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Gravitational Circulation in Straits 

and Estuaries 
1 

Donald V. Hansen and Maurice Rattray, Jr. 
Department of Oceanography 
University of Washington 
Seattle, Washington 

ABSTRACT 

A coupled set of partial differential equations and associated boundary conditions is 
written to describe circulation and salt -flux processes for estuaries in which turbulent mixing 
results primarily from tidal currents. Similarity solutions, motivated by characteristic salinity 
distributions observed in estuaries, are obtained for this set of equations and are compared 
wit h observational data. The cir culation is separated into modes analogous to the barotropic, 
baroclinic, and Ekman modes of oceanic circulation. The salinity distribution, although 
coupled to the velocity distribution, is found to vary independently of it as well. The theo-
retical r esults are discussed in regard to: (i) correlation between the verti cal variations of 
mean velocity and salinit y, (ii) the role of this correlation in maintaining the steady-state 
salinit y distribution in estuaries, and (iii) some impli cations for computations of flushing and 
dispersion of contaminants. 

I. Introduction. The longitudinal salinity distribution in many coastal-plain 
estuaries takes the general form of the hyperbolic tangent function, being 
almost linear with the maximum gradient in the central part, and tailing off 
gradually to terminal values in the river and ocean. In the central region the 
vertical salinity stratification is nearly independent of longitudinal position, 
while in the terminal regions it is proportional to the departure of the sec-
tional mean saliniti es from their respective asymptotic values. An example 
of this characteristic salinity distribution with its three regimes is shown 
in Fig. 1, which is based on Pritchard's ( I 954a) data from the Delaware 
River model. 

The basic nontidal circulation associated with, and active in, maintaining 
the salinity distribution in estuaries consists of a seaward Row of river water 
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Figure I. Longi tudinal salinity distr ibution in the Delaware River (from Pritchard 1954 a). 

and a system of currents induced by the density difference between freshwater 
and seawater. A nalysis of the estuarine regime therefore constitutes a problem 
of both fo rced and free convection. One-dimensional mathemati cal models, 
such as that of Arons and Stommel ( 19 5 1) or I ppen and Harleman ( 1961 ), 
relate to integral properties of the forced fl ow and suppress or obscure the free-
convection aspect of the problem, i.e., the influence of density gradients on 
the velocity distribution; such models can therefore adequately portray con-
ditions only in the innermost part of shall ow estuaries, where such influence 
is sli ght. The effect of density gradients on the velocity distribution has been 
considered by O 'Br ien (1952) and Abbott (1960) without reference to the 
role of currents in maintaining the salinity distribution. Agnew ( 1961) devel-
oped separately two aspects of the free-convecti on problem: (i) the influence 
of an assumed density gradient on tidal currents in estuari es, and (ii) the tend-
ency of an assumed free-convection velocity gradient and hori zontal density 
gradient to induce verti cal density stratifi cation. The interdependence of the 
salinit y and velocity fi elds was recognized in the dynamical equati ons employed 
by Rattray and Hansen (1962), who developed the free-convecti on aspect of 
the problem but suppressed the forced-convecti on aspect to obtain an approx-
imate soluti on for the outer regime, in which it was again necessary to assume 
knowledge of the horizontal density gradient. 

This paper presents some soluti ons of the basic differential equati ons fo r the 
central and inner regimes; both forced and free convecti ons are considered, and 
two-dimentional salinity distributions are deri ved from external parameters. 
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Some of the results apply equally well to sea straits and narrows having strong 
tidal currents and well-defined water and density budgets. 
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Notation 

Rectangular space coordi- S, 0 
nates with ongm m the VJ, (fl 
mean sea surface, positiv e k 
seaward and downward. N 
Horizontal and vertical ve- R 
locity components. U1 
Pressure. T 
Kin ematic eddy stress. Ra 
Surface wind stress. 

Salinity. 
Streamfunction. 

( I let) (fJe /fJs ). 
Normal line at bottom. 
River discharge rate. 
Integral mean velocity. 
Dimensionless wind stress. 
Estuarine Rayleigh num-
ber. 

Gravitational acceleration. 
Width and depth of chan-
nel. 

M Tidal-mixing parameter. 

Vertical turbulent viscosity. 
Horizontal and vertical 
turbulent diffusivity. 
Density of estuarine water 
and of freshwater. 

