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Internal Tides tn St. L awrence Estuary' 

W. D . Forrester 

Atlantic Oceanographic Laboratory 
Bedford Institute of Oceanography 
Dartmouth, N ova Scotia, Canada 

ABSTRACT 

Near-surface current measurements fr om locati ons along the channel of the St.Lawrence 
Estuary between Trois Pistoles and Baie Comeau are examined for consistent evidence of 
internal tides. The harmonic constituents of the local t idal streams at each site were esti
mated by harmonic analysis of the records, and fr om these were subtracted estimates of the 
harmonic constituents of the local barotropic tidal streams (those due to surface tides alone). 
T he residues are taken as estimates of the harmonic constituents of the local baroclinic tidal 
streams (those due to internal tides alone). The results indicate the presence of a progressive 
in ternal semidi urnal tide of the Poincare type and diurnal tide of the Kelvi n type propa
gating seaward from the inland end of the Laurentian Channel. The character of the ob
served internal tide agrees well with that predicted by theory for the given stratifi cation 
and topography. Possible practical signifi cance of the internal tides in assisting mixing, 
creating ice pressure, and causing seasonal changes in tidal streams is discussed. 

Introduction. The presence in the St. Lawrence Estuary of an internal oscil
lation of ti dal period was revealed by measurements made by Forrester( I 970) 
during 1965 of currents and of temperature and salinity flu ctuations in a cross
section near Pointe au Pere (Fig. I). The cross-channel component of the in
ternal oscillation was well revealed by these observations to contain a standing 
wave of semidi urnal tidal period with wavelength twi ce the channel width. 
The axial component of the internal oscillati on could not, however, adequately 
be described from observati ons in the single cross-secti on. In I 968 and I 969 
current meters were placed at locati ons along the axis of the estuary between 
Trois Pistoles and Baie Comeau (Fig. 1) to help describe the propagati on of 
the internal tide along the channel. This report compares the internal tide de
duced from the current measurements with that predicted from internal wave 
theory for a channel with dimensions and density stratifi cati on simil ar to those 
of the St. Lawrence Estuary. 

1. Contribution from the Bedfo rd Institute of Oceanography. 
Received : 29 August 1973. 

55 



56 

0 10 2030 

km 

'Journal of Marine Research 

• .SEPT. 1965 ( 15-DAY ANALYSES I 

X JUL-AUG, 1968 (29 DAY ANALYSES) 

A MAY - JUNE, SEPT - OCT, 1969 
( 29 DAY ANALYSES) 

[32, I 

- -L7~0--~i_ ___ .u....,"'-'-'_.:__ ___ 6"'9,,.-. --------------,6;..'8. 

Figure 1. Current meter moorings in St. Lawrence Estuary. 

Velocity Data. The velocity data consists of time series of speeds and direc
tions from Braincon Histogram current meters moored at the locations and 
times shown in Fig. 1. The meters record by continuous photographic exposure, 
and provide consecutive 20-minute averages of both speed and direction. Only 
records longer than I 5 days were used because harmonic analysis of shorter 
records is diffi cult and unreliable. Because tidal streams associated with an in
ternal tide were expected to be greatest in the depths shallower than the pyc
nocline and because it was desired to have estimates of them for about the same 
depth at all locations, only records from depths shallower than 25 metres were 
employed. Records from the two I 96 5 moorings closest to the north shore 
were also omitted from this study because it was not wished to overweight that 
region of the estuary and because these moorings were farthest off the axis of 
the channel. Each time seri es of current vectors was resolved into two com
ponent seri es, an axial component series with positive direction inward along 
the channel, and a cross-channel component series with positive direction per
pendicular to the right of the axial. 
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Table I. Mi harmonic constants for tidal streams in Laurentian Channel. 

