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ABSTRACT
The electromagnetic field induced by long and intermediate water waves (e.g., tsunami)
is dependent on the time variation and spatial variation of the water motion and on the
earth's electrical conductivity structure. The water motion is approximated by a plane progressive wave on a nonrotating flat infinite ocean of uniform depth. The earth's conductivity
is approximated by plane uniformly conductive layers that represent the ocean, the bottom
sediments, and the highly conductive mantle. The analytical solution to the electromagnetic
problem shows the important influence of frequency, wave number, and oceanic and mantle
conductivity, all of which modify the field through both self induction and mutual induction.
Amplitudes of the electromagnetic field are tabulated for a range of tsunami frequencies.
1 . Introduction. Electric and magnetic fields due to water waves are caused
by the emfs that result from the oscillatory motion of the conducting seawater
in the geomagnetic field. The field for long and intermediate water waves
(e.g., tsunami) depends not only on the time and spatial variation of the water
motion but also on the earth's electrical conductivity structure. In this paper
the water motion is approximated by a plane progressive wave on a flat ocean
of uniform depth. The principal conducting elements of the earth are: the
ocean, the water-saturated bottom sediments, and the highly conductive mantle
at depth. These are approximated by plane horizontal uniformly conductive
layers. The electromagnetic problem then has a simple analytical solution that
is useful as a first step in estimating the magnitude of the induced electromagnetic field and in displaying the role of frequency, wave number, geomagnetic field, and the various conductive elements of the earth. In addition,
the formulae could be used to estimate wave motion from electromagnetic
field observations.
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The present study extends, to long and intermediate waves, W eaver's (1965)
theoretical study of magnetic fields induced by short waves, such as swell and
sea waves.
2. Hydrodynamic Theory. It is essential, before specifying the electromagnetic problem, that the model of the wave adopted be consistent with the
hydrodynamic equations. H ere the wave motion is limited (i) to frequencies,
w, that are high enough so that the rotational effects of the earth are minor
(w )) QE, QE = 7.3 x 1 0-5 sec', earth's rotation rate) and (ii) to horizontal
wave numbers, k, that are large enough so that the wave is not modified by the
earth's curvature (k)) 1/RE, RE = 6.4 x ro 6 m, earth's radius). Furthermore,
the effect of continental borders and bottom topography are not considered.
Thus the ocean is idealized as a flat nonrotating ocean of infinite extent and
of uniform depth, h. Let the coordinate system (x,y, z) be rectangular, with z
measured up from the ocean bottom and with x of arbitrary direction.
The appropriate plane wave is an irrotational wave of small amplitude in an
incompressible inviscid fluid. The hydrodynamic equations, in terms of a
velocity potential, 0 , reduce to Laplace's equation (e.g., Coulson 1958)

"y 2 0 =

o.

The boundary conditions on the free surface, z = h, are
80/&t+gC = o,

8C/8t-80/8z = o;

on the bottom, z = o, they are

80/fJz=O.

(3)

In these equations the particle velocity is U = "v 0; g = 9.8 (m/sec2 ) is the
acceleration of gravity; Cis the displacement of the free surface. The solution
for a progressive wave,
(4)
C = A exp [i(kx - wt) ],
satisfying ( 1) - (3), is
0 = -i(g/w )[cosh (kz)/cosh (kh)]C.

(5)

The frequency and wave number are related by the propagation equation
(6)

w• = gk tanh (kh).

The components of the particle velocity are
Ux = [w/sinh (kh)] cosh (kz)C,

Uy = o,

Uz = - i tanh (kz) Ux.

(7)

