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Ross6y Waves with Bottom Topography' 

George Veronis 
Massachusetts Institute of Technology 
Cambridge, Massachusetts 

ABSTRACT 

A simple analysis shows the analogy between Rossby waves and waves caused by irregu-
larities in the depth of a homogeneous layer of fluid in a rotating system. The effect of bottom 
topography is shown to be very important in generating low-frequency waves and is more 
important than the fJ effect even for relatively small changes in the depth. Also, the inclusion 
of both fJ and bottom topography requires the inclusion of the variation in the Coriolis 
parameter throughout. Physically inconsistent results are deri ved when the simple fJ plane 
with a constant Coriolis parameter is used. 

1. Introduction. Classical Rossby waves exist because of the change in the 
Coriolis parameter with latitude. A similar type of inertial planetary wave2 

can be caused by variations in bottom topography. Examples of the latter have 
been given by Lamb (1945), Reid (1958), and Phillips (1965). In this commu-
nication it is shown that relatively minor bottom reli ef can alter the dispersion 
relation for Rossby waves to such an extent that any attempt to identify ob-
served low-frequency waves as Rossby waves must necessarily take topography 
into account. 

When deducing a dispersion relation for a plane wave, one can assume that 
either the space or the time dependence is harmonic and then deduce the 
functional form of the other.3 Both approaches are valid, and the results can 
be interpreted on the basis of either assumption. In a closed basin, on the other 
hand, the boundaries force a speci fie spatial dependence and, if time does not 
enter explicitly in the coefficients, a time harmonic dependence is the natural 
starting point. The dispersion relation is then deduced through a functional 
form that satisfies the equations and boundary conditions. 

The present investigation shows that in a /1-plane analysis of Rossby waves 
in a bounded basin with variable bottom topography it is necessary to take into 

r. This research was supported by the National Science Foundati on under grant number GP-4321. 
Accepted for publication and submitted to press 25 June 1966. 

z. This name was suggested by R . O. Reid in a private communication. 
3· E.g., in his analysis of divergent Ross by waves, Fofonoff ( 196z) has assumed a harmonic time 

dependence and has concluded that the waves amplify northward and decay southward from any given point. 
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account the variability in the Corioli s parameter, f, even when the latter is 
not differentiated. Cavalier use of the simple (J plane with J kept constant where 
it is not differentiated leads to erroneous and physically inconsistent results. 
The conclusion from the analysis with J constant is that the wave soluti on 
grows with time. Yet there is no energy source, and it can be shown that the 
solution violates the energy integral derived from the basic equations. Hence 
a mathematical inconsistency exists because of the approximate form of the 
vorticity equation. The system is consistent when J is allowed to vary. 

It is important, of course, to start an analysis from a consistent mathematical 
model. The point made here about the variation in J is pertinent also to systems 
with constant bottom topography but with a free surface. The resulting diver-
gent motions are influenced by the Coriolis parameter, and a component of 
motion similar to the incorrect one derived in§ 3 can also exist in a free-surface 
model. Unless one is aware of the spurious effect of the assumption of constant 
f, one may attempt to attribute physical significance to the incorrect portion of 
the flow . 

Section 2 contains simple demonstrations of plane Rossby waves and waves 
due to bottom topography, with each acting individually. Section 3 includes 
the analysis with both effects in an enclosed basin, and it is there that the 
necessity to include variable J is exhibited. 

2. Plane Waves. Rossby waves are demonstrated, using the two-dimensional 
Euler equation in a rotating system with a linear variation in the Coriolis 
parameter, f Thus, 

du _!_op (2. I) --Jv = 
dt e ox 

, 

dv l Op 
(2.2) - +Ju = e oy 

, 
dt 

where u and v are velocity components in the directions x and y (eastward 
and northward), respectively; J =Jo+ (Jy is the linearized form of the Coriolis 
parameter; p includes pressure and centripetal accelerations; and e is (constant) 
density. 