Distance Depth Central Month M, Amplitude (m/s) and Phaselag (AST) 
along (Days of Record) Axial Cross Axial minus 

Channel Continuity 
22 km 13 m July 1968 (35) 0.42, 084° 0.26, 184° 0.28, 112° 
22 23 July 1968 (50) 0.41, 092° 0.24, 211° 0.31, 123° 
35 13 July 1968 (47) 0.16, 130° 0.27, 251° 0.23, 180° 
48 13 May 1969 (33) 0.14, 330° 0.12, 328° 0.19, 260° 
48 18 Oct 1969 (31) 0. 16, 358° 0.09, 346° 0.13, 272° 
61 13 May 1969 (33) 0.31, 034° 0.09, 146° 0.10, 031° 
61 18 Oct 1969 (31) 0.30, 028° 0.07, 140° 0.09, 010° 
77 13 May 1969 (34) 0.30, 064° 0.16, 201° 0.18, 095° 
77 18 May 1969 (18) 0.24, 056° o. 15, 204° 0.11, 097° 
77 18 Oct 1969 (31) 0.30, 059° 0.12, 181° 0.17, 088° 
93 18 Oct 1969 (32) 0.17, 080° 0.11, 241° 0.14, 135° 

100 (mid.) 8 Sep 1965 (15) 0.05, 329° 0.10, 303° 0.12, 227° 
100 (south) 9 Sep 1965 (17) 0.05, 338° 0.08, 293° 0.11, 225° 
100 (north) 13 Sep 1965 (17) 0.09, 330° 0.09, 328° 0.12, 244° 

•106 13 May 1969 (35) 0.09, 099° 0.11, 262° 0.14, 165° 
•106 18 May 1969 (34) 0.09, 058° 0.06, 245° 0.08, 161° 
106 18 Oct 1969 (32) 0.07, 005° 0.04, 327° 0.G7, 222° 

•124 13 May 1969 (35) 0.05, 268° 0.12, 289° 0.15, 217° 
*124 18 May 1969 (35) 0.04, 320° 0.10, 288° 0.11, 218° 
*124 18 Oct 1969 (18) 0.12, 028° 0.05, 246° 0.02, 128° 
143 13 May 1969 (36) 0.23, 029° 0.04, 199° 0.07, 064° 
143 18 May 1969 (36) 0.23, 028° 0.00, 199° 0.07, 060° 
143 13 Oct 1969 (32) 0.21, 027° 0.08, 211° 0.04, 072° 
143 18 Oct 1969 (32) 0.21, 033° 0.04, 210° 0.06, 089° 

• Rejected because results appear erroneous, but cause uncertain. 

Harmonic analyses were done separately on the axial and cross-channel 
component series to produce estimates of the residual current and of ten tidal 
harmonic constituents in each of the component directions. The computing 
program employed accepts only records of 15 days or of 29 days duration, and 
it assumes certain relationships between constituents whose frequencies are too 
close to permit separation in the given length of record. The constituent N 2 , 

for example, is not resolved directly in a 15-day analysis, but is inferred through 
an assumed relationship with the constituent M2. In a 29-day analysis, how
ever, M, and N2 are resolved independently of each other. Table I li sts the 
central month and the number of days duration for each of the current records 
employed. The locations are l isted in the table as depth and distance along the 
channel below the approximate upstream limit of the I oo-metre depth contour 
(Fig. 1 ). The amplitude and phaselag obtained at each location for the semi
diurnal lunar tidal constituent (M2) is given in Table I for both the axial and 
cross-channel components of the observed tidal streams. A lthough only the 
largest constituent, M2, has been tabulated here, two other semidiurnal con-
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stituents, S2 and N 2 , and two diurnal constituents, K, and 0,, are also in
vestigated. 

To within the accuracy of linear theory, the tidal stream detected by a cur
rent meter may be regarded as the sum of the barotropic tidal stream associated 
with the surface tide plus the baroclinic tidal streams associated with the in
ternal tides of various modes. From observed surface elevations and continuity 
considerations Forrester (1972) has calculated for various cross-sections in the 
St. Lawrence Estuary the average tidal stream required to support the surface 
tide alone: for lack of a better name, these will be referred to here as the con
tinuity streams. Subtraction of the continuity streams from the observed tidal 
streams gives estimates of the tidal streams associated only with the internal 
tides. Since the continuity streams have essentially zero cross-channel com
ponent, the observed cross-channel streams are immediately the estimates of 
the baroclinic cross-channel streams. The observed minus the continuity axial 
streams are the estimates of the baroclinic axial streams, and these are listed for 
M, in the last column of Table I. 

