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Wave D irections from a Large Spar Buoy' 

Philip Rudnick 

Marine Physical L aboratory of the 
Scripps Institution of Ouanography 
University of California, San Diego 
San Diego, California 92r52 

ABSTRACT 

A set of 50 directional spectra of surface waves in the North Pacific Ocean, covering a 
26-day period in September 1963, has been derived from pressure and acceleration sensors 
attached to the manned spar buoy, FLIP, located near 39° 2o'N, 148° 3o'W. Results are given 
as ampiitudes and directions associated with the fir st two harmonics of the directional dis-
tribution . New analyses enabling full in terpretation of these parameters are also presented. 

i. Introduction and Outline. As a base for obtaining various oceanographic 
measurements, Scripps Institution of Oceanography uses a large manned spar 
buoy-a floating instrument platform, FLIP (Fisher and Spiess 1963, Rud-
nick 1964 ). In the vertical orientation, the normal draft of the buoy is 91 m 
(300 ft). Although the buoy is quite stable with respect to vertical position, its 
horizontal motion is in a sense an average of the hori zontal motion of the 
water in which it floats (normally unmoored). Therefore, simultaneous meas-
urement of the tilt or horizontal acceleration of the buoy and of wave pressure 
can yield information on the directional spectrum of the larger surface waves. 

Two recent investigations of this kind may be mentioned. Munk et al. 
( 1963), using bottom-mounted sensors, studied "ridge lines," i. e., swell that 
had been dispersively propagated over long distances from well-localized times 
and places of generation. At the British National Institute of Oceanography, 
instrumented tethered buoys have been developed (Longuet-Higgins et al. 
1963, Cartwright and Smith 1964). Attention has apparently been centered 
on the higher frequency waves that are determined by local wind. The present 
approach is formally equivalent to that embodied in the pitch-roll buoy, the 
earliest and simplest of the National Institute of Oceanography developments. 
The two approaches have in common a severely limited directional resolving 
power. 

1. Accepted for publication and submitted to press 14 August 1968. 
This paper represents research sponsored by the Office of Naval Research. 
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The use of a large buoy, however, affords considerable convenience in data-
gathering procedure in that special deployment of wave sensors is no longer 
required. It becomes feasible to gather wave data, as continuously and ex-
tensively as may prove desirable, in the course of other use of the buoy, much 
as bathymetry is now obtained on oceanographic cruises. The chief motivation 
of this paper is an interest in the possible value of such large-scale observations. 
One substantial body of actual data is described, and the relevant theory is 
extended toward increasing the meaning and usefulness of the particular para-
meters yielded by the measurements in question. 

The data presented here were taken from FLIP near 39° 2o'N, 148°3o'W 
during the month of September 1963 for the purpose of determining the 
response of the buoy to waves. The report of this determination and a descrip-
tion of the instrumentation have been published elsewhere (Rudnick 1967). 
Here, the bearing of the same data on the directional distribution of waves is 
examined. The measurements used were obtained from rigidly mounted instru-
ments-two accelerometers located near the upper end of the buoy and a 
wave-pressure sensor at a depth of 30 m. The accelerometers were so oriented 
as to give two components of horizontal acceleration, but they were also 
responsive to angular motion. The wave-pressure indications were also affected 
by the small vertical displacements of the buoy. These measured quantities will 
be referred to as apparent horizontal accelerations and apparent wave pressure. 
Thirty-minute records, called runs, were obtained at I 2-hour intervals over a 
period of 26 days. [Simultaneously, for another wave investigation by Snod-
grass et al. (1966), wave-pressure records of longer duration (three hours) 
were also made; they yielded omnidirectional spectra of higher resolution.] 

Section ii presents a familiar relationship in which the observed power 
spectra and cross spectra determine two complex coefficients, for periods 2 n 
and n, in the Fourier series that represents the directional distribution. Ac-
cording to a further relationship, the directional distribution is symbolized by 
a mass distribution on a unit circle. The Fourier coefficients are seen to be 
precisely equivalent to moment properties of this symbolic mass-namely the 
centroid (or center of mass), the principal moments of inertia, and the orienta-
tion of their axes. Thus, the situation in which observed wave data limit the 
possible directional distributions is likened to the familiar case in which speci-
fication of first and second moments limits a statistical or mass distribution. 
These results may be considered as an extention to two dimensions (in the 
limit of a small array, or long wavelength) of the relation given by Munk 
et al. (1963) between beam width and coherence for a pair of wave-pressure 
sensors. 