The continuity equation for a layer of homogeneous incompressible fluid 
with thickness h is 

oh o o 
-+- (uh)+ - (vh) = o. 
ot ox oy 

(2.3) 

Eliminating the pressure by cross-differentiating equations (2.1) and (2.2) 
and writing v(oJ/oy) = dJ/dt, one derives the familiar potential vorticity 
equation 
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_r!_(C+f) = 0 
dt h ' 

where C = ov/ox - ou/oy is the local vorticity. This equation states that the 
potential vorticity, (C + f) jh, is constant along a trajectory. 

When h is constant, then C + f must be constant along a particle path. Hence, 
as a particle moves northward and f increases, it is necessary that C decrease. 
When f is constant but h varies, C must vary accordingly. Hence, in this qualita-
tive sense, f and h have similar effects on the local vorticity. 

a. ONE-DIMENSIONAL RossBY WAVES. To derive an analytical form for 
Rossby waves, consider a linearized version of equations (2.1), (2.2), and (2.3) 
with constant h. Thus one obtains 

au I ap - -fv= - --, 
at e ax 

OV I op 
- +Ju = -- - , 
at e ay 

au av 
- + - =O. 
ax ay 

Elimination of the pressure by cross-differentiation yields 

!_(av_ OU) + {Jv = O. 
at ax ay 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

Suppose that the motion is northward ( u = o) and independent of y. Then 
the continuity equation is satisfied identically and (2.8) reduces to 

02
V -- +{Jv = o. oxot 

If one substitutes v~ cos (kx-wt), one derives the dispersion relation 

W=-{3/k. 

Thus the waves travel westward with phase velocity - f3 /k2. 

(2.10) 

b. WAVES CAUSED BY BOTTOM TOPOGRAPHY. Consider alternatively a 
system with constant/ but variable h. Equations (2.5) and (2.6) are still ap-
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plicable, but the continuity equation is given by (2.3). It is assumed that the 
bounding surfaces are rigid (o h/fJ t = o). Then 

au av u oh V oh - O'YJ O'YJ - +-= - -- -- - - - u - -v-
ox ay h ax hay - ax ay' 

where 17 = ln(h/ho), ho = constant. Let 

Then ( 2. r r) becomes 
au av 
- + -= µv. 
ax ay 

Cross-differentiating (2.5) and (2.6), one obtains 

If the motion is taken to be independent of y, ( 2.14) simplifies to 

02
V 

otox + fµv = o, 

and a wave solution of the form 

V = Vo COS ( k X - W t) 

yields the dispersion relation 

w = -fµ/k. 

( 2. I I) 

( 2. I 2) 

( 2. I 3) 

( 2. I 4) 

( 2. I 5) 

(2. I 6) 

( 2. I 7) 

Hence, decreasing depth plays a role analogous to that of an increasing 
Coriolis parameter. In this case, of course, it is the effect of divergence that 
causes a decrease in the local vorticity, but the resulting wave is the same. 
The one difference between the two systems is that in the divergent case 
it is necessary that there be two components of velocity because of the 
continuity equation. That is, the north-south motion given by ( 2. r 6) is ac-
companied by an east-west motion: 

u = voµ sin (kx - wt) . 
k 

( 2. I 8) 

This cross-motion is necessary to offset the divergence that occurs as fluid 
columns move over bottom topography. 
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It is interesting to note that the effect of bottom topography given by the 
product fµ is exactl y analogous to the {3 effect. Thus, since {3 is essentially //a 
where a is the earth's radius, the effects are comparable provided thatµ "" 1/a. 
This means that bottom relief corresponding to an e-folding scale of the order 
of the earth's radius has as large an effect as {3 does on the dispersion relation 
for Rossby waves. There are many areas where the ocean bottom has slopes that 
far exceed such a value, and the effect of topography can be expected to dominate 
over the {3 effect. 

c. Two-DIMEN SIONAL RosSBY WA YES. Rossby waves in two dimensions 
are easily derived from equati ons (2.7) and (2.8). Introducti on of a stream 
function by means of the definiti ons 

a'f/J 
V = -ax (2.19) 

and substituion into equation (2.8) yields the vorticity equati on 

(2.20) 