3. Electrical Conductivity. Previous investigations (see, for example, Chapman et al. 1940, Chapman 1956, Cantwell et al. 1960, Banks 1969, Bullard
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et al., in press, Cox et al., in press) indicate that the principal conducting
elements of the earth are: an ionosphere about I oo km above the earth's surface with a conductivity of at < rn-3 ohm-• m-• and a thickness of hi~50 km;
an ocean, a "" 3.3 ohm-• m- • and h ""5 km, with a layer of conducting sediments,
a8 : 0.5 a and h8 ::;0.5 km; a conductive mantle at a depth of a few tens to
hundreds of kilometers.
The conductive mantle beneath the Pacific Ocean at 600 km from California is shallower (depth Hm~30 km) and more conductive (am~o.4 ohm-• m-•)
than the mantle beneath the adjacent continent (Hm~8o km and Gm~o.03
ohm- 1 m- •) (Cox et al., in press). These values, which were inferred from electromagnetic signals with w of the order of rn- 3 sec', are appropriate for the
present study and are referred to in this paper as the shallow-mantle and deepmantle models, respectively. The deep-mantle model is consistent with the
mantle conductivity beneath Massachusetts (Cantwell et al. 1960 ). At depths
greater than 400 km, the conductivity rises to I ohm-' m- 1 (Banks 1969).
For a recent discussion of deep-mantle conductivity, see the review by Price
( 1970 ). However, this deeper and more conductive part of the mantle can
be ignored, because signals with w)) rn - 4 sec' are completely attenuated
at such depths. It has been proposed by Caner and Auld (1968) that the
conductive mantle at depths of the order of I oo km beneath Victoria, British
Columbia, is separated, by a 500-km zone of low conductivity, from the
deeper and more conductive mantle. This conclusion was based on an interpretation of their magnetotelluric data by use of a model consisting of horizontal layers of uniform conductivity. However, they observed that the
telluric field was strongly north-south polarized at all frequencies. This
suggests an important shallow east-west conductivity structure (perhaps the
Straits of Juan de Fuca) that should have been included in the model.
Therefore their proposed zone of low conductivity is not considered here.
Also omitted from consideration are: (i) the conductivity of crustal and
mantle material above th<;: conductive mantle because its conductivity probably does not exceed rn - 3 ohm-• m-• on the average (Watt et al. 1963);
(ii) the ionosphere because its conductivity is
AIR
CT: Q
so much less than that of the ocean; and (iii)
-0-CE_A_N______ z=h
spatial variations in the conductivity within the
CT
ocean and in the mantle.
-SE_D_I_M_E_N-TS----z=O
The earth's conductivity structure is thus
er,
idealized
to horizontal uniformly conductive
-CR_U_S_T_a_ _ _ _ _ z=-h,
layers
(Fig.
1 ), with the conductive mantle apMANTLE
er= o
proximated by an infinite half space of uniform
z=-Hm conductivity. The above estimates of conducCONDUCTING
MANTLE
CTm
tivity and depths are used for determining the
Figure 1. Earth electrical cooducmagnitudes of the fields.
tivity model.
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4· Electromagnetic Theory. The basic equations are M axwell 's equations
and Ohm's law for a moving conductor. Displacement currents may be neglected becau~e the phase speed, w/k, of the source is vanishingly small when
compared with the speed of light, c. Maxwell's equations (MKS units) are:

"v x E = - o B /ot,

"v x B =µ J ,

"v•B = o,

"v•E = e/s .

(8)

In these equations, J is the electric current (amp/m' ), Eis the in-situ electric
field (volt/m), B is the magnetic field (weber/m' ), e is the electric-charge
density (coul/m 3), µ = 4 :n: x 10- 7 (ohm sec/m) is the magnetic permeability,
assumed everywhere equal to that in vacuo, and e = 1/(µc') (ohm- 1 m- 1 sec)
is the electric permittivity.
The induced field, B, is vanishingly small when compared with the steady
geomagnetic field, F . Hence Ohm's law for a conductor moving with fluid
velocity, U, is
J = a(E + U x F),
(9)
fro m which the nonlinear term, U x B, has been dropped. The electric field,
E', seen by an observer moving with the fluid velocity, is
E' = E + U

x

F =

J/a

(10)

and is referred to as the GEK (geomagnetic electrokinetograph) field .
The spatial variations of F, compared with U, can be ignored; i.e.,
(U•"v)F (< (F•V) U. Then elimination of E and J from (8)-(9) together
with V .p = o and V • U = o yields the differential equation

V' B = µao B /ot - µa(F•V)U.

(11)

The boundary condi ti on is continuity of B across a finite discontinuity in
conductivity. If one of the conductors is infinitely conducting, only the
normal component of B is continuous, and it vanishes at the interface.
Eqs. (8) imply that V •J = o; thus, if one can ignore displacement currents,
then one can also ignore, to the same order, the term oe/ot in the electriccurrent continuity equation (Backus 195 8). Hence, within a uniform conductor, V •E' = o. Then V •E = - F•V x U = o. This follows because U is
irrotational and because the geomagnetic field is not caused by electric currents
in the sea; i.e., V x F = o. Thus electric charges do not accumulate within the
uniform conductor.
By Stokes' theorem, the line integral of U x F, the emfs, about a loop in the
x, z plane, for an incompressible fluid motion and a uniform geomagnetic
fi eld, is
(12)
(U x F) ds =
(F•V) Uy dxdz.

j

0

JJ

[29, l
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Since Uy = o from (7), the net emfs about any x, z loop vanishes. Then, since
the oceanic conductivity is assumed uniform, ']x = 'Jz = o and, consequently,
By= o.
5. The Induced Electromagnetic Fields. The water motion adopted has the
form
U = u(z) exp [i(kx -wt)].