Section iii discusses limitations of the method (not at present clearly evaluated) 
and limitations on the quality of the present data. Unfortunately, there is 
serious uncertainty regarding the measured directions arising from inter-
mittent failure of FLIP's gyrocompass. 
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Sections iv and v describe the experimental results and largely unsuccessful 
efforts to relate the wave observations to weather charts. 

ii . .Analysis. A progressive surface wave of single frequency from a distant 
source in direction 0 will have a particle displacement [ Re ( d, 8), Re ( d2 8), 

Re(d38)] at position (x,y, z) (both coordinate sets being Cartesian) that may 
be expressed by· 

d38 = a8 exp [kz +ik(x cos 0 + y sin 0) + iwt], 

d, 8 = id38 cos 0, 

d28 = id38 sin 0. l 
Consider now a stochastic wave field that is homogeneous with respect to 

horizontal position and time and that contains elements like (1) representing a 
continuous range of directions and frequencies. Let the mean-squared vertical 
surface displacement, "power," associated with ranges d w and d 0 be 

S(w) P(0,w) dw d0, 

with P(0,w) normalized as a distribution function at each frequency, 1.e., 

f P(0,w)d0 = 1, 

so that S(w) is the omnidirectional spectral density. 
The cross-spectral densities, Stf, for the components of particle displace-

ment may be expressed heuristically by considering a8 in (1), hence the dt 8 , 

also, to be complex random variable functions of w and 0, having second 
moments symbolized by <-. ). 

This leads to 
s tf = L <d, od*10> 

8 

i,j= 1,2,3, 

with the asterisk denoting a complex conjugate. 
Omitting details, the following are obtained in this way: 

S33 = S(w) exp (2kz), 

S11 = S33 cos• 0, 

s .. = S33 sin• 0, 

S,3 = i S33 cos 0, 

S,3 = iS33mi0, 

S12 = S33 cos0sin0, 

S11+S22 = S33• 

(3) 
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The overbar in tqe right members of (3) represents a weighted average with 
respect to direction, i.e., 

/(0) = ff(0)P(0 ,w)d0 . (4) 

Though not expli ci tly indicated by the notation, both the St1 and these direc-
tional averages are to be considered functions of frequency. Further discussion 
centers on relationships at any one frequency. 

Next, complex correlation coefficients are introduced, each having a phase 
and a magnitude. (The magnitude of such a coefficient is referred to as the 
coherence between the two quantities involved.) 

et1 = Stt/( Stt S11)·1• i ,j = 1, 2, 3. 

A parameter <p is defined by 

cos2 <p = Su/S33 • 

Two quantities that are essentially Fourier coefficients of P(0, w) can now 
be evaluated. 

z, = cos 0 + i sin 0 = I cos <p I Im (!, 3 + i I sin <p I Im (! 23 , 

z2 = cos 20 +i sin 20 = cos 2<p +i I sin 2<p I Re (! 12 • 

1. 
J 

(5) 

The right members of (5), as written, depend on coherence values and on 
power spectral ratios for particle displacements. The corresponding quantities 
for particle velocities or accelerations may be used alternatively. Furthermore, 
the needed values may be estimated from other measured quantities, such as 
buoy accelerations and wave pressure, if these are held to be highly coherent 
with the wave-particle motion. 

The extent and limitations of the information about the directional distribu-
tion that is carried by quantities such as those in (5) have received considerable 
attention (Longuet-Higgins 1955, Longuet-Hi ggins et al. 1963). A further 
discussion of this subject follows. 

For formal convenience, let the quantities previously denoted by 0 and 
P(0,w) be redesignated 0, and P,(0,), respectively. A representation of the 
latter in a form trivially different from the usual Fourier series is introduced: 

(6) 

with 

(7) 

and 
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(~) and (7) are consistent with (2), (4), and (5). A change of variable in (7) 
gives 

~,n zk = 
0

exp (i0k)Pk(0k)d0k, (8) 

where 
k0, = 0k (9) 

and 
k-1 

Pk(0k) = ( I /k) LP, ({0k + 2 nj} /k). (10) 
j= 0 

The equivalence of (7) and (8) implies that Re(zk) and Im(zk) may equi-
valently be regarded either as averages of cos k 0 and sin k 0 under the distribu-
tion P,(0) or as averages of cos 0 and sin 0 under the different distribution 
Pk (0) . The former viewpoint is usual and convenient for most analysis, but 
both will be used here. 