Density Data. Density information was required to define the stratification 
prevailing during the current observations. This was obtained from temper
ature and salinity measurements made with reversing thermometers and Knud
sen water bottles during both the mooring and the recovery of the current 
meters. Fig. 2 shows the average density profile prevailing in the survey region 
during each of the four observation periods. The intention in placing duplicate 
current moorings along the channel at two seasons in 1969 was to observe the 
internal tides under different density stratifications. It was soon apparent, how
ever, that the stratifications did not differ sufficiently to justify breaking the 
small number of successful current records into more than one set. It was found 
that _the mean density profile could be well represented by the empirical ex
pression 

(
-0.2016') 

(! = I .02800 exp 
z + 29.29 

where e is the density in gm/ml and z is the depth in metres. Fig. 2 also shows 
the density profile represented by ( 1) superimposed on the envelope of all the 
observed density profiles. The analytical expression ( 1) for the density is used 
later to determine theoretically the permissible modes of internal oscillation. 

Interpretation of Data. It is wished to test the hypothesis that there is a pro
gressive internal tide propagating along the axis of the estuary with an associated 
cross-channel oscillation due to the effect of earth rotation. In a frictionless 
c_hannel of uniform width and depth the component (axial or cross-channel) 
tidal stream due to a particular internal tide should at a given depth have 

. ' ' amplitude vo, a constant, and phaselag <Po - "x, where xis the distance along 
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the channel, and <1>0 is the phaselag at x = o. u is the wavenumber, also a con
stant fo r a parti cular tidal constituent and mode of oscillation . Because the 
channel of the estuary is not uniform in width, the amplitude of the tidal 
stream should, by continuity, be inversely proportional to the channel width. 
Thus, if Wi is the channel width at Xt, the expected values for internal tidal 
stream amplitude, v/, and phaselag, <Pt' , at a given depth are 

, W o 
Vi = -- Vo 

Wt 

For a given value of the wavenumber, u, the best values of Vo and <Po may be 
determined by a " least squares" vector fit of the observed amplitudes and 
phaselags, Vt and <Pt, to the expected values of (2). The soluti on may be ex
pressed as fo ll ows: 

Vo sin <Po = 7~ 7 i W t Vt sin (<Pt+ uxt) 
nrr o t=• 

I n 
Vo COS <Po= W _L Wt Vt COS (<Pt+ UXt) 

n O i= I l 
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Figure 3. Observed correlation coefficients over range of wavenumbers for hypothetical internal tide. 

The correlation coefficient expressing the quality of the fit for the given wave
number is 

r(,c) = (-=-(W_oV_o)_' )
1

/

2 

L (Wi Vi)' 
( ~ I 

Using the values from the last column of Table I for the Vt and <Pt, and 
taking the width of the channel at a depth of 50 metres for the Wt, the Vo 
and <Po were calculated from (3) for the M , constituent of the baroclinic axial 
stream over the range of " from zero to 1 1 degrees per kilometre. The cor
relation coefficient over the same range of" was then calculated from (4). The 
same was done for the M2 constituent of the baroclinic cross-channel stream, 
using the values from the second last column of Table I for the Vt and <Pt, This 
procedure was repeated for the harmonic constituents S2, N,, K,, and 0,, but 
the corresponding Vt and <Pt are not tabulated here. Fig. 3 shows the correla
ti on coefficient as a function of the wavenumber, and Table II gives for each 
constituent component the maximum correlation, the wavenumber for which 
it occurred, and the corresponding values of v 0 and </>0 • The values in Table II 
are thus the estimates of vo,<Po, and" obtained by statistical fitting of the data 
from around 15 metres depth to the hypothesized internal wave represented in 
expression ( 2 ) . Fisher and Yates ( 1 949) give o. 5 8 as the correlation coefficient 
at the 9 5 % signifi cance level for Io degrees of freedom. Although 19 observa
ti ons were employed in the above calculations, only 9 different distances along 
the channel were involved, so I o has been taken as a compromise for the num
ber of degrees of fr eedom. A broken horizontal line is shown at 0.58 correla
ti on in Fig. 3 to indicate this 95 % significance level. 
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Table II. Best-fit baroclinic tidal streams for depth of 1 5 metres. Symbols are 
as defin ed for expression ( 2 ). 