With the substitution 'f/)~ei <k x + t y-wt) , the dispersion relation becomes 

{3 k 
W = --

K'' 
KZ= k2+ /2. (2.21) 

This yields the familiar diagram that shows low frequencies for very long and 
very short waves. The east-west group velocity is given by 

aw {3(k2-12) 
8k K4 

( 2.22) 

and one sees that for k2 > 12 the group velocity is eastward whereas for P < f 

the group velocity is westward. The phase velocity is always westward and has 
maximum amplitude when k2 = 12, i.e., when the group velocity vanishes. 

d. Two-DIMENSIONAL WAVES OVER BOTTOM ToPOGRAPHY. Elimination 
of u between equations (2.13) and (2.14) yields the equation 

( 
83 83 ) 8v 82 

V 

8x'fJt + fJy28t V + fµ 8x - µ OJO f = O. (2.23) 
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It is also possible to derive a similar equation for the transport stream function 
based on equation (2.11). Thus, if 

one finds 

ihp 
uh = - -oy, 

OVJ v h=-
ox' (2.24) 

(2.25) 

If one substitutes wave solutions of the form ei(kx + ly - wt) for v and VJ into 
their respective equations, different dispersion relations are derived. These are 

W = 
fµk 

K 2 ± iµk' 
(2.26) 

where the denominator has a positive sign for the v system and a negative sign 
for the VJ system. Complex w corresponds to growing or decaying modes. 

In the present case the growth or decay is caused by the form of the bottom 
topography. Clearly a wave solution in v would be reflected as an amplifying 
or decaying wave in VJ because of the factor h, and vice versa. One can clarify 
this point by assuming a harmonic wave form of the type ei (k x-wt). Then 
(2.23) yields 

82 

V _ µ 0 V _ ( k j µ + k2) V = O . 

ay2 ay w 
(2.27) 

The substitution 
(2.28) 

yields 

- - - f µ + k2 + - V = 0 . 8
2 

v ( k µ
2

) ~ 
ayz w 4 

(2.29) 

The total solution can now be written as 

V = VoeµYf•ei(kx+ly-wt), 

where Vo is constant and 

kfµ 
W= --~--

Kz + t,i2/4 

Thus the apparent growth or decay of the modes can be eliminated by taking 
into account the spatial variation in the wave. This adjustment could have 
been made through the dispersion relation (2.26) by solving for k, assuming 
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w to be real. Clearly the corresponding solution for the stream function has 
the same form, but with e-µy/• instead of eµYI• . 

The dispersion relation ( 2.31) can be discussed in the same manner as ( 2. 2 I), 
which was derived for Rossby waves. The principal difference is that the east-
west group velocity is given by 

ow fµ(k2-f2-µ2/4) 
ok (K2 +µ2/4)2 

and this group velocity vanishes at higher values of k(P = 12+µ2 /4) than did 
the group velocity for Rossby waves (k2 = /2). The added factor of µ2 /4 is 
due to the cross-velocity induced by the divergence. 

e. RossBY WAVES WITH BoTTOM ToPOGRAPHY. In the discussion up to 
this point it has been assumed that h varies exponentially in the y direction. 
Such a bottom variation has made it possible to parallel the Rossby wave analy-
sis with that for bottom topography. For the case where both effects are 
included, it is assumed that 

because the difficulties encountered are most easily exhibited in this case. 
Using the transport stream function defined by (2.24) and the depth varia-

tion given by (2.32), one derives the equation 

( 2 · 33) 

If one considers f to be constant, as is commonly done with the {3 plane, a 
solution of the form 'ljJ~et<kx + ly-wt) yields 

f).f - k{3 
W = - --

K2 - i).{3' 
( 2. 34) 

and one is again faced with the task of interpreting a complex w. 
A procedure similar to that of the last subsection is substitution of '1/J~ 

ei (ly-wt) to derive 

- + - +). - + - -I '1/J=O. 0
2

'1/J (i{J ) 0'1/J (f).f ·) 
OX2 

W ox W 
(2.35) 

However, it is clear from the complex form of the coefficient of O'I/J/ox that it 
is not possible to derive a real dispersion relation. One can at this stage accept 
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a complex dispersion relation, set w real, and solve for k. However, such a 
procedure is incorrect for this case, and it covers up a basic inconsistency in 
the system. The point is made clear in the treatment of the enclosed basin, 
to which we now turn. 