In order to relate mathematical angles to physical directions, envision a set 
of unit circles, each being the domain of one 0k and called a 0k circle. Let each 
point on the 0, circle represent a fixed geographic direction that is independent 
of the coordinate system; <p,, being such a point, will thus signify a specific 
geographical direction. Consistently with (7) and (9), associate each point on 
the 0. circle invariantly with a pair of diametrically opposite directions; <pi is 
thus considered a point on the 0, circle (hence a physical direction) with a 
1 80° ambiguity. This will always be resolved by the condition 

(11) 

Consider a distribution of points on a 0k circle (for any value of k, including 
unity) weighted by the function Pk(0k)- The mean position (or centroid) of 
these points is located within (or on) the circle by means of polar coordinates 
ck and ( k <pk). The mean-squared distance of the points from their centroid 
has the nature of a two-dimensional variance and will be called simply a 
variance //k. 

2 2 

17k = (cos2 0k - cos0k)+(sin2 0k-sin0k) = 1 -Ck, (12) 
where 

[Numerical results have been expressed as values of C, and C • . ] Thus, each 
coefficient zk, or Ck and <pk, determines the complete first moment, and a 
specific second moment of Pk(0k), which is considered as a degenerate two-
dimensional distribution. In statistics, a distribution is commonly described only 
partially by giving certain of its moments. One Zk gives just such a partial 
description of the corresponding Pk. The moment relationships between the 
zk and Pk, together with the relations (10) among the Pk, are one way of 
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implying in full the connections among the zk that anse because they are 
Fourier coefficients of a non-negative function. 

In the case at hand, the experimental information is limited to Zr and z2, 
which, according to the foregoing, determine the centroid and variance for the 
distributions P 1 and P 2 • It is of interest to express all of this information in 
terms of properties of P1 • This proves to be possible in a simple form. I', is 
the trace of the two-by-two second-moment matrix associated with Pr; Z2 is 
just sufficient to complete the description of this matrix by resolving I', into 
the sum of two eigenvalues, ex and fJ, and by specifying the orientation of the 
corresponding principal axes. Descriptively, these axes are the directions along 
which the distribution Pr shows either the greatest or the least dispersion 
about its centroid; ex and fJ are the associated maximum and minimum com-
ponent variances. Derivation of these relationships is outlined in the Appendix 
(p. 22), and the results are expressed geometrically in Fig. 3. They give, as 
a by-product, the relations that must hold between Zr and z2 because they are 
Fourier coefficients of a non-negative function. 

iii. Accuracy. A number of factors affect the prec1s10n or validity of the 
results. In each run, 864 samples were taken at 2-sec intervals (over 28.8 min). 
Correlation functions were computed to a 128-sec maximum lag and weighted 
by the Hamming window (Blackman and Tukey 1959). The cross spectra 
have 16 degrees of freedom, in the sense of Blackman and Tukey, implying rms 
sampling errors of 35 °/o. There was ample attenuation of the apparent pressure 
at the Nyquist frequency, but the acceleration power density spectra at this 
limit were sometimes within 1 o dB of their maxima; thus the acceleration 
spectra were appreciably contaminated by aliasing. In applying (5) to obtain 
the coefficients z, and Z2 from the cross spectra, the components of the /:!ti 

were replaced by the total magnitudes of the corresponding measured coherences 
among the apparent pressure and accelerations; this, in effect, attributed all of 
the measured coherence, of whatever phase, to coherence of the expected phase 
in the wave-particle motion. The departure of the measured phases from their 
expected values was usually less than I o0 near the spectral maxima and within 
30° or so in other regions of interest; the run-to-run variation was more ran-
dom than systematic. 