The conductivity model consists of only horizontal layers of uniform conductivity. Therefore, the induced electromagnetic field can also be expected to
be of the form

B) ( b(z)) exp[i(kx-wt)].
(EJ = J~(z)
(z)
Substitution of (13) into (8)-(II) gives
by= o,

bx= (i/k)dbz/dz,
ex= UzFy,
e~=e~=O,

ey

=

(w /k)bz,

}x=}z=O,

ez

=

-uxFy,

I

All components can be computed from bi(z) and u(z), and the electromagnetic
problem reduces to solving the vertical component of ( 1 l ). Within the ocean
it is
( l 5)
outside the ocean it is

( 16)
The boundary conditions are continuity of bi and db z(dz at the interfaces z = h,

o, -h 8 , -Hm.
Eq. ( 1 6) shows that a sufficient condition for ignoring the conductivity of
the ionosphere and crust is k2)) µaw. This condition is satisfied if w)) 5 x
10-5 sec' for waves consistent with propagation equation (6) and for an
ionosphere or crust with a conductivity of 10- 3 ohm-, m- 1 • Hence, the conductivities of the ionosphere and crust are ignored.
The differential equation (16) and the homogeneous part of (15) have
constant coefficients and therefore have exponential solutions of the form
exp[±(k2-iµaw)*z], with a varying as in Fig. I. The particular solution
of (15) has the form exp(±kz). The complete solution can be developed in
terms of these exponentials by multiplying them by unknown coefficients
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that are evaluated by making the solution and its first derivative continuous
at the various interfaces.
To generalize the result, the solution is expressed in dimensionless form .
Suitable nondimensional parameters are: A= A /h; z = z/h; w= w (h/g) 1l2 ;
k = kh; hs = hs/h; hm = (Hm - hs)/h; Cfj = µa1h(gh)'' 2 and x; = k2 -iwa1 for
a1 =
am. The propagation equation (6) is al' = i tanh(k). The dimensionless fields are: F = F/F; B = b/(.AF); £ = e/(.AFw /k); J = /j(a.AFw/k);
here F is the magnitude of F. The solution for the field within the ocean is

a, as,

Bz = [k/sin~(k)J[FziCosh (kz)-asX,(z)-X,(z)} + }
+ iFx{sinh (kz) + X, (z) - X (z)}],

(17)

2

where

X, = (1 + a)-' [cosh (x) - kx-' a sinh (x)J[cosh {x(1 -z)} +
+ix-'sinh {x(1 -z)}J,

X = (1 + a) -' exp (k)[cosh {x(1 - z)}-kx-'asinh {x(1 -z)}J,
2

and
...

,..

a8

=

,.,

...

,..

(xs/k) [x 8 + kam coth (xshs)] [x 8 coth (x 8 h8 ) + kamJ- 1

am= [k + Xm coth (khm)] [ k coth (khm) + xmJ- 1 •

l

(•8)

The <X's defined above are proportional, respectively, to the surface admittances
(Wait 1962: 17) associated with the interfaces of the ocean/bottom sediments,
the bottom sediments/nonconducting mantle, and the nonconducting/conducting mantle. The electric-current density and GEK field are

Jv i;
=

=

Bz- [k/sinh (k)J [Fz cosh (kz) + iFx sinh (kz)J.

The horizontal magnetic field on the sea floor,

z=

(19)

o, is

(20)
at the sea surface,

z=

1,

it is
= -iB+Z •
B- +
X

The magnetic field in the air, i >

Bx(air)

= -

l,

iBz(air)

is
= -

iB"t exp [ - k(i -

l )] ;

this decreases exponentially upward from the sea surface. The electric field
within the ocean is

Ex= -i[k/sinh (k)]Fy sinh (kz),

Ey = Bz,

Ez = -

i coth

(kz)Ex -

(23)

[29, I
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Fields for a deep ocean (h = 5000 m, a = 3. 3 ohm - 1 m -,) with sediments (h 6 = 5 0 0 m,
a s = r.6 5 ohm- 1 m - 1) as fu nction of frequency,f = w/ ( 2 n) : (lift) amplitude of dimensionless electric (fly) and m agn etic (Bx, Bz) fi elds, where fly = Bz and IBi l = I
I; (right )
amplitude of dimens ion less electric current (J y) an d GEK field (fl~), w here fl~ = }y-

J1

The sea-surface values have a

+

superscript, the sea- floor values a -

cu rves grouped in the upper left of the diagrams were computed for

Fx

Fx =

superscript. The
o,

Fz =

I

while

Fz

the curves in the lower left were for
= I,
= o . The curves for a shallow (Hm =
30 km,am = 0.4 ohm- 1 m - 1 ) and deep (Hm = 80 km, am = 0 .0 3 ohm- 1 m-t) conductive
mantle are no ted. The long dashes correspon d to the long-wave approximation for the
shallow-mantle case, the short dashes to the short- wave approximation.