3. Waves in an Enclosed Basin. Consider a finit e basin in the region 
o s x s L, o s y s M, with free modes of the form 1jl~e-iwt _ The boundary 
conditions require that 1P vanish along the boundaries. 

a. RossBY W AV ES. With a y dependence of the form sin lny/M, equation 
(2.20) becomes 

021P if3&1P l2n2 
-+-----1jl = O 
&x2 wax M 2 • 

The substitution 1P = e-i{Jxf•w<p(x) reduces (3.1) to 

d2 <p + (L - /2 n2) <p = o 
dx2 4w2 M2 , 

(3.2) 

and one notes that a full solution for 1P that satisfies the equation and the 
boundary conditions is 

. ({3x ) . knx . lny 
1jJ = 'ljJo SlO - + Wt 510 -- 510 - , 

2W L M 
(3.3) 

where 'ljJo is constant and 

2 /32 
w = 4Q2' (3.4) 

The solution consists of a carrier wave, sin ([{3x /2w )] +wt), modulated by 
sin (knx/2). It has been discussed by Longuet-Higgins (1964), who has 
shown how this form of the solution can be synthesized by means of plane-
wave solutions. 

b. WAVES OVER BoTTOM TOPOGRAPHY. On neglecting /3 10 equation 

(2.33), one obtains 

(3.5) 

Let 1P = e-).xf•+ (i f}./2W)Y<p(x,y). 

Then (3.6) 



Journal of Marine Research [ 24,3 

Hence, the boundary conditions and the equation are satisfied by a solution 
of the form 

;. 1 . (f). ) . knx . lny 
'1/J = 'I/Joe z 2 Sin - y + Wt Sin - - Sin - , 

2W L M (3-7) 

where 

(3.8) 

The analogy between this solution and that given by (3.4) is clear. Again, 
the term ).2 in the denominator occurs as it did in the plane-wave case because 
of the divergence caused by bottom topography. 

c. RossBY WAVES WITH BOTTOM TOPOGRAPHY. Now consider the case 
with both ,8 and bottom topography. From equation (2.33) one writes 

o''I/J + o''I/J +(i,8 +J.)o'I/J _ ifJ.o'I/J = 0 _ 

ox' oy' (J) ox (J) oy 
(3.9) 

Let 
'1/J = e-<iP/2w+A/2 )z\(ifA/2w)dYcp(x,y), (3. IO) 

where f is assumed to be constant. Then <p must satisfy 

o'cp + o'cp _ _:_ [(J.+ifJ)'_;J.'] cp = 0 
o X 2 o y' 4 w W

2 
(3. I I) 

as well as the boundary conditions that it vanish along the boundary. The latter 
can be satisfied only by the form 

. knx . lny 
<p = <po Sin -- Sin -

L M 
(3.12) 

with <po a constant and k and / real. Thus, the dispersion relation is given by 

(4Q2 +J.2 )w2 + 2i).{3w - (,82 +; ).') = o, 

and it is seen that w must have a complex form. Thus, the solutions must 
either amplify or decay with time. 

Now, for a closed basin one has a simple energetic constraint. Multiplying 
equations (2.1) by hu and (2.2) by hv, adding and averaging over the basin, 
one concludes that 

O ~M~L I - - h (u' + v') dxdy = o. ot O O 2 
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To derive (3.14), it is assumed that oh/ot = o. Hence, the kinetic energy in 
the basin must remain constant. But the form of w from (3. 1 3) requires an 
exponentially decreasing or increasing value for the kinetic energy. Since the 
solution (3. I 3) is derived from the vorticity equation, the latter must be in error. 
One proceeds to show that the error is due to the assumed constant form for f. 

d. SYSTEM WITH VARIABLE f. Equations (3.9) and (3. 10) are derived from 
the basic system with no approximations. One now keeps the complete form for 
f, i.e.,/= J o+f)y. On substituting (3.10) into (3.9), one derives 

(3. I 5) 

The difference between (3 . 15) and (3.11) is that f is a functi on of y and the 
term 2i f)Ajw does not appear in the latter equation. 