Rudnick (1967) has presented two items of evidence concerning the extent 
to which the buoy motion may be affected by agents other than waves. The 
wave-related components of the apparent pressure and of the vertical buoy 
acceleration are expected to be completely coherent; measured coherences 
were generally between 0.90 and 0.95 in the region of the spectral maximum, 
but they were much lower at the ends of the region of interest, which suggested 
the presen_ce _of ~ome real contamination as well as instrumental background. 
A second md1cat1on may be taken from the measured frequency-response ratio 
of the spectral power densities for apparent horizontal acceleration and pressure. 
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Although the median value agreed well with theory, the interquartile spread, 
from run to run, was about ± I 5 °/o in the most favorable spectral region. The 
origin of this variability is not clear. 

A more immediate source of uncertainty in the directional indications is the 
compass failure previously mentioned. The computations were made in a 
reference system fixed in FLIP; as a final step, the relative bearings were 
converted to absolute bearings by using a single value for FLIP's heading, 
which was recorded at the beginning of each run. When possible, the heading 
was taken from FLIP's gyrocompass, but the compass was intermittently 
inoperative for more than half of all runs. When the compass was inoperative, 
a heading was supplied by R/V HORIZON, which was standing by. Such 
headings were presumably based on only a visual estimate. Failure of the com-
pass also interrupted a rough continuous recording of FLIP's head, which 
was otherwise made during each run. The records that were completed showed 
no serious changes of head during a run, but the possibility of serious change 
cannot be excluded for the unrecorded runs. In the computed results, some 
runs showed two prominent directions of wave arrival, with a difference 
between these directions that was considerably more stable from run to run 
than were the indicated absolute directions. This suggested errors in the 
reference direction. Largely on this basis, substantial arbitrary adjustments 
[in three cases (Sept. 2.9, 9.7, 21.2) approaching 180°] were made in the 
reference direction for the 16 runs identified in Fig. 2. New origins were so 
chosen as to minimize run-to-run changes in the westerly arrival directions 
in order to avoid over-smoothing of the southeasterly arrival angles. It is well 
established that FLIP is brought to an up-wind heading by a steady wind of 
even moderate strength. Consequently, the records of wind direction that were 
entered in the log of the HoRIZON to multiples of 45° at the beginning of 
each run provided additional estimates of FLIP headings that proved to be 
reasonably consistent with the adjusted headings. In four cases (runs of Sept. 
2.9, 9.2, 23.2, and 28.7), adjustments were based solely on the wind direction. 
Although the directional information presented here is considered to be 
meaningful as a whole, the absolute accuracy of the scale of directions must 
be regarded as poor, and close comparisons from run to run should not be 
relied on. It is possible that the adjustments have destroyed evidence of an 
occasional arrival from an aberrant direction. 

Except for the two runs (Sept. I 1.2 and I 1.7) in which wave-pressure 
records were not obtained, all recorded data were used in the computations. 
The only result rejected was a part of the spectrum for the run of Sept. 9.2, 
where a phase differed from the expected value by about 90°. 

iv. Experimental Results. Computations of cross spectra and Fourier co-
efficients were made for 50 runs as outlined in sections ii and iii. Results were 
expressed as the squared magnitudes Cr and C2 and the corresponding geo-
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r. A (left), Sept. 7.7; B (right), Sept. 28.7. 
Examples of Fourier coefficients. C,, C2 , qJi, q>,, are defined by eq. (6) or (7), (n), and (13), 
pis the power spectral density for apparent pressure, a is the sum of power spectral densities 
for both components of apparent horizontal acceleration. Both p and a are expressed in 
decibels; respective reference levels are 256 cm2 of seawater column per cps and 256 (cm2 

sec-4) per cps. 

graphic directions <pr and <p2 [ eqs. ( I 3), ( 7 ), (II)]. Fig. I A shows the curves 
obtained for a run that may be considered typical. [Snodgrass et al. ( I 966) 
have shown spectra from the same run in their fig. 10.J 

In the curve of Cr plotted against frequency (Fig. I A), the simply-shaped 
low-frequency maximum, the broader "plateau" of more complex and variable 
shape at higher frequencies, and the deep intervening minimum are all features 
characteristic of a large majority of the runs. The parts into which the deep 
minimum divides a spectrum will be referred to here as wind waves and swell. 
The minimum is usually, but not invariably, connected with a contrast in 
arrival directions; several of the early runs show such a separation, with both 
components coming from about the same westerly direction. Other generally 
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Figure 2. Arri val directions. Vertical lines show the range of directions (<p, or q;.) associated with 
C, o. 5 (C, 0.5 for westerly arrivals Sept. 18.2, 19.2). Point symbols show directions 
at which C, is maximum and the frequency range: 

base-up triangle, below 0.084 cps; 
diamond, between 0.084 and 0.117 cps; 
base-down triangle, above o . II 7 cps. 

