figure 9. (a) - (u' v' )y; (b) - (v' e')y fork = 4.06, 
B = 0.25, c50 = - 1.0, HJ2U, as 0. 

distribution of available potential energy being performed by the bottom topogra-
phic drag forces. Hl2L on the other hand, being a hybrid baroclinic Rossby wave 
evanescent from the bottom boundary sheet, is more intimately connected with 
and modified by the activities of the drag forces which explains why H12L is able 
to attain growth-rates much larger than those for H12U for large s ( = 0.5), and 
comparable to the growth-rates for MEI (Figure 4). 

7. Application to the Florida Straits 

A crude comparison of our model with the flow situation observed in the Florida 
Straits near Miami (Niiler and Rfobardson 1973) is possible. Typical values for the 
dimensional quantities which apply there are 

H = 5 x 104 cm (500 m), 

L = 107 cm (100 km), 

f = 0·1 x 10-4 sec- 1, 

Llev = 3 X 10-a, Lleh = 1 X 10-a. 
eo eo 

The last two quantities are the proportional density variations over the vertical 
scale height H and the horizontal scale length L, respectively. Consistent with the 
geostrophic thermal wind balance 

we shall assume a velocity scale of 

U0 = 70 cm/sec. 

The time-scale used in the nondimensionalization of Section 2 is 

L/ U0 = 1 • 4 x 105 sec = l · 6 day. 
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Figure 10. (a) -(u'v' )y; (b) - (v'e' )y; (c) tp; (d) ii 1 fork = 5.0, B = 0.25, c50 = - 1.0, Hl2U, s = 0.5. 
Cf. Fig. 9. 

The Brunt-Vaisala frequency is 

( L1 I e )112 
N = g 0 = (0· 6 x IQ- 4 sec-2) 112 = 0· 8 x IO- 2 sec- 1 

which is fairly high because of the comparatively small scale depth H. The Burger 
and Rossby numbers (eqs. (2.3), (2.6)) are therefore 

N2H2 
B =-- = 0 · 3 

f2L2 ' 

Uo 
Ro = - = 0· 1. JL 

This value of B implies that the baroclinic Rossby radius of deformation AR = NH/f 
is B112L = 0.55L, i.e., approximately half the channel width. In the examples computed 
in previous Sections we invariably used B = 0.25 (AR = 0.5L) as did Demme and 
Dolph (1970) in a related problem. However B is proportional to the square of 
several rather arbitrarily chosen parameters. Further, it may be more appropriate 
to use a lower N appropriate to the less stratified bottom layers (because of the im-
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portance of the bottom boundary condition in the flow dynamics, especially in the 
presence of bottom topography) rather than an overall N as above. Although Ro is 
only moderately small no finite-Ro ageostrophic effects (cf. Derome and Dolph 1970) 
have been considered. 

Supposing the regions of steep slope on either side of the Florida Straits to be 
idealized by the vertical walls in our model, topography variations of 150-200 m 
over the width of the channel would be consistent with the restriction in Section 2 
that bottom slopes be of order RoH/L. The uniform slope parameter o0 defined by 
(2.10) is positive (negative) for a boundary current in the Northern hemisphere 
flowing with a continental shelf on its left (right) if we suppose that our calcula-
tions for a current confined in a channel can be qualitatively applied to jets 
bounded by an open ocean on one side. Thus 00 should be considered positive for 
the Gulf Stream north of the Bahamas or for the Kuroshio along the Japanese coast; 
it is negative for the East Greenland Current. In the Florida Straits o0 may be taken 
negative if we bias our point of view to the Bahamas side of the channel. Hybrid 
instabilities are possible for any o0 in the range - oo < 00 < 1. However, because the 
wave number range of the left-hand lobe is much wider for moderately negative 00 

than for moderately positive 00 (Figure 2(a)), the possibility of an accidental de-
generacy which leads to hybrid instability is easier to attain for o0 < 0. Hence hybrid 
instabilities must be considered more likely in a right-bounded current than in a left-
bounded current in the Northern hemisphere unless B is very small (i.e., the strati-
fication is very weak) for the left-bounded current as may happen in winter. ("Left" 
and "ri ght" should be interchanged in this discussion for a Southern hemisphere 
current.) For this reason rather than for any firm conviction that the poorly-defined 
mean uniform slope 00 in the Florida Straits is negative we shall pursue the compari-
son with the 00 = -1 calculations. The parameter e as defined by (5.1)' and used in 
the numerical computations of Section 5 is positive for concave bottom curvature 
and negative for convex curvature. 