Constituent Correlation Best-Fit Best-Fit Best-Fit 
Component Coefficient Amplitude Wavenumber Phaselag 

(r) {<Vo) (,-:) (<po) 
M, Axial 0.88 0.26 m/s 5.6°/km 002° 
M, Cross 0.82 0.20 6.1 063 

s, Ax ial 0.87 0.08 5.8 043 
s, Cross 0.72 0.06 6.1 119 

N, Axial 0.60 0.04 6.6 258 
N, Cross 0.61 0.04 7.1 327 

Ki Axial 0.66 0.02 2.6 104 
K, Cross 0.41 

o, Axial 0.77 0.02 2.1 130 
o, Cross 0.51 

For the semidiurnal tidal constituents the high values and the distinctness 
of the peaks in correlation in both axial and cross-channel components strongly 
support the hypothesis of a progressive internal tide propagating along the axis 
of the St. L awrence Estuary with an associated cross-channel oscillation. As 
may be seen from T able II, the oscillation in the cross-channel direction was 
observed to lag that in the axial direction by about 70° for each of the three 
semidiurnal constituents. The theory presented in the following section sug
gests that this lag should be 90°. For the diurnal constituents the peaks in the 
axial correlations (Fig. 3) support the hypothesis of an internal tide propagating 
along the axis of the estuary, but there is nothing in the cross-channel correla
ti ons to support the hypothesis of an associated cross-channel oscillation of diur
nal period. The theory of the following section also suggests that the system 
should not support a cross channel oscillati on of diurnal period. 

Internal Wave Theory. The following are two permissible solutions (e.g. 
Defant, 1961) for a progressive internal wave in a channel of uniform rect
angular cross-secti on and with continuous density stratification. In keeping 
with the convention used in the tidal stream measurement, the positive x-direc
ti on is inward along the axis and the positive y-direction is 90° to the right. 
The sides of the channel are at y = o and y = W. Although the z-coordinate 
is positive downward from the surface (i.e. depth), the vertical displacement, 
'Y/, of an isopycnal is treated as positi ve upward (i.e. height). 

The fir st soluti on is analogous to the surface K elvin wave and for propaga
ti on in the negative x-direction it has 
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17 = exp ( - f: y)17(:z:) cos (at + xx) 

u = exp ( - f ?<- y) d 17} :z:) cos (at + ?<- x) 
;.c a u:z: 

V= O 

(5) 

where a is the frequency of the wave and f is the Coriolis parameter. The 
:z:-dependence of the vertical displacement is expressed by 17(:z:), which is deter
mined from the stratification and the depth. The component velocities in the 
x- and y-directions respectively are u and v. 

The second solution is analogous to the surface Poincare wave and for prop
agation in the negative x-direction it has 

17 = (sin A y - : J cos A y) 17 ( :z:) cos (at + ?<- x) 

u = (~ sin A y - J ( :: : {:) cos A y) d :i :z:) cos (at + ?<- x) (6) 

(/2?<-2+ a2 i 2 . ) d17 (:z:) . 
v = f?<-(?<- 2+A2) sin AJ ---X-stn (at+?<-x) 

where A = m ;/, m being a positive integer defining the mth lateral mode of 
oscillation. 

As shown by Fjeldstad (1933), 17(:z:) is the solution of the equation 

-- + -- 17(:z:) = 0 
d217(:z:) (N2- a2) 

d:z:2 c2 (7) 

where 

Applicati on of the surface and bottom boundary conditions 17(0) = 17(H) = o 
to the soluti on of (7) selects for c2 the set of eigenvalues en 2, corresponding to 
n vertical modes of oscillati on. For a given frequency, a, the cn2 may be trans
lated into the corresponding set of wavenumbers by virtue of the following 
relationships: 

a2-F 
?<-nm2 = -- - Am2 

Cn2 

fo, Kelv;n type waves ;n the •'" v«6ral mode, I 
for Poincare type waves in the nth ver
tical mode and mth lateral mode. 