When I <p,.-rp,. I~ 10°, a single symbol shows the mean value; otherwise, a symbol is in 
two parts, the left one showing <p, , the right one, q;. . The tending vessel was moored to 
FLIP during the six runs of Sept. 12.2-14.7. Runs for which the reference direction 
was arbitrarily adjusted are marked along the bottom of the plot. 

typical features of Fig. I A are (i) the curve of Cz, which is parallel to, and 
lower than, C1 but is more variable than C1, and (ii) the closely coinciding 
curves <p• and <pz, which have a rather step-like character. Fig. I B was selected 
as an unusual case that will receive later comment. 

The calculations were limited to a frequency range that varied slightly 
from run to run. The lower limit of this range was so set as to avoid appreciable 
influence of the vertical resonance of the buoy, and the upper limit (around 
o. I 7 cps, where the attenuation of wave pressure by depth is 30 dB) was 
dictated by falling spectral levels. C1 and almost always C2 fall to insignificance 
at the low-frequency end; at the upper limit there are occasional high values 
of C1 or C2 , presumably as a result of "leakage" from lower frequencies, since 
the pressure spectrum approaches instrumental noise. 

Fig. 2 is intended to include all values of <p1 and <pz that are of first-order 
importance. The symbol combination of vertical line and one superposed 
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Table I. Data associated with point symbols in Fig. 2. 
No. of cases in 
the frequency 
ranges defined 

for Fig. 2: 

Class No. of C1 Ci I q,, - '1'1 I Medium 

interval cases Median Median Min. Max. Values No. of Low or high 
cases 

.85 c, .92 15 .88 .78 .66 .90 oo 9 6 9 
10 3 
20 3 

.50;£C1 < .85 78 .73 .56 .15 .80 oo, 10 32 
20, 30 25 30 48 
40_90 17 
~ 10° 4 

.22~ c, < .5 } 
10, 20 4 

16 .35 .20 .06 .46 30_50 5 l 17 c, <.5 ~ go 7 5 

.03~ C,<.5 } 6 .4 .65 .60 .80 
20-40 4 

.5 <C, ~ go 2 

point (for meaning, see Fig. 2), used once or twice per run, is the normal 
mode of description; additional indications are given only when they are 
suggested by particular features of the run. Occasionally, more than one 
point is shown in association with one line; the additional point indicates 
either (i) a second prominent maximum of Ci on a wind-wave "plateau" or 
(ii) wind wave and swell that fall in a common range of directions and are 
usually separated by a deep minimum in Ci. The points that are not associated 
with lines (and the low-frequency points for Sept. 9. 7, 28. 7 as well) represent 
either maxima of Ci below 0.5 or narrow maxima of C, above 0.5. Some 
statistics connected with Fig. 2 are assembled in Table I. The arrival direc-
tions for wind waves are predominantly from a westerly sector; much of the 
swell comes from the southeast quadrant. 

The occasional cases shown in Table I (plotted but not always identified 
in Fig. 2), where a fairly large value of C, is found with a much smaller Ci, 
are interpreted as indicating two compact wave groups with nearly opposite 
directions. The low-frequency maximum of C, in Fig. 1 B is an example. 
This maximum is plotted in Fig. 2 as the low-frequency northwesterly point 
for this run, but the low value of Ci imples that there is also a southeasterly 
swell of the same frequency (not plotted). 

Of a set of observations, C,, C,, and (<p, - <p2), the first observation C, 
establishes a variance V, while the other two, C, and (<pi - <pi), in conjunction 
with Fig. 3, permit separation of Vi into the components ex and {3. If attention 
is restricted to the case <pi = <p,, it is seen that ex and /3 are associated with axes 
in directions <p, and (<p, +90°), either in this order or in the reverse order. 
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Figure 3. Relation between Fourier coefficients and moments of directional distribution P1• er, <pr, 
c,, <pz, are defined by eq. (7); ex and {3 are the greater and lesser eigenvalues of the central 
second-moment matrix of P,, as described in the APPENDIX. ex and f3 obey eq. (14). y is 
the direction of the principal axis associated with {3 relative to <p, as the origin. 