On the sea floor, E x= o. The magnetic field recorded by a total-field magnetometer is
...

....

...

BT = F x Bx

...

...

+F zB z,

and the bottom or surface values can be found by using (20) or (21), respectively.
In Fig. 2, the amplitudes of the above dimensionless electromagnetic field
are plotted as a function of frequency for the case of a deep ocean (h = 5000m)
with conducting sediments (h 8 = 5 00 m) . The curves show that, for low frequencies of less than about ro cph, the horizontal geomagnetic field, Fx, can
be ignored because Uz« Ux; but the conductive mantle can not be ignored
because of mutual-induction coupling with the mantle. The conductive
mantle, especially if it is shallow, enhances the horizontal magnetic field
beneath the ocean relative to its value on the sea surface. This is due to the
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Figure 3. Fields fo r a shallow ocean (h = 2oom, a = 3.3 ohm- 1 m- 1 ) wi th sediments (h s= 500m,
a 8 = 1.65 ohm - 1 m - 1) as a function of frequency,f = w/ (2:n;): (left) amplitude of a dimensionless electric (Ey) and magnetic (Bx ,

Bz)

field, where Ey =

100

ez and Iet I = Iet I;

(right ) amplitude of a dimensionless electric current (Jy) and GEK field (E~), where E~
= j y· See legend of Fig. 2 for further details.

strong electric currents induced in the hi ghly cond uctive mantle. At higher
frequencies, greater than about 50 cph, the conductivity of the mantle can be
ignored, but the effect of the horizontal and vertical geomagnetic fields is comparable because Uz~ Ux. The surface field is now larger than the field on the
sea floor because the mantle electric currents are weak and the wave motion
is largest at the sea surface.
In Fig. 3, for comparative purposes, the nondimensional amplitudes for a
shallow shelf-type ocean (h = 200 m) with conductive sediments (h s = 500 m)
are plotted as a function of frequency. Here one sees that the effect of th e
horizontal geomagnetic field can be ignored for frequ encies of less than
I oo cph. Furthermore, the electric and magnetic fields are much smaller
than those in the deep-ocean case and much less dependent on the conductive
mantle. This follows because self induction and mutual induction are very
small (§ 6).
The fields for the above deep-ocean and shallow-ocean case were also computed, ignoring th e conducti ve-bottom sediments. In Figs. 2 and 3, the curves
in all cases with bottom sediments are barely distinguishable from the curves
without bottom sediments.
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Finally, the dimensional field values can be determined from Figs. 2 and 3
by assigning values to the wave amplitude, .A, and to the geomagnetic field,
Fx and Fz .
6. Superconductive Mantle. It is sometimes appropriate, and usually simpler, to replace the finite conductive mantle with a superconductive mantle at
an apparent depth, z = - Ha. The surface-admittance term then becomes the
real quantity
0/.a = coth (kha),
where ha= (Ha - h8 )/h. The solution for this case can be found by merely replacing the complex quantity Ol.m in ( 18) with Ol.a- However, the effect of the
mantle becomes really important only when Ol.m is much larger than unity, i.e.,
for very long waves for which khm ( ( I and w(( Gm- Equating Ol.a with Ol.m,
with um replaced by its modulus, IUm[, one obtains for the above approximations the following expression:

' · )-,1, .
h•a= h.m + (GmW
The last term on the right is proportional to the skin depth within the finite
conductive mantle. Thus the field penetrates to greater depths as the frequency
is decreased, and the superconductive mantle must, accordingly, be placed
deeper. The equivalence between solutions for a finite and infinitely conductive
mantle can only be crude because phase shifts are ignored. However, (26) is
useful because it applies to any long-wave electromagnetic signal. For example,
Mason ( 1963), in a study of ionospheric-induced magnetic variations at Christmas Island, interpreted his results in terms of a superconductive mantle. His
results, using ( 26 ), show that the mantle beneath Christmas Island is nearly
equivalent to that in the deep-mantle model used here; the rough estimates are:
Hm~l00 km and Gm~O.I ohm - 1 m - 1 •
7. Self Induction and Mutual Induction. The short-wave problem) )) 1, has
been studied by Young et al. (1920), Longuet-Higgins et al. (1954), Crews
and Futterman (1962), Warburton and Caminiti (1964), Maclure et al. (1964),
Fraser (1965, 1966), and Weaver (1965). In constrast to the work of Weaver,
the solution obtained by the other workers assumed from the start that 8B/ot
= o. The consequence of this assumption is now examined.
Consider the self induction associated with a simple circuit consisting of
a resistor, R, in series with an inductor, L, and an emf, //, proportional to
exp ( - i wt). The electric current I satisfies the equation

