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ABSTRACT
The radiation stresses in short-crested waves are expressed in terms of the two-dimensional energy spectrum of the wave elevation. It is shown that, for wind-driven waves, the
short-crestedness has a consi derable influence on the ratios of the radiation stresses to the
average energy content of the waves p er u nit area.

Introduction . The radiation stress in water waves is defined as the excess
fl.ow of momentum due to the presence of the waves (Longuet-Higgins and
Stewart 1960, 1964). It is proportional to the mean energy density of the
waves, E. In periodic long-crested progressive waves, the coefficients of proportionality are functions of the ratio of the mean depth to the wavelength.
In deep water, the principal stresses are 1 /2 E and zero while in shallow water
they are 3/2 E and 1 /2 E, respectively. These relationships are the same if the
waves are not periodi~ but possess a continuous frequency spectrum, provided
they are long-crested (unidirectional). However, short-crestedness does affect
the ratios between the radiation stresses and E, and it is the purpose of this
note to estimate the magnitude of this effect in wind-driven waves.
Radiation Stresses in Terms of the Energy Spectrum of the Wave Elevation.
The radiation stress can be defined as the contribution of the waves to the
time average of the vertically integrated horizontal fl. ow of horizontal momentum. It is accordingly a second-order symmetrical tensor in the two horizontal
dimensions, xr and x, . In the notation of Cartesian tenso rs, it may be written as
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in which h is the mean depth, 17 is the elevation of the water surface above its
mean value, p is the pressure, Oif is the Kronecker delta, (! is the mass density
of water (assumed constant), v is the orbital velocity, g is the gravitational
acceleration, and z is the vertical coordinate, positi ve upward from the mean
water level. An overbar denotes a time average.
Throughout the following it will be assumed that the waves are statisticall y
homogeneous in the horizontal plane and stati onary in time. It may be shown
(L onguet-H iggins and Stewart 1960, 1964) that, for such waves, (1) may be
written, correct to the second order in the wave elevation, as
I
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Without loss of generality, it may be assumed that x, and x , are the principal
axes of S ii· The principal stresses are then given by

J
0

SII = : egr)2 + (!

(v~ - v; ) dz,

-h

2

(3b)
The radiation shear stress, i.e. , the average shear force per un it length exerted
by the waves on a vertical plane inclined at an angle a with respect to the
x, axis, is given by
-r =_:(Su-S2 2) si n 2a.
2

(3c)

For the calculation of Sn and S,,, the mean-square orbital velocities are first
expressed in terms of the energy spectrum of 17. The surface elevation is supposed to be the result of the superposition of a large number of long-crested
progressive si nusoidal component waves in random phase (Longuet-Hi ggins
1957). A two-d imensional energy spectrum, G (w ,0), is defin ed fo r w 2: o and
I 0 I:::; n, such that the component waves wi th angular frequ ency in the interval (w , w + ow) and with the direction of pro pagati on in the interval (0, 0 + o0)
together contribute an amount G (w, 0) ow o0 to the total variance of 17. For
convenience, G (w, 0) is factorized as follows :

G (w ,0) = H (w )f(0;w),
such that

(30, I
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H(w) is the energy frequency spectrum ; f(0; w) gives the angular distribution
of the energy. The average energy content of the waves per unit area is given
(to the second order) by
E ""eg ri 2

egJ'°JnG(w,0)dwd0

=

egf~(w)dw.

=

-n

o

(5)

o

The two-dimensional energy spectrum, G (w, 0), of 'Y/ can be transformed into
spectra of v1, vz, and v 2 by multiplying G with the required transfer functions.
Integration of the resulting spectra with respect to frequency and direction
yields the variances of the orbital velocity components :

v; = J'°Jn~cos 2 0G(w,0)dwd0,
o

(6)
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v~ = J=Jnc 2 sin 2 0G(w,0)dwd0,
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v; = 1=JIYG(w,0)dwd0 = J;YH(w)dw,
0
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in which

C = w cosh k (h + z)
sinh kh '

(9)

D=wsinhk(h+z)
sinh kh '

( 10)

and k is the positive real root of

w 2 = gk tanh kh .