In one case, if a small variance //i arises largely from small angular differences 
within a compact beam, the major part of //1 will be associated with the trans-
verse direction (<p + 90°), and only a minor part (of order //~) will be associated 
with the axial direction <pi. In a second case, if a small variance arises from the 
superposition of unidirectional and isotropic wave fields, about three-fourths 
of the variance will be axial and only one-fourth transverse. The values of Ci 
and C, given in Table I as median with respect to run (which are also max-
imum values with respect to frequency) yield approximately equal values for 
the components oc and {J. This represents a case that is intermediate between 
the two cases noted above. It may be said that waves at both small and large 
angles to <pi play comparable roles in producing the observed variances //i. 

Table II reports the calculation of the component variances de and {J for 
the median case (just mentioned) and for other cases involving some of the 
smallest observed variances. These small variances give rather ambiguous con-
clusions that are sensitive to the possible presence of extraneous components in 
//i and //, in addition to the "true" values, as shown by the parenthetical 
entries in Table IL In the median case, however, the results are not much 
affected by a reasonable amount of such "noise." 

The relationship shown in Fig. 3 imposes a constraint on I <p1 - <p2 I when-
ever Ci> 0.5; the limit is 21 ° for Ci = o.6 and 5° for C1 = o.8 5. The results 
generally conform to this expectation, which, to a considerable extent, accounts 
for the small values of the angular difference shown in Table I. However, 
another aspect should be noted. The agreement between <pi and <p2 for the 
points in Table I, where (with a few exceptions) Ci is chosen as a local max-
imum with respect to frequency, is markedly better than the agreement for 
other points where Ci is comparably high. Statistical uncertainty of 6° or 
more seems to be expected; closer agreement between <pi, which depends on 
the measured pressure, and <p,, which does not, is surprising: 

A plot of all runs was made with frequency and time used as two independent 
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Table II. Examples of component variances, ex and {) .. 
Component of V, asso-

c, c, v, v, ciated with direction: 
<p, <p, + goo 

.92 .90 .08 .10 .054 .026 
(.01 .03 .003 .007) 

.85 .80 .15 .20 .097 .053 
(.08 .13 .046 .034) 

.87 .66 .13 .34 .036 .094 
(.08 .29 .001 .079) 

.73 .56 .27 .44 .144 .126 
(.20 .37 .097 .103) 

• In all cases, <pi was taken to be equal to <pr, The first three pairs (C., C,) were actual results as-
sociated with respective values o0

, o0
, 1° for f <p,-<pi f. The bracketed values result from diminution of 

r, and r, by equal amounts that represent hypothetical "noise". Of the numbers in the last two columns 
of each line, the greater number by definition is IX and the other fl . 

variables. In the plot were entered the maxima of the pressure spectra, the 
maxima of C,, and the deep minima of C,, but no contours were drawn. 
Bimodal form was more frequent and more pronounced for C, than for pres-
sure; maxima of the two curves often coincided and showed a similar rise in 
frequency with time, but dissimilarities in the positions of the maxima were 
also common. The nature of these plots suggests that the chosen grid is un-
suitably coarse along both axes; a peak may "migrate" only one frequency 
step in 1 2 hours; on the other hand, the changes in the C,-spectra may be so 
substantial in 1 2 hours that some judgments of continuity are uncertain. It 
appears that both (i) the increased frequency resolution provided by a three-
hour sample length and (ii) the increased time resolution given by a sampling 
interval of six hours or less, would be useful. Such an observational program 
is not impracticable. Continuous digital records of data might involve several 
hundred feet of magnetic tape per day; calculation of spectra in the field could 
be done with less than I oo multiply-adds per second. 

v. Location of Sources. It is natural to associate the westerly group of wave-
arrival directions shown in Fig. 2 with the prevailing winds in the region. 
A similar association of the southeasterly arrival directions of swell with the 
southeasterly trades is possible. This latter suggestion, however, is qualified by 
the existence of a clear connection between a group of consecutive lines plotted 
in Fig. 2 for southeasterly directions, beginning with Sept. 6.7 (certainly the 
first five, and possibly as many as eleven), and the "event of A28.7'', which 
has been identified and unmistakably located by Snodgrass et al. (1966) in a 
high southern latitude. 

