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ABSTRACT
A theoretical study is made of the response of a stratified ocean to an applied wind stress.
The ocean has been divided into an Ekman layer, a thermal layer, and an almost isothermal
abyssal layer. The velocity and temperature fields were found by matching with the Ekman
layer suction produced by the wind stress and by an upwelling condition at the eastern
boundary. The surface temperature was determined principally by advection of heat with
the oceanic circ ulation.
1. Introduction. In the theory of circulation in the thermal layer of the
ocean, various similarity solutions have been used to represent the depth variation in the temperature and velocity fields. A summary of these solutions has
been given by Kozlov (1966), and their limitations have been discussed by
Veronis ( 1969). The main limitation concerns the choice of boundary conditions at the surface when there is an applied wind stress and an input of heat.
With the existing si milarity solutions it is possible to match only one of these
applied driving mechanisms. Various solutions have been found that match a
1.
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prescribed surface temperature distribution, and in these solutions the resulting
vertical velocity has been shown to be compatible with the wind-stress curl at
one point at least; see, for example, Blandford (1965) and Needler (1967).
In this paper a similar solution has been used, but it satisfies a prescribed windstress boundary condition at the surface.
In later sections, consideration is given to the conditions under which the
driving of the circulation by the wind stress is important, and the Ekman-layer
suction caused by the wind-stress is matched to the vertical velocity in the
thermal layer. It is assumed that the temperature distribution near the surface
is determined principally by advection with the circulation. Evidence of this
appears in the oceans where warm or cold currents are maintained at significantly different temperatures from the local ambient temperature. The numerical work of Bryan and Cox (1968) supports the importance of horizontal
advection of heat near the surface; and in a combined ocean-atmosphere model,
Manabe and Bryan ( 1969) have suggested that, by allowing the surface temperature to be determined by the oceanic circulation, one obtains a more realistic temperature distribution than that obtained with a separate atmospheric
model. The results for an applied zonal wind stress are given in § 7. Comparison of the calculated temperature field with observed temperature distributions is satisfactory.
A further result, shown later, is that upwelling may still be necessary in
the coastal boundary layers even when there is no component of wind stress
parallel to the coast and hence no Ekman-layer flux away from the coast.
2. Formulation. The ,8-plane approximation is used as the equations of
motion are less cumbersome in Cartesian coordinates with the x axis eastward,
y northward, and z upward. The transfer to spherical polar coordinates is
straightforward. The model ocean is confined between a horizontal surface at
z = 1 and the bottom at z = o. The western and eastern boundaries are at
x = o and x = 1, respectively. The northern and southern boundaries are left
free, but attention is confined mainly to the region between the latitudes of
zero wind-stress curl defining the subtropical gyre.
The steady-state equations of motion are:

(3)
Ux+Vy+Wz

= o,

(4)
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ll ·'vT = KH(Txx +Tyy) + KvT zz ,
e = eo { I

-

(5)

a (T -To)},

(6)

where p is the pressure, f = f 0 + {Jy the Coriolis parameter, / 0 the Earth's
angular velocity, u, v, w the velocity components, e the density, T the temperature, VH, vv, KH, K v the eddy coefficients for horizontal and vertical diffusion of momentum and heat, respectively, g the apparent gravity, and a the
coefficient of thermal expansion. In the linear equation of state (6 ), T 0 , eo
are the average bottom temperature and average bottom density, respectively;
all such averages are taken over the region o < x <; x, o <y <; x .
The dimensionless variables (indicated by primes) are as follows:

T = T 0 + (l::,.T)T',

(7)

P = - eogz + eofo U Lp',

(8)

(2 = f!o( I

u,v = U (u' , v' );

w =

+ e'), e' (< x,

Uw';

f = f of',

fJ

x,y = L(x',y');

z = Dz',

1

= f o/3 / L.