(8) 
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Figure 4. Vertical displacement of isopycnals and corresponding tidal streams for 1st and 2nd verti
cal modes of oscillation in St . Lawrence Estuary. 

It is apparent from (8) that in no case are Poincare type waves permissible 
unless a >J, and then only if(a 2 - f 2)> Am 2 Cn2 for the particular mode in the 
particular channel. 

Application of Theory in Estuary. From the analytical expression ( 1) for the 
mean observed density profile in the estuary it follows directl y that 

(9) 

Substituting from (9) into (7) and neglecting a2 with respect to the much 
larger N 2 gives a differential equation for 1J(z) in the estuary whose solution is 

Fitting (I o) with the surface and bottom conditions, 1'/( o) = 1] (H) = o, pro
vides for c2 and 0 discrete sets of permissible values, cn2 and 0n, corresponding 
ton permissible vertical modes of oscill ation. The value of A remains arbitrary 
as a scaling factor for the amplitude of each mode. Fig. 4 shows graphically 
the values of 1J(z) and the corresponding values of d1]/dz determined in this way 
for the fir st and second vertical modes of oscillation. Using the prescribed 
values of en' in (8), the values of Xn corresponding to Kelvin type internal 
waves of the fir st three verti cal modes were calculated for the frequencies of 
the tidal constituents M,, S2, N2, Ki, and 01, and these are given in Table 
III(a) . Similarly values of Xnm corresponding to Poincare type internal waves 
of the fir st fiv e vertical modes (n = I to 5) and the fir st three lateral modes 
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T able III. Theoretical wavenumbers for various modes of internal oscillation 
in the St. Lawrence Estuary. 

(a) "n for Kelvin type internal waves 
3 n= I 2 

s, (a= 30.0°/hr) .. . ...... . ..... 8.1°/km 13.5°/km 22.7°/km 

M 2 (a= 29.0 ) ........ ... . . .. 7.8 14.8 22.0 
N, (a = 28.4 ) ............. . . 7.6 14.5 21.6 
K, (a = 15.0 ) . ... .. ......... 4.1 7.7 11.4 
o, (a = 13.9 ) ........ .. ..... 3.8 7.1 10.6 

(b) "nm for Poincare type internal waves 

n = I 2 3 4 5 

s,, m= I • 7.2°/km 13.2°/km 18.7°/km 23.9°/km . . .. . .. ... . 
2 .. .. .. .. . .. 4.4 13.9 20.4 
3 . ... . .. ... . 12.5 

M 2 , m = I .... .. . . ... 6.0 11.9 17.0 21.8 
2 ... ... . . . .. 11.5 17.9 
3 ... ... ... . . 7.9 

N,, m = I . ... . .... . . 5.2 JJ.J 16.0 20.7 
2 ...... . .... JO.I 16.5 
3 ....... . ... 3.8 

• Blank indicates mode not permissible because condition (8) impossible. Ki and 01 are not li sted 
because no diurnal Poincare modes are possible since a <J. 

(m = 1 to 3) were calculated for the semidiurnal tidal constituent frequencies, 
and these are given in T able III(b). Poincare waves of diurnal period are 
prohibited at this latitude because a</. Some of the wavenumbers from Table 
III have been marked by vertical bars in Fig. 3 for compari son with the ob
servations. In the above calculations the channel width, W, was taken as 25 km, 
and the channel depth, H, as 320 m. 

For the M, constituent in both the axial and cross-channel streams there 
is striki ngly good agreement (Fig. 3) between the observed value of ,e and the 
corresponding theoretical value of " 21 for a Poincare type internal wave of the 
second vertical mode and first lateral mode propagating seaward along the 
channel. For the S2 and N2 constituents the agreement between the observed 
" and the theoretical " 21 for a Poincare type internal wave is also very good. 
For such a wave, equations (6) state that the phaselag for the cross-channel 
streams should be 90° greater than that for the axial streams: to within the 
observati onal error and the limitati ons of the theory, the observed phaselags 
for the semidiurnal constituents (Table II) agree with this. 