In an effort to identify other wave sources, northern hemisphere surface 
weather charts and a summary of tropical storms in the North Pacific were 
examined (U.S. Weather Bureau 1964a, 1964b). Some general observations 
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of probable significance were made, but only in the case of the final observation 
-of Sept. 28. 7-was a satisfactory specific correspondence with the weather 
charts found. 

The Sept. 28. 7 run attracted attention because a period of calm was ended 
by a very marked rise in both wind and waves during the 12 hours preceding 
the run. The spectra shown in Fig. 1 B have four constituents: 

(i) newly arrived swell from the northwest (0.055 cps, 321°), probably 
generated Sept. 26.0 to 26.5 in the region of 48°N, 178°E to 177°W, at a 
distance of about 24°, 

(ii) continuing swell from the southeast (0.055-0.065 cps), the presence of 
which is inferred in the comment made in Section iv (p. 16) in connection 
with Fig. 1 B, 

(iii) waves from the northeast (0.09 cps, 031°), probably generated Sept. 
26.5 to 27.0 in the region of 43°N, 135°W, at about 16° distance, and 

(iv) higher frequency waves from the northwest (0.13 cps, 306°), attributed 
to local wind that accompanied the passage of a weather front. 

In the present data as a whole, the pronounced maxima and minima in the 
spectra of C1 often tend (i) to persist continuously in time in association with 
a more or less stable arrival direction <p,, and (ii) to migrate toward higher 
frequencies in considerable consonance with the "ridge-line" phenomenon in 
the omnidirectional power spectra. However, the migration does not always 
occur as smoothly or as linearly as would be expected for the point-event 
source model. 

From an examination of the northern hemisphere weather charts, the most 
striking indication for the period is a prominent tendency for low-pressure 
disturbances in longitudes to the west of 150°W to migrate in an easterly 
direction at speeds equal to the speeds of waves having frequencies that are well 
within the range of major interest. Among the "most prominent probable 
point-event sources" identified, 33 (more than one-third) comprised five 
sequences, each of which was associated with a moving meteorological dis-
turbance. Over periods that averaged three days, these disturbances approached 
FLIP with speeds that were equal to the speeds of waves having frequencies 
in the range of 0.084 to o. 1 1 3 cps. Three of the five disturbances appeared on 
the weather charts as cyclones; the other two disturbances were typhoons. 
The typhoons were listed in the summary of tropical storms but were not well 
depicted on the charts. Although all of these sequences "pointed toward" 
arrival times at FLIP that were within periods ofrelatively high wave intensity, 
no short-time concentration of observed wave energy could be associated with 
any one of the indicated arrival times. 

One quite clear opportunity to identify a point-event source by means of a 
ridge line also failed. This ridge line, shown by Snodgrass et al. (1966) with 
origin at Sept. 2.0, is also well developed in the present data; there is reasonable 
but not close agreement of parameters. The arrival direction is from the west. 
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Although the indicated position for a point-event source is near the end of one 
of the five sequences noted above, and near the beginning of a second sequence, 
the hemisphere charts show nothing in this region that would predominate 
over the later and much closer source-points listed in the second sequence. 

A more extended account of the study outlined in this section will be sup-
plied on request. 

vi. Summary. I have already indicated that a primary purpose of this paper 
is to present an example of the kind and quantity of information that is obtain-
able through the use of large spar buoys. Of course, the broad subject envisioned. 
is the spatial, temporal, and spectral distribution of surface-wave energy gen-
eration and the subsequent transport and dissipation of that energy. Surely 
no major new inference should be attempted from the present data; the 
reader is invited to form his own estimate of the potentiality of a greater 
variety of such data, possibly in conjunction with superior meteorological 
information. 

Some conclusions of more modest scope that have been drawn in the present 
study are: 

(i) Analytically, the first two harmonic coefficients of the directional dis-
tribution at any frequency (z, and z,) are equivalent to a set of parameters 
( <p,, a, {3, y) that represent readily visualized first-moment and second-moment 
properties of the directional distribution. 