(11)

The direction 0 = o has been chosen to coincide with the positive x 1 direction.
The mean-square modulus of the horizontal velocity vector is
2
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which is independent of the angular distribution of energy. If the waves were
considered_:o be unidirectional, and if they were propagating in the x 1 direction,
say, then
= q2 ,
= o, and the principal radiation stresses would be

v~
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In order to b_ri ng out the effect of short-crestedness, eqs. (3) for Su and S 22
are now rewritten as
S,, = S~, - LI,

S.,= S: +LI,
2

in which

LI =

e

f

ov~ dz .

-h

If waves of a given G (w, 0) are assumed to be unidirectional and propagating in
the x, direction, then Sn is overestimated by LI while Su is underestimated
by the same amount. The shear stresses are proportional to the difference
(Sn - S,,), and these are therefore relatively more affected by short-crestedness
than the normal stresses.
Substitution of (4) through (12) into (13) and (15) and integration with
respect to z yield
6a)

S*II =E(2<n > -:)
2 )

(l

S~=E(<n > -;),

(16b)

LI =E<nsin 0>,
2
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in which
l

n=-+
2

kh
sinh 2kh'

and the < > operator indicates an average over frequency and direction,
weighted with energy density; for an arbitrary function, F, this average ts
defined by

< F(w,0) > =

f~

f~(w,0) G(w,0)dwd0 /

f~

J:~(w,0)dwd0.

(19)

Eqs. (16) and ( 17) si mplify in the cases of deep water and shallow water, for
which n = 1 /2 and n = 1, respectively. In these cases the relative effect of
short-crestedness is wholly determined by < sin 2 0 > , which, for brevity, is
designated by the symbol e.

Numerical Results. For purposes of illustrati on, the factor e has been calculated for a few spectra G (w, 0) appropriate for wind-driven waves on deep
water in a single windfield. The one-dimensional (frequency) spectrum, H(w),
is assumed to be similar to a Pierson-Moskowitz spectrum :

H(w) ~ oF 5 exp ( - AoF

4) .

(20)

[30, I

Journal of Marine Research

60
Table I.

f(0;w)

Reference

s = <sin' 0>

~ (cos 0)m
m

Pierson (1955)
Cote et al. ( 1960)
Krylov et al. (1968)

~(cos 0) 2
~ (A 0 + A 2 cos 2 0 + A4 cos 4 0)

~ (cos 0) 2 w/w

(m + 2)-l if
= constant
0.25
0.27
0.30

Several angular distribution functions/(0;w) are mentioned and compared in
the Appendix (p. 61 ), where, in addition, the corresponding expressions are
given for <sin' 0 > . The results are given in T~ble I. It can be seen that the
values obtained from three different spectra are m rough agreement.
The ratios between the radiation stresses
calculated for long-crested waves and
Table II.
short-crested waves are given in Table II
s = 0.30
s = 0.25
Ratio
for deep water; and for e = 0 .25 and
S*u

s:-= 1-e

1. 33

1.43

0

0

0.30.

Discussion. Not taking the short-crestedness into account in the calculation
2.50
2.00
of Sti in waves with spectra as given
1-26
1:
above would result in an overestimation
of the largest principal stress by 33 % to 43 % and of the shear stresses by I 00%
to 150%. It therefore appears that the short-crestedness can have a considerable influence on the ratios S ti/E.
The values given above apply to wind-driven waves on deep water. In
water of arbitrary depth, an estimate cannot very well be given because of a
lack of knowledge concerning the corresponding energy spectra. However, if
considerati on is given to waves that are mainly generated in deep water and
subsequently propagate shoreward in shoaling water, then the deep-water
values are relevan t for much of the shallow-water region, because the wave
conditions there are often calculated from those in deep water. The computation of wave-generated longshore currents is a case in point. Consider a beach
with straight and parallel depth contours, and waves that are statistically steady
and uniform in the longshore direction. It can be shown (Bowen 1969,
Longuet- Higgins 1970) that, in such a case, the time-mean shear force per
unit length exerted across a vertical plane parallel to the depth contours and
located outsi de the breaker-zone is independent of the distance offshore. The
calculated longshore thrust per unit length exerted by the waves on the water
in the breaker-zone is therefore equal to the deep-water value of -r given above,
and any error in the calcu lation of the latter would be transferred undiminished
to the breaker-zone.

r*
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APPENDIX
Some expressions that have been proposed by various authors for the ang ula r
distribution function, f (0 ;w), in wind - driven waves are given in Table Ar.
Table

A

1.