Table III shows the dimensional wavelength ..1.m, period •m, and e-folding time -r, 
for the fastest growing wave of the major types of instability, as computed from 
Tables I and II (B = 0.25, 00 = - 1.0) for the space and time units mentioned above 
(100 km, 1.6 day). MEI and Hl2U have comparable spatial (..1.m ~ 120 to 150 km) 
and temporal (-rm ~ 3 days) scales although growth-rates (-r, 8 days, 30 to 90 days, 
respectively) are slower for Hl2U by factors of 4-10; ME2 has the longest scales 
().m 600 to 1000 km, •m 20 days, -r, 50 to 800 days) while Hl2L is intermediate 
(..1.m 200 km, •m 6 days, -r, 12 to 40 days). Energetic short-period fluctuations 
(up to 15 days) have often been noted in the Florida Straits in field experiments con-
ducted by the University of Miami, (Di.iing 1973; Kielmann and Di.iing 1973; Mooers 
and Brooks 1973) and the dynamical mechanisms of this paper, in particular the 
novel hybrid baroclinic instability catalyzed by topography, are suggested for their 
explanation. The comparatively fast e-folding times for MEI and Hl2L (-r,/-rm 2) 
somewhat vitiate the linearized analysis of this paper; however nonlinear instability 



120 Journal of Marine Research [33, 1 

Table ill . Wavelength Am, period 'm, and e-folding time •e for fastest growing wave for various 
types of instability at various curvatures e. B = 0.25, Oo = - 1.0, L = 100 km, L/ Uo = 1.6 day. 

Instability type e Am (km) 'm (days) •e (days) 

MEI . . . ........... 0 130 3.0 6.6 

0.1 125 2.9 6.7 

0.2 120 2.9 7.0 

0.3 120 2.8 8.0 

0.4 115 2.7 8.6 

0.5 110 2.6 9.8 

ME2 ... .. .. . . .... . 0 590 14.4 46 

0.1 630 15.4 64 
0.2 700 17.0 85 
0.3 900 21.8 146 

0.4 1800 43.5 800 

Hl2L . . . . . . . ... .. .. 0.1 220 6.1 42 
0.2 215 5.9 21 

0.3 210 5.8 15.5 

0.4 210 5.8 13.3 
0.5 210 5.7 11.7 

H12U ... . ..... . .. . 0.1 150 3.2 94 
0.2 150 3.2 53 
0.3 140 3.0 38 
0.4 135 2.9 34 
0.5 130 2.9 34 

theories exist (Drazin 1970, Pedlosky 1970, 1971) for baroclinic instability which 
could readily be adapted to include the effects of topography in the fashion we have 
shown; in particular nonlinear equilibrium oscillations with periods differing from 
those found by linear theory might be anticipated. 

Appendix : The wavefonction corrections 

We shall determine the /-th correction <p; to the wavefunction at a degeneracy between the m-th 
and n-th modes, given a foreknowledge of c0 , c1 , ••• c1 and <p0 , <p1 , ••• </!/-I· This will complete the 
development of the power series solution (3.5), (3.6). 

We shall use the method of generalized Green's functions (Courant and Hilbert 1953; pp. 351ff.) 
as did McIntyre (1970) in a similar problem. Replace the inhomogeneous forcing terms in the bound-
ary condition (3.8) (with co = com = coJ by a unit impulse at the interior pointy = 'T/ , z = C and call 
the solution (y,z; 'T/, C): 

where 

L~ = - o(y-rJ)O(z - C) + Am</!Om(y,z)<pom(rJ,C) 

+ An</!On(y, z) </!on('T/, C) 

D = 0 (z = 0,1) 

~ = 0 ~(y=0,1) 

} (Al) 

(A2) 

(A3) 
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A,,,= [SJ { '/lomU',z)}'dydzJ-1 = 

(A4) 

and a similar expression for An. The inclusion of the inhomogeneous terms involving A,,,, An in 
(Al) is necessary to preserve the orthogonality of both sides of (Al) to ffJom and ffJOn · 

If this function can be determined, the solution of (3.7) -(3.9) may be written 

116', z) = f ~dry [ (y, z; 'IJ, C)B1('1J, C)] t: 
We shall seek a solution to (Al) - (A3) in the form 

00 

= ~(J,,z;'l),C) = 2 2 sinv:nysinv:n'l)GV(z;C). 
V=I 

(AS) 

(A6) 

The modifications to McIntyre's formulae are straightforward and we need only state the results: 

CV(z;C) = 

where 

[µ,,c0,,,coshµ,,z1 -(1 - oo) sinhµvz1Hµv(l -co,,,) coshµv(l - z2) -sinh µv(l -z2)l l 
µv[µ;c0m(l - c0m) + (1 - o0)] sinh µv- µ; [1 - oo(l - c0m)l cosh µv 

(v * m,n) 

z1 = min (z, C), z2 = max (z, C) 

I' m(z; C) = _ Xm(z1) cosh µ,,,z2 

ftm(l - Oo) 

Xm (z) = µmcomz sinh µ,,,z - { (1 - o0)z - com} cosh µmz 

(A7a) 

(A7b) 

(AS) 

(A9) 

(AlO) 

with a similar set of formulae for en (z; C). (McIntyre's expressions are recovered by setting 00 = 0.) 
G"' is still arbitrary to within a constant multiple of Xm(z)xm(C). This arbitrary term corresponds to 
the addition at each order of an arbitrary multiple of !l'om(Y, z), the zeroth-order solution of the homo-
geneous set corresponding to (3. 7) -(3.9). The resulting renormalization of the final solution by the 
factor l + c a1 + c2a2 + ... , where a,, a2 • •• are the arbitrary multipliers of Xm(z)xm(C) in cm at 
each order, is of no consequence. 

At an ordinary dispersion point of the m-th mode, say, (c0 = com * coJ the Green's function for 
the wavefunction corrections is determined by dropping the term involving An in (Al). In the expan-
sion (A6) for in this case, (A 7a) determines all the coefficients cv except G"' which is given by 
(A7b). 
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