(ii) Small values of (<p, - <pz) (and of y) predominate, indicating that the 
directional distributions tend to be symmetric about their mean directions, <pi-
The values of a and {3 shown in Table II are of the same order of magnitude, 
which suggests that waves arriving at small and large angles to <p, have com-
parable importance. 

(iii) For the month and station involved, Fig. 2 shows a pronounced con-
centration of arrival directions of swell in the southeast quadrant in addition to 
the expected predominance of westerly wind waves. 

(iv) Of the many meteorological events shown in the northern hemisphere 
surface weather charts, only two were identified as generators of observed 
waves. The distances of the disturbances from the observing station were 
about 1800 and 2700 km. 
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APPENDIX 

This discussion depends on, and does not restate, the results and viewpoint 
developed in the latter part of Section ii in connection with (6) and the follow-
ing equations. The notation defined there is used here. A full second-moment 
description of the distribution P, is obtained, and from it are derived necessary 
relations between the coefficients z, and z,, or more specifically among c,, C2, 

and ( <pr - q;,). Relevant mathematical background may be found in Cramer 
(1951). 

For brevity, cos 01 and sin 0, are denoted as rectangular coordinates Ut and 
vi, respectively, different subscripts being used to distinguish among the three 
differently oriented coordinate systems to be considered. For one coordinate 
system, designated by the subscript c, the positive Uc axis passes through the 
centroid of the distribution and has the direction invariantly associated with q;1 • 

Thus [using the overbar in the sense of (4)] 

Vc=O, Uc=C,?;0. 

The matrix of the central second moments of P,, with the elements var(ui), 
var(v,), and cov(u,, v,), is best described for the present purpose by its two 
eigenvalues (or characteristic numbers), ex and (3, with ex?; f3?; o, and by the 
directions of its principal axes, again represented by specific points on the 01 

circle. These principal axes provide another coordinate system, designated by 
the subscript a• The minor principal axis will be that of ua, and its positive 
direction will be chosen to be not more than 90° away from the positive uc, 
or <pr, direction. The positive or negative angle of rotation from the positive Uc 

direction to the positive ua direction is designated as y. Hence 

var (ua) = f3 var (va) = ex, 

I?; f'1 =ex+/3?; o, 

lrl n/2 . l 
Axes for a third coordinate system, designated by the subscript b, are fixed 

by _ta~ing the direction <pz, ~ubject to ( 11 ), as the positive ub direction, i.e., by 
assigning the angular coordinate value o to this direction on both the O, circle 
and 0, circle. Thus, if Ob is 0, measured from this origin, 

ubvb = 1/2 sin 20b = o, 
2 2 --0-ub - vb = cos 2 b = c, ?; O; 

it appears that the ub axis is the major principal axis and the vb axis is the minor 
principal axis of the noncentral moment matrix formed by ut', vi', and u,v,. 
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It can be shown that, of the three positive u axes, the Uc axis lies between the 
other two. Thus y and (<pi - cp,) are of opposite sign. It can also be shown that 
the (invariant) determinant of the noncentral matrix is 

Fi/4 = u~v:. 

With these preliminaries set forth, the relations sought can be obtained 
by using standard equations of transformation to relate the central moments 
for orientations a and c and to relate the noncentral moments for b and c. 
The transformation equations can be best expressed in a form involving the 
sine and cosine of twice the angle of rotation and the difference of the eigen-
values. The calculations are straightforward and will be omitted here. The 
conclusions have been put in a geometric form in Fig. 3; the parts as there 
labeled in fact form a closed triangle. 

Fig. 3 may be used in two ways. For any fixed c,, the variables ex, /3, and y 
may assume, independently of one another, any values allowed by (14). [This 
may be shown by example, using four-point distributions.] This establishes 
possible pairs of values for ei and (<p, -<pi) that may accompany the fixed c,. 
The restrictions are most marked when c, is near unity. For example, if F, 
does not exceed 0.5, the extreme range of Fi is o to 4/l',(1 - F,). 

Conversely, any stated set of values for c,, Ci, and ( cp, - <pi) can be tested for 
mutual consistency by means of Fig. 3, and, in the event of an affirmative result, 
values may be found for ex, /3, and y, thus completing a determination of the 
full first-moment and second-moment properties of P,. 