The diurnal tidal constituents K, and 0, are too weak to permit any firm 
conclusion to be drawn from the observations. For the axial streams of these 
two di urnal constituents there is, however, a significant peak in the correlation 
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(Fig. 3) near the value of predicted for a K elvin type internal wave of the 
fir st vertical mode propagating seaward along the channel. For such a wave> 
equations (5) state that there should be no cross-channel stream: the lack of 
significant correlation shown in Fig. 3 fo r the cross-channel components of the: 
diurnal tidal streams is consistent with this. 

Conclusions and Discussion. It is concluded from this study that the tidal 
streams observed in the St. L awrence Estuary result not only from the well
known surface or barotropic tide but also from a pronounced internal or barn
clinic tide generated by the interacti on of the surface tide with the rapidly 
shoaling bottom topography at the inland end of the L aurentian Channel. The 
semidiurnal internal tide appears to be mainly a progressive Poincare type wave 
propagating seaward along the axis of the estuary with an associated standing 
cross-channel oscill ation: it is in the second vertical mode and the cross-channel 
wavelength is twice the channel width. The wavelength in the axial direction 
was about 6 0 km during the peri ods of survey, but should be expected to 
shorten with less intense density stratification and lengthen with more intense 
stratifi cati on. The presence of a diurnal internal tide of the Kelvin type pro
pagating seaward in the fir st vertical mode is also suspected, but the evidence 
is not conclusive. 

I t is clear from the entries in Table I that the baroclinic M 2 tide can con
tribute at least as much to the streams at 1 5 metres as does the barotropic or 
surface M, t ide. For example, at the position represented in the first line of the 
table the baroclinic stream has an amplitude estimated as 0.28 m/s, the baro
tropic stream an amplitude estimated from the continuity current as 0.22 m/s, 
and the vector combinati on of the two gives the observed axial M2 stream with 
amplitude 0.42 m/s. The observed cross-channel tidal stream, 0.26 m/s for M 2 

at this location, is beli eved to be enti rely due to the baroclinic or internal tide. 
Furthermore, the baroclinic tidal streams occurring right at the surface could 
be considerably greater than those encountered at the survey depth of approx
imately 15 metres: the plot of the amplitude factor, dri /dz in Fig. 4 shows that 
for the second vertical mode of internal oscill ati on the tidal stream at the surface 
should be about twice that at a depth of 1 5 metres. The internal tidal streams 
are thus of defin ite concern in surface navigati on. 

The very short wavelength of the internal tides, about 6 0 km for the semi
diurnal constituents, means that observed tidal stream conditions can change 
considerably in a short distance horizontally as well as vertically; this makes 
tabulation of predicti ons fo r a large region difficult . Because of the short wave
lengths there must also be regions of relatively strong convergence and diver
gence between the crests and troughs of the progressive internal tides. This may 
partially account fo r hitherto unexplained build-up and relaxati on of ice pres
sure frequently reported by ships operating in heavy ice in the estuary. 

The sensitivity of the internal tides to the density stratifi cati on must cause 
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seasonal changes in the character of the tidal streams related to seasonal changes 
in stratification, adding a further difficulty to tabulati on of predictions. Workers 
steeped in the traditions of tide gauges and surface tides could fail to recognize 
this possibility for the harmonic constants of tidal streams to vary significantly 
in relatively short changes of time and space, and falsely interpret the variations 
as evidence of error in the measuring technique. 

Dr. D. M. Steven of McGill University reported at the Second Gulf of St. 
Lawrerice Workshop at the Bedford Institute in I 970 that International 
Biological Program (Canada) studies indicate that the region of the St. Lawrence 
Estuary off the mouth of the Saguenay River can be regarded as a major 
"nutrient pump" in which nutrients from the deep water of the Laurentian 
Channel are brought up into the seaward flowing surface water, thus enhancing 
the biological productivity of the Gulf of St. Lawrence. The region of this 
so-called nutrient pump is also the region in which the internal tide is believed 
to be generated. It is possible that the mechanism involved in the generation 
of the internal tide contributes to mixing of the deep water, with its nutrients, 
up into the shallower water of the euphotic zone. It is hoped that a more in
tensive survey and study of the oceanographic conditions in the suspected gen
eration region during the summer of 197 3 will help to answer this question. 
Current measurements at that time will be concentrated over the sloping bot
tom at the inland end of the Laurentian Channel. 
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