In (7) !:::,.Tis the difference between the average surface temperature and the
average bottom temperature and gives an indication of the stratification present.
In (8) the hydrostatic pressure has been removed from the dimensionless pressure. L and D are the width and depth of the ocean. U is a typical horizontalvelocity scale whose choice is discussed below.
Substitution of the new variables into (I) to (6 ), omitting primes, gives the
dimensionless equations of motion:

R rr 'yu-fv = -px+EH(Uxz+Uyy)+EUz z,

(9)

Rf:!:· Vv +Ju = - py + EH (vxx + Vyy) + Evzz ,

(x o)
( I I)

= -Pz+STT,

0

Uz +Vy+ Wz
EH

Rf:!: . 'v T = -

an

=

o,

( I 2)

E
(Tx x + Ty y) + - Tz z,
a

(I

3)

e = - a(LIT)T;
here the Boussinesq approximation has been used, with e' neglected except in
the buoyancy term. The various parameters are defined by R = Ulf0 L, EH =
VH/f 0 LZ, E = vv/f0 D 2 , aH = VH/KH, a= vv/Kv, ST = [Dga(LIT)]/f0 LU. ST
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is a parameter that would be zero if L1 T = o, and the equations would then
reduce to those for a homogeneous ocean.
If the imposed wind stress at the surface is -r*(.-x, -rY), where -r* is a typical
magnitude of the wind stress, then the surface boundary conditions on the
dimensionless velocity field are
'V z

where

Sw

w = o;

= - I -rY,

E'

Z

=

1,

2

.-• -sw ---- n ., ,12 Uv ,12 •
r:::o/o

V

From (7) the temperature condition at the surface is

tt

T dxdy

=

1,

z

=

1.

At all rigid boundaries,
u = v = w = o,

r.l" VT= o,

where 1J is the normal to the boundary. This condition implies no heat Rux
through the bottom or sides of the ocean.
In the above analysis, the parameters ST and Sw contain the typical velocity
scale, U . From them may be derived a stratification parameter

which represents the ratio between thermal driving and wind driving of the
ocean . If the main interest is in thermal driving, then U may be chosen as

which gives ST = 1 and Sw = 1/S; this is essentially the scaling used by
Pedlosky (1969). However, if the main interest is in wind driving, then U
should be chosen as

•*

U- - ~ ~
·
12

- eo Uo Vv)'

'

then Sw = I , ST = S. This latter case is used here.
To facilitate solution of (9) to (13), the ocean is divided into three horizontal
layers: a surface Ekman layer, a thermal layer, and an almost isothermal
abyssal layer. This is illustrated in Fig. 1.
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Z=1

u.v - 0(1)

E~

EKMAN
THERMAL

ABYSSAL

Z=O
F igu re

1.

Thickness and position of the Ekman, thermal, and abyssal layers.

3. The Ekman L ayer. The lowest-order solution in the Ekman layer may
be fo und by substituting
ue = u0 + 1:,u1 + . . . ,
WE = E

112

v e = v 0 + 1:,v1 + ... ,

w 0 + . . . , Pe = p0 + . . . ,

Te = T 0 + . . .

in the equati ons of motion, using the stretched coordinate C = (1 -z.)/E• I•,
where e is a small parameter. The lowest-order equations are :
- f vo

=

- Pox + Uot;t; , fuo =

-

Uoz + v oy - Wot; = o,

Pou + Vo ?;?; , Pot; = o,
T oce=

0.

The solution fo r the velocity field is well known and only the asymptotic
behavior for large C is required here ; that is,
ue,

v e~O(e),

we~E•l•~ ·curl(r!f) .

The solution fo r the temperature field is
Te = T 0 (x, y) + higher-order terms.
The possibility of a o( I) temperature term in the Ekman layer, with linear
dependence on C, must be ruled out as it could only match to a temperature
in the thermal layer that is greater than o ( 1 ) .
4. The Thermal Layer. In this layer,
UT = eU+ . . . ,

VT = di+ ... , WT = E•l•w + . . . ,

PT = ej> + . . . ,

T T= T + . . . ,

r; = (1-z)/rx.,
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so that, in particular, WT and TT have the correct order of magnitude to match
onto the solutions in the Ekman layer. The magnitude ·e of the horizontal
velocities and the thickness of the layer o: are to be found.
The continuity equation (12) becomes

E' i•
eux +evy - - iu 11 =o.
0:

If e1X >) E 1 l 2 , then iu drops out of all the equations, leaving five equations in
the four unknowns u,v,p,f. However, if e1X<(E 1 l2 , (19) becomes iu 11 = o,
and iu is independent of depth in this layer. This would produce an unacceptable flow in the abyssal layer that is driven by the wind-stress curl.
Consequently,
(20)
Substitution into (11) with ST = S gives

«

If e IX S, then Pri = o and p, u, v are independent of depth to the lowest
order, the homogeneous solution. However, if e >) IX S, T = o to the lowest
order. Thus, in order to maintain the balance in ( 21 ),
e = 1XS.

