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Fundamental Mode Edge Waves over 

a Steeply Sloping She(/' 

Bryan J ohns 2 

Department of Applied M athematics 
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Bangor, United Kingdom 

ABSTRACT 

Fundamental mode edge waves over a steeply sloping shelf are considered. Wit h the 
orientation of the coastlin e as prescribed in the present treatment (north-south), it is found 
that the Coriolis effect is of decreasing signifi cance as the slope of the shelf increases and 
that the theory developed by Stokes ( r 846) is ultimately applicable. 

1. Introduction. Oscillations of water over a sloping shelf were considered 
by Stokes ( 1 846 ). These oscill ati ons were characterized by an amplitude that 
decayed rapidly in the offshore direction, becoming altogether insensible at a 
distance from the shore whose projection on the slope exceeds a long-shore 
wave length. The wave velocity, which was found to be less than that of 
waves of the same length in deep water, had the values c = ± ([g /k] sin fJ) 1l2

, 

where k is the long-shore wave number and fJ the angular inclination of the 
shelf to the horizontal. Generalizations were discussed by U rsell ( 19 5 2 ), who 
showed that the Stokes edge wave is the fundamental mode of a whole set of 
possible edge-wave modes. The effect of the Coriolis acceleration on long-
period waves in this category was investi gated by Reid ( 1958). In Stokes' 
analysis, no limitati on was imposed on the gradient of the sloping shelf, but 
Reid elected to consider only slopes having a small gradient (of order 10-3). 

In such circumstances, it is permissible to make a hydrostatic-pressure approx-
imati on provided that the long-shore wave length be sufficiently great. 
Corresponding to the Stokes fundamental mode edge wave, Reid found 
(for suffici ently small /J) waves having propagation velocities c = 1/2 k 
{/ ± (/2 + 4 g k sin /J) ,1,}, where/ = 2Q sin <p is the Coriolis parameter, Q being 
the earth's angular velocity, and <p the latitude (assumed constant throughout a 
region and reckoned positiv e in the northern hemisphere). Numerical investi-
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gation indicated that the Coriolis acceleration has a significant effect on the 
edge-wave period, yielding results quite different from the predictions of Stokes' 
theory. 

In view of the uncertainty concerning the maximum shelf slopes for which 
Reid's theory is applicable, it is the purpose of the present paper to extend that 
part of Reid's work on the fundamental mode edge wave to oscillations over 
a shelf of unrestricted slope. Accordingly, it is no longer permissible to invoke 
a hydrostatic-pressure approximation and, in view of the possibility of signifi-
cant vertical currents, all components of the Coriolis acceleration must be 
retained. 

For edge waves adjacent to a north-south coastline, it is found that a possible 
mode of oscillation has an offshore wave number [k(f' /a)sin,8]/[1 -(f/a)cos,BJ, 
where the angular frequency a satisfies a2 - f cos ,8 a - g k sin ,8 = o, and 
f' = 2Q cos <p is the second Coriolis parameter. Numerical computations reveal 
that the Coriolis acceleration is of decreasing significance as the gradient of the 
shelf increases, the theory developed by Stokes then becoming applicable. 

2. Formulation. We use Cartesian coordinates (x, y, z), in which the x-
and y-axes are situated in the undisturbed level of the free surface; the x-axis 
is directed eastward out to sea, the y-axis, in a straight coastline, is directed 
toward the north, and the z-axis is directed vertically upward. The sloping 
shelf makes an angle, ,8, with the horizontal, so the equation of the rigid bottom 
is z = - x tan ,8. 

For large values of the bottom slope, significant vertical currents must be 
expected, and if the oscillations are of a low frequency, it is evident that all 
components of the Coriolis acceleration should be retained. Accordingly, the 
linearized equations of motion are 

OU , I op 
- -fv+fw = - - -a,t e ax 
OV I op 
----,-- +Ju= - - -a_t e &y 

aw -f'u ='-g-_!_ op' 
at · e &z 

where u = ( u, v, w) is the velocity field, p is the fluid pressure, f = 2Q sin <p, 
and/':,;. 2Q cos <p (Q being the earth's angular velocity and <p the latitude). 
For an incompressible homogeneous fluid the equation of continuity of mass is 

au av aw 
- + - + - = o, ax ay oz 
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and the conditi on expressing zero fl.ux of water through the rigid bottom is 

w + u tan f3 = o . (3) 

If the equation of the free surface is z = C, the kinemati cal condition requires 

that 
ac 
- = w at z = C, at (4) 

and if p0 denotes the constant atmospheric pressure, we must have 

p = po at z = C. (5) 

Finally, we prescribe that there be a zero mean fl ux of water across the 
shoreline, 

~f udz = o at x = o, (6) 

the horizontal bar denoting a time average over several periods of the oscill a-
tion. If (6) is lineari zed, the condition is satisfied automatically provided that u 

1s finite at x = o. 