(1 -iQ)I

= ///R,
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where Q = w L/ R is a real quantity and is related to the ratio of the energy
stored to the energy dissipated per cycle. If the time rate of change of the magnetic flux through the inductor vanishes, Q = o. The electric current is then
IQ =o = 17/R and

Q

=

i(JQ=o - 1)/J.

Returning to the wave problem, let E = - V q; - oA/ot, where q; is the
electrostatic potential and A is the magnetic vector potential, with B = V x A.
Then, by (9), J = a(U x F) - aVq;- aoA /ot. In a horizontally unbounded
ocean of uniform depth and conductivity, there is no horizontal electrostatic
field; i.e. , there are no free charges within the ocean (§ 4) and no vertical
boundaries on which charges can accumulate. Furthermore, ]x = ]z = o.
Thus Jy = a( U x F)y - ao.Ay/ot. L etting oB /ot = 0 amounts to letting oA/ot
= o. A lso, Bz = ik.Ay. Thus, by (28),

Q = ia(o.Ay/ot)/Jy = -iB z/']y ,
which, in the present paper, is a functi on of the vertical coordinate, i. Hence,
ignoring magnetic time variations is equivalent to ignoring self induction and
mutual inductio n.
Mutual induction comes about because there are other conductive regions
besides the ocean. The exact equivalent circuit for the present wave problem
consists of two additional R-L circuits---one for the sediments and one for the
conductive mantle. These are coupled to the ocean circuit and to each other by
mutual induction. H ere it is useful to retain Q as defined by (29), but it must
be complex so as to include mutual induction. Q is referred to here as the induction parameter; its magnitude, relative to unity, is a measure of its importance.
In Fig. 4 the amplitude of the induction parameter is plotted as a function of
frequency for the case Fx = o . Case Fi = o gives equivalent results. The three
upper curves, for a deep ocean (h = 5 000 m), show that self induction and
mutual induction are especially important in the tsunami frequency range
( 1 -Io cph ). The curve for no mantle shows, for frequencies of less than about
Io cph, that mutual induction of the conductive mantle reduces the induction
parameter. Above 10 cph, mutual induction can be ignored, and above 10ocph
-i.e., in the short-wave region - both self induction and mutual induction can
be ignored . The bottom curve shows that self induction and mutual induction
can be completely ignored for a shallow ocean (h = 2 00 m). H ence, the induction parameter depends critically on the oceanic depth.
8. Short-wave and Long-wave .Approximation. There are two useful special cases: (i) w )) and (ii) w
For case (i), the approximation impli es that
the wave period is large compared with the free decay time of the magnetic
field associated with the oceanic electric currents. H ence this case corresponds
to large dissipation of the field within th e ocean. For case (ii), the wave period

a,

« a.

[29, I
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Figure 4. The amplitude of the induction parameter, Q, at the sea surface as a function of frequency,
f =w/(2n), for the case Fx = o. The bottom curve corresponds to a shallow ocean (h =
200 m, <J = 3. 3 ohm- 1 m- 1), the upper three curves to a deep ocean (h = 5000 m, <J =
3. 3 ohm- 1 m - 1 ). The curves corresponding to a shallow mantle (Hm = 30 km, <Jm =
o.4ohm-1m-'), a deep mantle (Hm = 80km, <Jm = 0.03 ohm- 1 m- 1 ), and no mantle
(<Jm = o) are noted.

is small compared with the free decay time of the magnetic field associated with
the oceanic electric currents. Hence this case corresponds to small dissipation
within the ocean, and the field can therefore penetrate into the mantle. For
the deep ocean, the conductivity is a""' 5 = o ( I ). 2 Hence case (i) also implies
that w)) 0(1), which in turn implies short waves. Case (ii) implies that w (( o( I),
which in turn implies long waves.
(i) SHORT-WAVE CASE. Short waves, k)) r, have been treated by Weaver
(1965) and others and will not be considered here in detail. However, in the
general case for any wave number, tanh(k) <k, so that, from the propagation
equation, W2 < k2 • Then for OJ » ·a, one has X = k + 0 ( a/w) j the fields, from
( I 7)-( 23), are:

Bx = o (a/w),
)
'Jy = E~ = A -[k/si~h ~k)] [Fz :osh (kz) +iFx sinh (kz}J + o(a/w),
Ex = - i[k/sinh (k)]Fy sinh (ki:), Ez = -i coth (kz)Ex.