(22)

From (21) and (22), the thickness of the thermal layer is

o: = E'l4 S- 1/2
and the magnitude of the horizontal velocities is

The heat equation ( 13) in this layer reduces to

If 8 112 E'/4 >) a!<? then T1111 = o and, as with the Ekman layer, it is concluded that T is independent of depth, with the consequence of no decrease
in temperature in the thermal layer. Therefore, let
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To summarize, the equations for the thermal-layer variables are

fv = Px, Ju = -Py, P11 = -i,
ux + vy - iu11 = o,
uTx+i/I'y-iuT'Y/ = kT'Y/'Y/"
These equations are valid for a certain range of S. Since it is required that
the thermal layer be thinner than the depth of the ocean, E 1 /4 S- 1 / 2 < 1 • Combined with (23), this gives the range of validity of the above equations as

(aR) 2
E 1l2 < S < - -

E*

If S < E 1l2 , then the solution is no different from the homogeneous model.
The known similarity solutions of this nonlinear set of equations have been
summarized by Kozlov (1966). The solution that gives exponential decay for
the temperature field is

where c is a positive constant. The form of the exponential is determined by
the nonlinear terms in (26 ). The coefficient is chosen to match the Ekmanlayer temperature distribution. From (24),

and the continuity equation (25) gives

/3 T ox e-C'l'l/f
fJri p:r;.
*
* (xy+
) -c2
w=w
·, - -Ji
,
Now, in the abyssal layer, which has 0(1) thickness, there is no scaling of
the vertical coordinate; hence u,v,p all have the same magnitude as w, namely
o(E 1l2 ) . Therefore the lowest-order term in u,v,p m ust tend to zero for
large 'Y/· Thus p* = o .
The solutions (27)- (30) appear to contain two arbitrary functions, T 0 (x,y),
w*(x,y), with which to match both the surface wind stress and the surface
temperature. However, if ( 2 7)-(30) are substituted into ( 26 ),
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w* = kclf,

as indicated by Needler ( 1967 ), who used spherical polar coordinates. This
restriction means that, with this similarity solution, only one condition may
be applied arbitrarily at the surface. The wind-stress condition is chosen because it is certainly important in determining the overall transport. The solution ( 3 1) indicates the asymptotic balance near the bottom of the thermal
layer, where vertical diffusion of heat downward is just balanced by the upward advection of heat by the deep upwelling.
To determine T 0 (x,y), the thermal-layer solution (30) for small 'Y/ is matched
to the asymptotic Ekman-layer solution ( I 7) to obtain

Using (31),
(32)
which may be integrated to give
(33)
The integration function T*(y) cannot be determined from an independent
surface condition for temperature or heat flux because of the explicit dependence on x in (33). It is found from the upwelling condition at the eastern coast;
see § 5.
In the subtropical gyre, ·curl r/f < o, hence (32) shows that the surface
temperature T 0 decreases eastward. But in a subpolar gyre, ~·curl r/f > o,
hence T 0 x < o in the southern part and T 0 x > o in the northern part. Moreover, T 0 x = oat a latitude north of the latitude of zero Is· curlJ/f. Montgomery
( 1936) has shown that the Ekman suction (that is Is· curlr/f) is zero at about
45 °N in the North Atlantic, and Robinson and Stommel (1959) have indicated
that T 0 x = oat about 50°N.

t

5. Upwelling Near the Eastern Boundary. If-r:v $ oat the eastern boundary
at x = I , then there is an eastward Ekman transport of 0(£ 1 l2 ) toward this
coast in the Ekman layer (a negative transport if flow is away from the coast).
As transport theories show that the net northward transport in the eastern
boundary layer is zero to this order, the water that enters the eastern boundary
layer from the Ekman layer must downwell and then enter the interior region
below the Ekman layer. A full description of the flow in the eastern boundary
layer must await an analysis of this layer, but for our present purpose it is assumed that no surface water downwells beyond the depth of the thermal layer.
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Observations (see Defant 1961: 642) do suggest that coastal upwelling occurs
in only the upper few hundred meters.
With the condition of no net transport through the coast and no deep coastal
upwelling,