3. Solution of Equations. By eliminating the velocity fiel d between (I) and 
(2), it is readily established that the pressure distribution, p, must satisfy 

- v2 P + f' - + f - P = 0 • a2 

( a a )2 

fJt2 fJy fJz 
(7) 

We shall seek a solution for p that is representative of wave propagati on in the 
direction of increasing y, and we write 

l (8) 

where only real parts are of significance. Observe that, if squares of the wave 
amplitude are neglected, the solution (8) satisfies the pressure condition (5) . 
In order that the oscillations have edge-wave characteristics and decay in the 
offshore directi on, it is necessary that 

Reµ< o . (9) 

The resulting soluti on will then be the analogue of the Stokes fundamental 
mode edge wave. By virtue of ( 1 ), an expression for the current u may now 
be readily established. 
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If the solution (8) for pis to satisfy (7), we find thatµ and 11 must be related 
by 

(Io) 

while (using the appropriate expression for u) the boundary condition (3) may 
be satisfied by choosing 

- µ --k-i I -- 11 - t µ-k- -i 11- tan/3 = o. J' ff' . ( /
2

) • ( I . I') 
a a2 a2 a a 

(II) 

Excluding the case I - (f2la2
) - (f' 2la2

) = o (i.e. a = 2D), the elimination of 
11 between (Io) and (II) results in a quadratic for µ 

with solutions 

{ / tan2 (3 ± ( 1 - /

2

) sec f3} + c /' { ( Cf- sec (3} tan (3 
k 

a a2 a ,a : 
µ= • 

sec2 (3-f
2 

q2 

(12) 

(13) 

For situations in which f l a < I and cos (3 > f l a, to fulfill ( 9) we must select the 
lower sign in (13), whence 

µ = 
( I) f' · - k cos (3 - -;; + ck---;; Sill (3 

f 
I - - cosf3 

a 

The corresponding value of 11 is 

k (sin f3 + rf' cos (3) 
a ,, _______ _ 

I - f cosf3 
a 
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Finally, the kinematical condition (4) may be satisfied by choosing 

a2 - f cos fJ a - g k sin fJ = o, 

[ 2 3,3 

( I 6) 

which reduces to Reid's equation (with a = ck) for the fundamental mode edge 
wave if powers of fJ are sufficiently small. 

By virtue of (14), we see that the oscillations represented by (1) have an 
offshore wave number, [k(f' /a)sin(J]/[1 - (!fa) cosfJJ. For the range of con-
ditions considered in § 4, however, the predicted offshore wave number is 
found to have a numerically small effect-nowhere resulting in the direction 
of wave propagation deviating from that of the coastline by more than a frac-
tion of a degree. 

The presence of an offshore progressive wave component, though exceedingly 
small in comparison with the long-shore component, does raise the important 
question of whether the present edge-wave solution implies an energy flux 
toward or away from the shoreline. In order to answer this question, it is 
necessary to obtain expressions for the current components. These are readily 
found to be given by 

u = aracot{Jeµx+v zei·(ky-at) 

v = aa cos fJ eµx+ vz ei· (ky-at) l 
As was indicated by Johns (1965), the mean energy transfer by long waves 

in a rotating ocean across a surface, S, fixed in space is given by the usual 

formula R.. = 11 (p + 1 / 2 (! u 2 + g (! z) u · d S. The mean transfer across a vertical 

plane x = contr. per unit distance in the y-direction is therefore 

Rx=~~ (p+1/2eu2 +gez)udz. 
-xtan{J 

( I 8) 

In the present case, we evaluate (18) to the lowest order of approximation. 
Since only real parts of complex quantities are of significance, appeal must be 

made to the formula ReP ReQ = 1/2Re(PQ*), where P and Qare any two 

complex quantities with time period 2n/a and where the asterisk denotes the 
complex conjugate. Substituting from (8) and (17), we find that 

- I o 
Rx = - - la12ragecotfJ e•Re(µx+v z)dz, 

2 -xtan{J 

the real part of which is clearly zero. That is, if time averages are taken over 
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several periods of the oscillation, there is no mean energy transfer toward the 
shoreline. 

The edge-wave solution given in the preceding paragraphs is, therefore, 
physically admissible, since it does not require the shoreline to be either a 
source or sink of energy-in accordance with the before-mentioned theories 
of Stokes and Reid. 

4. Numerical Discussion. Numerical computations have been undertaken 
with k = 6.28 x 10-7 cm-' (corresponding to a long-shore wave length~ 1000 

km) and <p = 45°N. 
Denoting the period of the northward progressing edge wave by 

T = 2n/ {Jcos{3 +(12 cos2 {3 +4gksin(3)1l2 }, 

and the period of the northward progressing Stokes edge wave by 

T8 = 2n/ (gksin{3)1l2
, 

we calculate the ratio T /T8 as a function of the angular slope, {3, measured in 
radians. The results are presented in Fig. 1. 

1·0 

9·8 

T/Ts 

9·6 

9·4 

·001 ·002 · 005 ·01 ·02 -05 · 1 

(J (radians) 

Figure r. Ratio of the northward edge-wave period, T, to that of the Stokes edge-wave period, T,, 
computed as a function of the angular slope, fJ, of the shelf; k = 6.28 x 10-7 cm-', 
<p=4SoN. 
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For f3 ~ 0.001 radians (~ 0.057°), we find that the edge-wave period, T, 
differs from T8 by 6.3°/o, while for /3 ~ 0.1 radians (~ 5.7°), the percentage 
difference has decreased to approximately o.6. 

It is apparent, therefore, that the Coriolis effect is of decreasing significance 
as the angular slope of the shelf increases, the theory of Stokes ultimately 
becoming applicable. Moreover, it was found, for the region in which Stokes' 
theory is inapplicable, that the theory of the present paper and that of Reid 
are in essential agreement, the edge-wave periods differing by a numerically 
insignificant amount. 
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