Ey = Bz = o (a/w),

2.

g = o [f(e)] means g/f(e) is bounded as

o.
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Note that the approximate electric current is 'Jy = a(UxF) 11 , which implies
that self and mutual induction can be ignored. T o the next order, the magnetic
field on the sea surface for short waves, k>) 1, is

(3 I)
this is plotted as a function of frequency in Figs. 2 and 3 (short dashes). These
curves show that the short-wave approximation approaches the solution as
oo . The induction parameter is
w

Thus, for short waves the electric current is confined to a region of
depth 1/k near the sea surface and flows in bands along the wave crests
in one direction and along the wave troughs in the opposite direction.
These alternate bands of electric current are not modified much by self
induction and mutual induction. Therefore the electric current follows
the wave motion, i.e., 'J 11 = a(U xF) 11 , and the magnetic field can be determined by the Biot-Savart Law-i.e., by a volume integration over the electric
currents.
(ii) LONG-WA VE CASE. The propagation equation for long waves, k
is W = k +o(k3). Then, for w<( a, one has 2 = o(k),
= o(k), IX= <Xs <ls, hs are all of order
ia +o(k), and <X s = <Xm-iash s+o(k), for which
one. The vertical magnetic field is

x

Bz =

a,

«I,

x:

- iFzQ/(1 - iQ) + o(k)

(33)

and the electric current is

(34)
The induction parameter is

Q

=

a/(1+ ixm -

.

.
(35)

iashs) + o(k).

Note that (33)-(35) are independent of z and Fz. Within the ocean, the
horizontal magnetic field varies linearly with depth,
On the surface, = I,
it is

z.

z

Et = - FzQ/(1 - iQ) +o(k);
on the bottom,

z=

o, it is

i3; = i z(a - Q)/(1

- iQ) + o (i).

(37)

[29, I
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The latter is plotted as a function of frequency in Figs. 2 and 3 (long dashes)
for the shallow-mantle case. These curves show that the long-wave approximation approaches the solution as w o. The magnetic field in the air,

z > 1,

for

i(z- 1)«1, is
Bx(air)

=

-iBz(air)

=

-iBz(ocean)+o(k).

The components of the electric field are:

(39)
The above expressions show that the field induced by long waves is critically
dependent on the induction parameter. Q in turn depends not only on the
earth's electrical conductivity structure but also on the time and spatial variation of the water motion, i.e., frequency and wave number, which are related
by the propagation equation (6). In the special case, khm)) 1, <Xm"" 1 and the
mantle can be ignored. Neglecting sediments, Q ""'/za. For a deep ocean, then,
Q has the non-negligible value of two. However, as h o, Q becomes vanishingly small.
The above expressions also show that the electric current consists of an
alternating, almost horizontally uniform, electric-current sheet that is uniform
with the ocean depth . There is also induced, in the mantle, an almost horizontally uniform electric-current sheet that is the negative image of the oceanic
electric currents. Then the horizontal magnetic field can be obtained, approximately, from B-;t = 1 /2µly, where B! is the magnetic field above a horizontally
uniform electric-current sheet, I Y •
The induction parameter, in the superconductive-mantle case without bottom sediments, becomes the real quantity

Q=
For very long waves,

a/(1 + aa)

=

kha <( 1, the
Q=

1

/2a[1 -

exp (- 2iha)J.

induction parameter by (26),(40) is

waha = wa[hm+ (amw)-

1 2

l

]

j

this is an adequate approximation for the shallow-mantle case at low frequency.
For example, at 0.1 cph, Q = 0.50 by (41), Q = 0.45 by (40), and the amplitude of Q for a finite conductive mantle is 0.43.
9. Short-crested Waves. The electric current, for a single progressive wave,
extends to infinity. For short-crested waves, such is not the case and the following investigates the consequences.
Consider a wave that is a combination of two long-crested progressive waves:
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C' = 1 /2Aexp [i(k xx+ kyy - wt)J,
C" = /2Aexp [i(kxx -kyy -w t)J,
1

with wave number k2 = k;; + k~. The hydrodynamic equations ( 1)-(3) are
linear. Therefore, the combined wave, C = C' + C", is

C = A cos (kyy) exp [i (kxx -wt)];

