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Seiche Motions far One-dimensional Flow
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ABSTRACT
The linearized equations of motion for the case of one-dimensional flow are solved as
a sequence of approximations for the modes of oscillation of a fluid in an enclosed basin by
using Galerkin's method from the calculus of variations.

Introduction. Seiches (resonant standing waves) in longitudinal basins of
variable depth have been the subject of complete theoretical investigations for
the case in which the motion is considered as a one-dimensional flow. The
main methods have been presented by Chrystal (1906), Proudman (1914),
Defant (1918), and Hidaka (1936). The purpose of this paper is to present a
new method for discussing one-dimensional oscillations.
Formulation of the Problem. For an elongated basin it is convenient to choose
the origin o at one end of the basin in the free undisturbed surface having axes
ox along the basin, oy transverse, and oz vertically. Assume that transverse
motion across ox is negligible. If~ is considered to be the horizontal displacement of a fluid particle from its mean position and u its horizontal velocity,
then
U= (

Suppose that ( is the vertical displacement of a particle in the surface above
its equilibrium position. With an assumption of no transverse motion, and (
are constant over any plane perpendicular to ox.
If it is assumed that the vertical accelerations are negligible and that the
wave heights,(, are much smaller than the depth, h = h(x,y), the linearized
equation of motion is

a,

u =- gox'
J.
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where g is the acceleration due to gravity. The latter assumption leads to the
equation of continuity for an incompressible fluid in the form

a

(3)

ax{~A(x)} = -Cb(x),

where A(x) is the area of cross section and b(x) is the breadth of the undisturbed surface in a transverse plane through the fluid distant x from o.
By replacing u and C in (2) and using (1) and (3),

.

a[

a

1

~=gax b(x)ax{A(xH}

]

a[ 1 a
]
=gb(x) b(x)ax b(x)ax{A(x)~}.
1

By introducing the transport variable

l

ex= A(x)

(4)

(5)

and the fluid surface-area variable

(6)

X = ~:b (x') dx'

so that

a a

1

b(x)ax""ax'
eq. (4) becomes

(7)
where

(8)

f(x) = A(x)b(x).
To find the frequencies, a, of normal modes of oscillation, put

ex = ex* ei (at+e),

(9)

where
ex*= ex*(x)

or

ex*(x)

only;

eq. (7) then becomes
d 2 ex*

-

-2 + -

dx

a2
- ex* = o.

gf(x)

(1 o)

For convenience, the * on ex will be omitted. The solution of ( 1 o) must satisfy
boundary conditions at the ends of the basin. If the basin boundaries are vertical,
then, for all time t,
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/; = O

when

x = o,I,

[26,3
(11)

where I is the length of the basin.
Thus, ct = o when X = o, Xi, ( 12) where Xi is the total surface area of
the undisturbed surface and is given by

Approximate Solution of the Problem . The method of solving (IO) subj ect
to ( 12) is based on the Galer kin method in the calculus of variations (Kantorovich and Krylov 1958: 258-262).
To solve the operator equation L(ct) = o under appropriate boundary
conditions, approximate solutions are developed in the form

ctn(x) =
=

x(x- xi)(a, + azx + a 3x + ... +an xn- •)
L ai<pt,
2

n

where each function <p satisfies the conditions of ( 12) and are continuous over
the domain [o, Xi], with the orthogonality conditions

The coeffici ents of the ai are computed for each j value and are of the form
- µif + AViJ , where ). = a2 /g. Square matrices .A and B of order n x n are
defin ed by A = (µ t1) and B = (v,1), and the integrated system of ( I 5) is
(A - AB)-! = o, where -! is the column vector of the ai .
For these equations to be consistent, IA - AB I = o , hence the A and are
eigen-values and eigen-vectors of B- 'A.
The degree n of the approximating function need not be large to obtain
reasonable accuracy, subj ect only to the assumpti ons made for linear flow.
Once n is chosen, the matrices A and B are calculated. The integrals may
have to be evaluated numerically if the product A (x) b(x) is not expressible as
a di rectly integrable functi on. From the matrices, a sequence of approximations
to A and
and hence to a and ct may be determined ; but t and ct are only
found to within an arbitrary multiplying constant. The wave height may then
be obtained from (3).
When n = I , the transport is approximated by a second-degree polynomial
and the matrices .A and B each have one element. Thus one value is fo und
fo r)., this being the first approximation to the fund amental mode of oscillation
in the basin. As n increases, the t ransport is approximated by higher degree
polynomials; the number of modes approxi mated also increases and all previous
modes are determined to a higher precision.
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Thus the method yields sequences of approximations to the frequency
(hence to the period), to the horizontal transport, and to the wave height for
various modes of oscillation in an elongated basin.

Numerical Illustration. This process has been applied to three particular
cases whose solutions are known from diverse techniques. They are the cases
of oscillations in a basin of constant depth, where the surface shape is (i)
rectangular, (ii) elliptic, and (iii) spindle-shaped; the latter name has been
used by Hidaka for a basin whose surface is formed by the intersection of two
confocal parabolae.
RECTANGULAR SURFACE. For this basin, the differential equation has an
analytic solution. The frequency, a, of the nth harmonic is given by

a= nn[(gh)''2 /I],
where h is the uniform depth.
The transport, oc, of the nth harmonic is given by

oc =

A

4

•
nnx
sm - - cos at,
1

with nodes at the positions where d oc/dx = o for all t.
The approximate solution for oscillations in this basin given by the Galerkin
method are as follows.
Let N denote the degree of the polynomial approximation to the transport
oc; then, for the fundamental,

N

al
(gh)•l 2

oc*

2

3.162

Ax(l-x)

4

3.14161

Nodes

0.51
2

Ax(l-x)(P+ 1.132lx- 1.132x )

0.51.

For the second harmonic,

N

al
(gh)•l 2

oc*

3

6.481

Ax(l - x)(l-2X)

0.211 I, 0.7891

5

6.285

Ax(l-x)(l3 + 0.634/'x- 8lx' + 5.43x3)

0.2371, 0.7631.

Nodes

ELLIPTIC SURFACE. When the oscillations are considered to be a onedimensional Row problem, solutions have been obtained by Goldstein ( I 928).
The first five frequencies are given as follows:
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[26,3

( h)•l 2
a g
= 1.8866, 3.4866, 5.0699, 6.6477, 8.223 1 ,
a

where a is the length of the semi major axis.
The Galerkin method yielded the following frequencies. (The degree of
the polynomial approximation to the transport a is 7 in each case.)

In this case the integration was carried out numerically, using Simpson's rule
applied to 20 intervals.
SPINDLE-SHAPED SURFACE. The one-dimensional Row problem was solved
by Hidaka ( 1931) for the basin having a surface shape defined by
y 2 = a(a - 2x), x > o,
y 2 = a (a

+ 2 x) , x < o .

The first five frequencies are given as follows:

a (gh) 112

---=~- = 2.1499, 3.7900, 5.3931, 6.9830, 8.5666.

a

The Galerkin method gave the following frequencies:

Conclusion. It has been demonstrated in the above illustrations that the
Galerkin method is an easy-to-apply technique that is valid over a wide range
of basin shapes. As long as the Row in a transverse direction is negligible,
satisfactory approximations may be obtained for the modes of oscillation in
various basins. It must be remembered that the Row equations are linearized,
hence basin shapes that do not allow such simplification cannot be solved in
this way. A particular feature to be emphasized is the nature of the solution
which gives both transport and wave height (hence nodes) as well as the
frequencies of various modes.
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