Bt

ft(0;w)

n
B, (cOJ ())m, I 0 l.:s 2

f~i;•

0ft(0;w)d()

\in I' ('I, m + 'I,)

I
m+2

I

I'('l,m+ I)

0 otherwise

2

B 2 cos 2

( ()r

I'(s + 1)
I
2 yrr I'(s + 'I,)

2 s+ I
(s+l)(s+2)

3

B3 exp (K cos 0)

{2nI0 (K)}-'

I,(K)
Kl0 (K)
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A comparison of three angular distribution functions .

The parameters m, s, and K do not depend on 0; they may depend on w.
The normalizing factors, Bt, are determined in accordance with eq. (4b).
For large values of m, s, and K, which implies a narrow angular distribution,
the three functions /t tend to a Gaussian form for small 0:

~ (I

-

f ,~ ( I

-

f,

/ 3

02

)m

i 0• )• s

~ exp K ( I

-

exp (-

exp ( -

m0 2 ) ,

i

s 02 ) ,

02 ) = exp ( K) exp ( - ; K 02 ) .

Thus, for large and suitably chosen values of the parameters, the three functions are essentially equal. For practical purposes, the differences are small,
even for moderate values of the parameters. This is illustrated in Fig. 1, where
the functions f,,f,, and / 3 have been plotted for m = 2, s = 5, and K = 3.
The mutual differences are small compared with the angular resolution that
has so far been obtained in measurements. It is therefore primarily a matter
of convenience which of the three /t are used for the present purpose. In the
following we deal primarily with/,. This function, with m = 2, has been proposed by Pi erson (1955, for example). Most of the now-available data indicate
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that the angular distribution tends to narrow with decreasing freq uency. Based
on measurements with an array of wave gauges, Krylov et al. ( 1968) have
proposed a functi on f, with an exponent, m, approximately equal to 2w/w, in
which w is the frequency at which the one-dimensional energy density, H(w),
has its maximum. The fact that m would be inversely proportional to w was
also found by St. Denis (1969), from the pitch-and-roll buoy data obtained by
Longuet-Higgins et al. ( 1963).
Cote et al. ( 1 960) have fitted the following function to their data:

n

I 0 I::; - ,
2

= o otherwise.

The coefficients A i are functi ons of w W /g, such that the distribution broadens
with increasing w W /g. The symbol W represents the mean wind speed at
anemometer height.
The distributions f, through/4 have been used in the calculation of <sin 2 0 >.
Some results are given in the following.
The definition of < sin 2 0 > may be written as

2

2

< sin 0 > = J~ [J~~n 0f(0;w)d0] H(w)dw/ J~(w)dw.

/

The factor in square brackets is given in the last column of Table A I for f,,
and / 3 . If the angular distribution is independent of the frequency, then
2
these values are also equal to < sin 2 0 > , regardless of the form of H(w). Thus,
considering J,, if m is constant, then < sin 2 0 > = (m + 2t '. If m is a function
of w, then { m ( w) + 2 t' H (w) should be integrated over all w. This has been
done numerically for the Krylov distributi on function, with m = 2 w/w, combined with a Pierson-Moskowitz (PM) spectrum for H(w), with the following
result: <sin 2 0 > = 0.30.
The calculation of < sin 2 0 > for the SWOP-distribution / 4 can be summarized as follows:

I

n.

s111 2

-n

0J.4 (0·w)d0
,

=

1 -

I
3
5
-Ao
- -A,-16 A4
2
8

-0.205 exp {-

(wW/g) 4} .

3
8

= -

-
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The second of these equations results from a substitution of the values of Ai
given by Cote et al. (1960: eq. I 1.38). Combining this result with a PM
spectrum of the form

H(w) ~g 2 w- 5 exp { - fJ(wW/gt 4 },
with

in

/J""' 0.74,

and integrating over w, yields finally

which Kr is the modified Bessel function of the third kind of order one.