Substituting for

UE

and

uT,

-rY ( 1, y) + J o (ToY + f!_ T + /!_ r)e- C1J{fd
f
"' c Jc o Jz17 o
17

=O

,

which may be integrated to give

The solution of this equation is
(34)
where A is a constant. A may be found from the integral condition ( I 5) and
is evaluated for a particular wind stress in § 7. To complete the specification
of the solution, the constant c introduced in the similarity solution must be
given a suitable value.
If -rY = o at x = I , there is no upwelling into the Ekman layer and (34)
gives T 0 (1 ,y) = A// 2 • From (28) it is clear that u is not in general zero at
ax= I , requiring recirculation within the coastal boundary layer. Hence, even
when -rY = o, there is upwelling or downwelling within the eastern boundary
layer, but it does not penetrate to the upper Ekman layer.
6. Numerical Values. U si ng the following typical values,

g=

10

m sec- 2 , D = 4 x

at::,. T = r o-3, vv =

-r*

=

2 x 10-3

10 3

m, L =

10-

2

4 x 10 6

m, fo =

m 2 sec- 1 , (!o =

Newtonm- 2 , K v

=

IO

2 x 10- 4

the velocity scale for wind-driven motion is

-r*
U = - -- ~
=
12
r!o Uo Vv) '

and the dimensionless parameters are

2 x 1 0- 1

m sec- 1 ,

10- 4

kg m- 2 ,
m 2 sec- 1 ,

sec- 1 ,
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E = 6.25 x 10-6,

R = 5 x 10- 4,

S = 1/2,

[2

a = 50,

9,3

k = 1.41.

Also f = l + {Jy ""'1.5 near the center of the subtropical gyre. Hence, using (3 l ),
the dimensional deep vertical velocity is

D ( kc) =c x (.47) x 10-6msec-

W*= LU E 1l2 f

1

•

Now, if the depth H, of the thermal layer is defined numerically as the depth
at which the temperature has fallen to e-r of the surface temperature,

f E•l4)

H, = D ( --; s,12

.42
= - c-

X

103 m.

Alternatively, if the depth H2 of the thermal layer is defined numerically as
the depth at which the temperature has fallen to e- 2 of the surface temperature,

H 2= -.84

X l0

3

m.

C

For example, if c = o.6, the following values are obtained:
W* = .28 x 10-6 m sec- 1 ,

H, = .7 x 103 m, H2 = 1.4 x 103 m.

These values for the deep upwelling and for the depth of the thermal layer are
not unreasonable. The effect of variations in the choice of c is illustrated below
for a particular wind stress.
7. Sinusoidal Wind Stress. The theory is illustrated by applying a sinusoidal
wind stress to the surface and by examining the resulting velocity and temperature fields. From (33) and (34) the expression for the temperature TT is

TT=

{i J~J-

curl] dx - ;; (x - 1) +

f J>v

(1,y) dy +

1,}

e-c71/f_

(35)

Similarly, from (28)-(31) the velocity field is

UT= -E•l4 S•l 2 (Toy+/!__ To+/!__ To'YJ)

c

Jc

Jz

e-c71/f

'
(37)
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The presence of the 17 term in (36) indicates that the profile for UT contains
a point of inflexion and that UT may change sign with depth. The second term
in (37) shows that there is a southward component of flow that is independent
of the wind stress. From (35), the choice of a zonal wind stress results in a
temperature distribution that is linear in x.
Imposed now is the wind-stress distribution,
-rx = -rY = -

COS 'JtJ,

to represent the W esterlies and Trade winds. The constant A may now be
found from the integral

which may be integrated to give the equation for .A,

c'f3 2+/3
kc3
+ f3 + /3' log (

2

I

2

I

c'f'

+ /3) - -;;

sinny
A
+ f3 y )2 dy + I + f3 =

o (I

I.