(42)

it has crests of length 2n/ky. The electromagnetic problem is linear and the
solutions are therefore a linear combination of the solutions for C' and C".
For example, the horizontal magnetic field for C' and C" is, respectively,

B~= 1 /2hx(z,k)exp [i(k xx + kyy - wt)J,
B;= 1 /ihx(z.,k)exp [i(kxx - kyy-wt)J,
where hx (z.,k) exp [i(kx-wt)] is the field due to a single progressive wave
of amplitude .A. The field for the combined wave is then

Bx= cos (0) (B~ + B';;) = cos (0) hx(z., k) cos (kyy) exp [i (kxx -w t)],

l

By= sin (0 ) (B~ - B;)

J ( )

=

i tan (0) tan (kyy) Bx,
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where 0 = tan - 1 (ky/kx) - Likewise, one can show that all of the components
for a short-crested wave of amplitude A are of the same magnitude, to within
a factor of cos (0) or sin (0), as the components induced by a single long-crested
wave of equal amplitude and wave number. The electric current, however,
now flows in loops of dimension 2n/kx by 2n/ky.

Io. Tsunami-induced Fields. For purposes of estimating the size of a
tsunami-induced electromagnetic field, a modest wave amplitude A = 0.2 m
has been assumed, and the vertical geomagnetic field has been taken to be
Fz = - 0.40 x 10-4 weber/m 2-appropriate for the North Pacific. Tsunami
frequencies are low enough so that the horizontal geomagnetic field can be
ignored. Table I presents the amplitudes of selected components for a range of
tsunami frequencies ( 1 cph-8 cph). For frequencies of less than Io cph (Figs. 2
and 3), the other components are related, since then I B; I "" I Bt I = I B; I,
1£;1 s:elEt l, and IE~-1 s:eiE/1• The magnetic field in the air near the sea
surface is equal to the sea-surface value.
Table I and Figs. 2 and 3 show that the fields vary hardly, with frequency
in the tsunami-frequency range. Hence a tsunami of arbitrary wave shape,
provided it consists mainly of frequencies I cph-10 cph, induces an electromagnetic signal having a similiar wave form.
Table I shows that the magnetic field is of the order of I gamma ( = 1o- 9
weber/m 2) and is therefore hopelessly lost in the background ionospheric-
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T able I. A mplitudes of tsunami-induced fields (gamma = 10- 9 weber/m 2).
The amplitude is A = 0 . 2 m and the geomagnetic field is Fz = 0.4 x 10- 4
weber/m2 • See legend of Fi g. 2 for further details.
Model

Freq
(cph)

Electric
(µ V/m)

Magnetic
(gamma)

G EK
(µV/m)

E'y+
D eep ocean (5000 m) with sedimen ts (500 m)
Shallow finite cond .
I
0.249
mantle . . . . . . . . . . . .
2
0.278
4
0.291
8
0.283

0.186
0.168
0.167
0.191

1.1 5
1.28
1.34
1.34

2.64
1.94
1.52
1.34

Long-wave appx . .. . . .

I
2
4
8

0.252
0.284
0.302
0.306

0.181
0.156
0.140
0.135

1.14
1.28
1.37
1.40

2.70
2.00
1.58
1.45

D eep finite cond .
mantle . . .... . ... . .

I
2
4
8

0.301
0.305
0.300
0.284

0.144
0.149
0.162
0.190

1.36
1.38
1.37
1.34

1.51
1.43
1.39
1.33

0.257
0.288
0.302
0.294

0.188
0.170
0.169
0.192

1.19
1.33
1.39
1. 38

2.62
1.92
1.52
1.36

Shallow ocean (200 m) with sediments (500 m)
I
0.0322
Shallow fi nite cond .
mantle . . . . . . . . . . . .
2
0.0322
4
0.0320
8
0.0314

1.770
1.770
1.771
1.773

0.728
0.728
0.722
0.711

0.734
0.729
0.723
0.711

0.0324
0.0325
0.0325
0.0325

1.769
1.770
1.770
1.769

0.731
0.734
0.734
0.734

0.737
0.735
0.734
0.734

Shallow ocean (200 m) wi thout sediments
I
0.032 3
Shallow finite cond .
mantle . . . . . . . . . . . .
2
0.0322
4
0.0320
8
0.031 5

1. 770
1.771
1.772
1.774

0.729
0.728
0. 723
0.7 11

0.734
0.728
0.723
0.711

D eep ocean (5000 m) without sediments
Shallow finite cond .
I
mantle . . . . . . . . . . . .
2
4
8

Long-wave appx . . ... .