At this stage one can either solve the resulting Weber equation (3. 1 5) as 
it stands or one can treat the y dependence as a perturbation and solve the 
equation by an expansion method. In the latter method, f = Jo in the zero-
order system, and the solution is 

where 

. hex . hey 
<p = <po Sll1 -- Sll1 - , 

L M 
(3. I 6) 

Thus the f3 effect appears as an additive term 111 the dispersion relation for 
waves caused by topography. 

If one writes f32/4Q2 = Wo
2 as a zero-order relation, equation (3.17) can be 

rewritten as 

(3. I 8) 

Hence, the effect of bottom topography appears as a correction of order f;/w~ 
to the dispersion relation for Rossby waves. Since the factor f ~/w~ is very 
large, one sees that topographic effects of relatively small amplitude are much 
more important than the f3 effect. 

The system is now energetically consistent, of course, and the solution (3. 16) 
and (3.17) can be extended by including the variable y part. 

4. Concluding Remarks. There are several points to be noted in connection 
with the foregoing study. 

First, a particularly simple form for bottom topography has been chosen so 
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that the analysis would be straightforward. Even the simple extension to 
h = h0 e- <h +µ y) together with f3 leads to a nonseparable problem when/is 
variable. H owever, it has been possibl e to indicate the problems that arise and 
the method for making the system consistent with the simple model. 

Second, even though inconsistent results have been obtained by keeping f 
constant in the model, which combines /3 and bottom topography, the method 
of solution may still be useful. E.g., in the plane-wave system, if one takes w 

to be real and solves for the spati al vari ati on, the soluti ons may be accurate 
locally, with the error becoming seri ous only at large distances from the point 
considered. In this case it is essential to recognize that an error is present and 
to account for it as accurately as possible. 

Third, in problems where the depth is constant but the upper surface is 
free, the same diffi culty can ari se through the assumption of constant f. The 
analysis with a free surface is considerably more complicated because inerti o-
gravity waves can also occur, and such analyses are usually possible only in the 
plane-wave case such as that treated by F ofonoff ( r 962 ). It is possible that at 
least a part of Fofonoff' s soluti ons contain a spurious behavior arising from the 
assumption that f is constant. 4 

Fourth, the strong effect of the bottom requires that one account for this 
feature in analyses of observed data as well as in realistic theories of low-fre-
quency waves in a barotropic ll.uid. It may be possible to relate standing Rossby 
waves to observation without accounting fo r topography because the effect of 
the latter is not manifested in standing Rossby waves. An analysis of Rossby 
waves over random bottom topography has been undertaken and will be 
reported soon.5 

Finally, in the foregoing analysis the kineti c energy of the system had to be 
constant in order to satisfy the energy integral that could be deri ved from the 
basic system of equati ons. With a free surface there can be an exchange of 
kineti c and potential energies. Such an exchange means that the kinetic energy 
can fluctuate, in which case the angular momentum of the system can also 
fluctuate. If one considers the earth-ocean-atmosphere complex as an isolated 
system, the implicati on is that it is possibl e for oceanic and atmospheri c moti ons 
to exchange angular momentum with the solid earth and thereby cause irregu-
larities in the earth's rotati on. This point is menti oned here because a ,8-plane 
analysis with constant f does contain a secular dependence that could be (in-
correctly) interpreted as an exchange of energy and angular momentum with 
the solid earth. 

4. This is indicated by Fofonoff's statement (1962: 390) that "Ross by waves may not provide a 
complete mechan ism fo r considering periodic vari at ions of fl ow in a bounded, or part iall y bounded ocean." 

5. The foll owing analysis by J . B. K ell er and G . V eronis actuall y preceded the present one. However, 
the diffi culties in using the {3 plane with constant f are more easily brought out wi th the present simple 
analy ti cal model, and it is for this reason that this communicati on appears fi rst. 
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