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ABSTRACT

For time-periodic two-dimensional water waves of small amplitude, it is shown that a
static balance exists between the mean dynamic pressure force at the bottom, the gradient
of the mean sea level, and the divergence of the radiation-stress tensor. The balance holds
for quite arbitrary wave pattern and bottom variation so long as dissipation and steady cur-
rents are insignificant. This is the further generalization of a result obtained by Longuet-
Higgins (1972) for the gradual refraction of a progressive wave where the bottom pressure
is unimportant.

1. Introduction. The concept of the radiation stresses (Longuet-Higgins
and Stewart 1960, 1961, 1962, 1964) has advanced the understanding of a
number of nonlinear phenomena in water waves. These stresses, arising from
averaging over the wave fluctuations and integrating over the water depth,
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represent physically the excess mean momentum fluxes due to waves. Among
many applications, they have been used to show for certain special cases Fhat
the variation in the radiation stresses is in static equilibrium with the gradient
of the mean sea level. This balance is valid up to the second order in wave
slope, i.e., O(ka)?, with the conditions that extraneous currents do not exceed
O (ka)* and that dissipation is negligible. These special cases are: (i) a progres-
sive wave refracted by a variable bottom of gentle slope [Longuet-Higgins
and Stewart 1962, for one-dimensional topography, A = A(x); Longuet-
Higgins 1972, for two-dimensional topography, 4 = k(x,y)], and (ii) a standing
wave on a horizontal bottom (Longuet-Higgins and Stewart 1964).

In this note a similar result is deduced for a quite general periodic wave
system and bottom topography. In particular we show that in the mean the
sea is in static equilibrium between the gradient of the mean sea level, the
divergence of the radiation-stress tensor, AND the horizontal force due to the
mean dynamic pressure at the bottom. Applied to nearshore problems, this
result implies that the wave fluctuations do not produce any current-driving
force outside the surf zone.

An example in which the bottom-pressure force is important is given. Con-
ditions under which this force can be neglected are then discussed for slowly
varying bottoms. Finally, certain more explicit formulae for the mean quan-
tities are given for the case of constant depth but arbitrary monochromatic
waves.

2. The Conservation of Averaged Momentum. The approach taken here
follows the general derivation by Phillips (1966: § 3.6) who, however, neg-
lected in the averaged momentum equation a term that is important for the
present discussion. It is therefore worthwhile to retrace some of his steps in
order to bring out this omission. We assume that the fluid is inviscid and in-
compressible so that the instantaneous equations of motion are
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for —h(x,y) <z <{(x,3,t), where { denotes the free-surface displacement from
z = 0. Denoting by %, & = 1,2, the horizontal and w the vertical components
of 7, the boundary conditions are
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