I

2
4
8

induced noise. For example, magnetic disturbances commonly have variations
of 50 gammas in the I cph frequency range and occur frequently, especially
during times of sun-spot maxima. Thus it appears pointless to attempt detection of tsunami-induced magnetic fields. The electric field, however, appears
to be more promising. Deep-sea measurements (e.g. , Cox et al., in press) show

Larsen: The Electromagnetic Field

43

magnetic disturbances that give rise to electric fields of the order of 1 µP/m.
It should be possible, therefore, to detect a tsunami-induced electric field as
the predicted values (Table I) are only slightly less than the ionospheric noise.
Furthermore, the tsunami-induced field is a narrow-band sio-nal while the
ionospheric-induced field is usually a broad-band signal that is"' coherent over
large distances. Therefore it should be possible to remove part of the ionospheric-induced signal from the electric field observed at an oceanic site by use
of cross correlation with simultaneously observed electric or magnetic fields at
a land site. Electric field recorders on the deep-open sea floor should provide the
best observations, but these are difficult to install and maintain. Therefore it
seems preferable to first attempt detection of tsunami motion by measuring
the GEK field.
Table I also includes the effect of conductive sediments. Thei r neglect
changes the value of the field, at most, by a negligible 4 °fo. Neglect of self
induction and mutual induction is more serious and would lead to an overestimation of the wave amplitude by a factor of two for the GEK in deep water.
The long-wave approximation is seen to be completely adequate for describing
tsunami~induced fields having frequencies of less than 10 cph.
I I . Nonuniform Conductivity. C onductive sediments play a surprisingly
minor role. In the present study, electric currents could be produced in the
sediments only by mutual induction. These currents turn out to be small for
both the deep-ocean and shallow-ocean cases. If the oceanic conductivity is
not asumed uniform or if there are vertical nonconducting barriers, such as the
continents, the vertical electric current does not vanish; and it is possible, by
ohmic means, to pump electric currents into the sediments.
Shallow seas are normally adjacent to continents. Thus the solution derived
fo r the shallow- ocean case is not, in general, applicable for waves that propagate obliquely to the coastline when the offshore distance is small compared
with the wavelength. Conductive sediments should also play an important role.
This electromagnetic problem is not considered here, since the deep-ocean case
is the primary concern of thi s paper. The present paper shows, however, that
the shallow-ocean case with continents can be greatly simplified because self
induction and mutual induction can surely be ignored.
The effect of nonuniform conductivity within the ocean itself, on the other
hand, is probably minor. For example, the principal conductivity contrast is
between the warm water above the thermocline (depth 2 00 m) and the colder
water beneath it. The cond uctivity contrast is of the order of I ohm- 1 m- 1 •
Therefore the conductivity model in the present paper has been modified to
include two horizontal uniformly conductive layers within the ocean. The top
layer has conductivity
and thickness h, the bottom layer,
and (1 - h).

a,

The mean conductivity is Cl = ha, +(1 -

a,

h)a,.

Then, for the top layer,
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x,2

=

k.2 -zwa,
. ••

x 2 - t"( I

=

-

h·)·A
·
wua,

[29, I
(44)

and for the bottom layer,
"~ =

a,-a,

i2-iwa

2

=

x2+ihwtia,

(45)

where tia =
and the mean X 2 is hx~+(l -h)x: = k2-iwa.
For x, ""'x,""' x-i.e., ti x/x
where ti x = x, - x 2-the vertical conductivity structure can be ignored. Let /3 = wtia/x2. Since h < l ' a sufficient condition for tix/x to be small is for 1/31(<1. Then tix/x = -i'/2/3+0(/3 2).
Since ro 2 = k tanh (k) < k2, f3 is small if

«I,

For short waves, w>) a, (46) is always satisfied, since tia< a. For long waves,
the last term on the right side of (46) can be ignored. This is a good
approximation for frequencies of less than IO cph. For the typical values,
tia = I ohm- 1 m- 1 , a= 3.3 ohm- 1 m-1 , one then has tia/a = 0.3 and
tix/x~o. I 5. Hence the vertical conductivity structure should play only a
minor role. Furthermore, fork(< 1, the electromagnetic solution for the above
case of a two-layer oceanic conductivity structure can be shown to be equal
to within o (k) of the solution obtained by ignoring the oceanic conductivity
structure, provided, in the latter case, that the mean conductivity is used.
That the solutions are comparable is not surprising, because the electric
currents are horizontal and parallel to the conductivity structure due to the
fact that the emfs that drive them are essentially horizontal and uniform
with the oceanic depth. The fields are therefore insensitive to the verticalconductivity structure.

w« a,
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