The resulting velocity and temperature distributions may then be calculated
for various values of c. Fig. 2 shows surface isotherms obtained for c = 0.5,
o. 6, and 0.7. As c decreases further, the isotherms become more zonal. As c
increases, the area of warm water just offshore of the western boundary current becomes more extensive. By choosing c it is possible to obtain a surface
distribution of temperature that is compatible with observations. In particular,
for the North Atlantic, the summer surface isotherms are similar to the case
c = o.6 whereas the winter surface isotherms are more like the case c = 0.5.
L et us now look in more detail at the case c = o.6, which is shown in
Fig. 3. Here the horizontal velocity and the corresponding temperature distribution are compared at 17 = o (just below the Ekman layer) and at 17 = 2
(some way down the thermal layer; by 17 = 5 the velocity and temperature
fields have virtually attained their asymptotic values for large 17). The circulation is completed by a northward-flowing western-boundary current and by
coastal upwelling at both eastern and western boundaries. At 17 = o in the
southern part of the ocean, the temperature decreases eastward due to the
advection of relatively cool water from further north . Similarly, the northeastern corner of the ocean is warmed by the flow of relatively warm water
across the ocean from the western boundary current. The most noticeable
variation in direction of the velocity vectors at the different depths is in the
southeastern corner, with the large gyre extending further eastward at 17 = 2.
This is related to a change in coastal upwelling in this region and is further
illustrated below. The corresponding isotherms at 17 = 2 exhibit a warm core
of water just offshore of the western boundary current. This feature is present
at some depth for a wide range of values of c.
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Figure 3. Horizontal velocity vectors and isotherms for c = o.6.

In Fig. 4 the temperature distribution with depth is illustrated. At x = o. I
near the western boundary, the depth of the thermocline varies considerably.
The maximum depth occurs near the latitude (y = 0.5) of maximum windstress curl, where the wind-induced downwelling is greatest. At x = 0.9 near
the eastern boundary, the same results are present but the gradients are much
less. The diagram for y = 0.5 shows that the isotherms rise gradually toward
the surface as the eastern boundary is approached. Farther north, as Toz
changes sign, the isotherms descend toward the east. Overall comparison with
observed temperature patterns is reasonable.
A diagrammatic representation of the coastal upwelling and downwelling
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Figure 4. (i) East -west cross sect ion of temperature fo r
of temperature for c = o. 6.

c

=O• 9

= o .6. (ii), (iii) M eridional cross sections

is shown in F ig. 5. On the left of each diagram is the eastward velocity component as calculated at x = l . On the ri ght is the conj ectured vertical motion
deduced from the amount of eastward and westward transport present and
fro m the fact that there is upwelling into the Ekman layer at y = o. l but
downwelli ng at y = 0.9. N otice that the upwelling into the Ekman layer
comes from only the upper part of the thermal layer. H owever, downwelling
fro m the Ekman layer continues to the deepest parts of the thermal layer.
8. The .Abyssal L ayer. As the abyssal layer has 0 (1) thickness, there is no
scaling of the vertical coordinate. T o maintain a complete continuity equation
it is necessary that u, v ,p have the same order of magnitude as w , which is
o(E 1l2 ) to match the thermal layer. L et
!!A =

E 112 f! + . . . , PA = E 112 p + ... ,

then (9 )-( l 3) become, to lowest order,
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fv=px, fii= - py, p,=T, iix+vy+W,=O,

-

-

-

uTx+vT y+iuT , = o.
From (II) it may be seen that lower-order terms in T A will be identically
zero. Hence variations in TA are small compared with variations in temperature
in the thermal layer, but they may well be important.
Although the above set of equations is nonlinear, the horizontal transports
in the abyssal layer may be found in the usual way. From (38) it may be shown
that

(3v = Jiu,;
hence, integrating across the layer from z = o to z =
port is

1,

the northward trans-

(39)
U sed here is the fact that iv = o at the bottom of the layer (as the lower Ekman layer is weak and unable to accept Ekman suction to this order) and
iv = kclf at z = 1 from the matching condition with the thermal layer,
limwA = limwp .
Z-rl

rJ-ra>

Then, from the continuity equation, the eastward transport is

E'l2

J'

kc
udz = E'l2 - (1 -x),

0

f
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where we have satisfied the condition of no net transport from the abyssal
layer into the eastern boundary layer. Hence, the transport in the abyssal layer
is basically northeastward, with water rising into the thermal layer. A compensating southward-flowing western-boundary current is required and the
whole flow in this layer is significantly modified by variations in bottom
topography.
Finally, the integrated northward transport is calculated for all three layers;
the transport at a given latitude is

whi ch is the familiar Sverdrup balance of northward transport against windstress curl.
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Note added in proof: I have recently seen a manuscript by R . C. Alexander that he has submitted for publication in Tellus. He discusses a similar
model to that described above. Though using a different method for determining the surface temperature distribution, he reaches the same conclusion,
that horizontal advection is more important than the horizontal diffusion
of heat.

