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ABSTRACT

Internal wave motions are considered in a thermocline that consists of thin sheets across
which there are abrupt changes in the density. These sheets are separated by homogeneous
layers of water in which there is turbulent mixing. Investigations have been undertaken to
determine the dependence of both the rate of energy dissipation and the dynamical stability
upon the number of sheets in the thermocline. We have concluded that: (i) the higher-order
internal wave modes are so heavily damped that they cannot persist as free oscillations for
more than a few cycles; (ii) the dynamical stability of the internal modes is greatly increased
by an increase in the number of sheets in the thermocline; (iii) for a specified number of
sheets, the higher modes are less stable than the lower.

1. Introduction. The contributions of Woods and Fosberry (1967) con-
cerning the fine structure of the thermocline have important implications in
an understanding of internal-wave propagation. Their observations have indi-
cated that the thermocline consists of a number of sheets, each having a thick-
ness of a few centimeters; across these sheets there is an abrupt temperature
(hence density) change. In the middle of these sheets, the water motion is
laminar in a band having a thickness of a few millimeters, which indeed must
be the case if the identity of the sheets is to be preserved. The sheets are
separated by relatively much thicker layers of almost homogeneous water in
which there are turbulent motions. These sheets contain regions of high shear
relative to the adjacent layers, where the shears are much smaller.

In order to describe internal wave motions in such a structure, it seems
appropriate to specify a discontinuous distribution of density in the thermocline
in preference to a continuous profile. The density discontinuities correspond
to the sheets and, as indicated by Johns and Cross (1969), these discontinuities
lead to intense shear layers across which the water velocity rapidly adjusts its
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value from one layer to the next. In the physical sense, then, we are prescribing
that abrupt density changes occur across a distance equal to a sheet width as
determined by the thickness of the shear layer. Within these shear layers there
is energy dissipation that leads to the decay and ultimate disappearance of a free
internal-wave oscillation. A scheme for determining this decay has been given
by Johns and Cross (1969) in their formulation of a mathematical model that
uses uniform coefficients of eddy viscosity to simulate the turbulent mixing in
the layers. Their work indicates that, in certain circumstances, the internal
waves may be heavily damped in comparison with the surface mode. More-
over, they have proposed that this decay is correspondingly enhanced by the
addition of more sheets to the system.

The present paper develops more fully the above-mentioned ideas of Johns
and Cross (1969) and applies them to an investigation of the decay and dynam-
ical stability of internal-wave modes in thermoclines containing up to eight
sheets. Some of the results are surprising at first and are contrary to our earlier
speculations. With regard to the higher-order modes, our conclusions lead to a
chain of interesting consequences that are discussed in § 3.

The theoretical development in this paper parallels that of Johns and Cross
(1969). We have focused our attention upon a single Fourier component of
the wave spectrum and have analyzed the dynamical processes in a system in
which the Coriolis effects are omitted. The simplest thermocline consists of
only two sheets at specified depths, with the sheets separated by a homogeneous
layer of water. The total density change across this structure (attained in two
abrupt jumps) is equal to Ap. This system is then generalized by adding more
sheets to the homogeneous layer between the two basic sheets, the latter
retaining fixed identities throughout the process. The additional sheets are
positioned so that the basic homogeneous layer is equally divided into homo-
geneous sublayers. The total density change across the thermocline remains
equal to Ag, this being attained by equal density jumps across each of the
sheets.

2. Mathematical Specification. Conditions are referred to Cartesian axes
(x,y) fixed within the mean level of the free surface, with the y axis vertically
upward. The instantaneous positions of the centers of the N sheets in the
thermocline are expressed by

= Vet e =0 SN (1)
where
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only the real part is of significance. In this specification,
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