~, 17 Dimensionless space co-
ordinates, horizontal and 
vertical. 

v, rx, /3' y} Constants. 
Ur, U2, U3 

Fi Transformation function, 
i = o or I . 

II. Formulation. Consideration is given to an idealized coastal-plain estuary 
that is rectilinear and is sufficiently narrow so that conditions are in effect 
laterally homogeneous. Tidal currents are assumed to be the predominant 
cause of turbulent mixing but to have no other influence upon the net circula-
tion in the estuary. Turbulent exchanges are therefore expressed as products 
of the gradients of the mean value of the respective property over a tidal cycle 
and exchange coefficients that are independent of local properties of the mean 
fl. ow; these conditions are most lik ely to be approached in regions of relatively 
uniform stratification. 

Studies by Pritchard ( r 9 56) indicate that the dynamic balance of forces in 
a coastal-plain estuary can be expressed by 

and 
I fJp 
-- = g . 
(! fJ z 

(2) 

The equati ons for conservation of water and salt can be written: 

fJ fJ 
- (Bu) + - ( Bw) = o , 
fJx fJ z (3) 
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and 
( 

as as) a ( as) a ( as) B u-+ w - = - BKh- +- BKv- ; 
ax oz ax ax oz oz (4) 

the linear expression, 

e = e,(1 + kS), (5) 

is an adequate approximation to the equation of state for estuarine water. 
Equation (3) is satisfied by introduction of the transport streamfunction, 

"P, such that 
Bw = "Px and Bu = - 'lj)z , 

where subscripts are used to denote partial differentiation with respect to the 
subscript. 

Eliminating p and e among (1), (2), and (5), and using the Boussinesq ap-
proximation, we obtain the governing equations for the circulation and salt 
balance: 

(6) 

(7) 

Boundary conditions to be satisfied are: no slip at the bottom, shearing 
stress equal to wind stress at the free surface, net transport equal to river Bow, 
and zero normal salt Bux at the boundaries. These conditions are expressed by: 

and any two of 

(i) 

(ii) 

(iii) 

at z = D (x) ; 'ljJ = 'lj)N = o , 

at z = O ; 'ljJ = R, Av ( t = Tw , 

at z = D (x) ; SN = o , 

at z = o ; 
dR 

BKvS2 -S- = o, 
dx 

) (8) 

(9) 

We seek solutions that portray the transition from river to oceanic condi-
tions, i.e., for Sx > o. Three types of similarity solutions having this property 
will be developed. These are separable solutions that require particular x-

dependence of the river discharge, estuary width, and exchange coefficients. 
The particular conditions required, called similarity conditions, indicate rela-
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tions among the external parameters that may be expected to result in particular 
salinity and velocity distributions. The technique permits the width and the 
exchange coefficients to vary with depth; however, for mathematical sim-
plicity in showing the basic relations, we shall consider only the idealized case 
of an estuary having a rectangular cross section and the exchange coefficients 
independent of depth. 

Illa. The Central Regime; Theory. It may be assumed without loss of 
significance that the width, depth, and river flow are all constant in the central 
regime. Solutions of equations (6) and (7) are sought in the form 

1P(x,z) = R<p(rJ), 

S(x,z) = S0 [v~+0(rJ)J, l ( 10) 

where v is a constant, 'Y/ = z/D and = Rx/BDKho are dimensionless coordi-
nates, and zero subscripts indicate values at x = o. 

The similarity conditions for distributions of this type are: the vertical 
exchange coefficients, Av and Kv, cannot vary along the estuary, but the 
horizontal exchange coefficient, Kh, must increase seaward at a rate equal to 
the integral mean velocity or freshwater discharge velocity, i.e., 

d R 
- Kh= - = u,. 
dx ED 

( l l) 

Seaward increase of turbulent diffusion in an estuary with a constant cross 
section may result from a corresponding increase in tidal velocity and excur-
sion, but this result should not be confused with the increase in the apparent 
diffusion coefficients observed by Preddy (1954), Kent (1958), or Ippen and 
Harleman ( 1961 ). 

The ordinary differential equations and boundary conditions obtained from 
(6), (7), (8), and (9) are: 

and any two of 

(i) 

(ii) 

(iii) 

<p"" + vRa = o, 

M0" + v(<p' + 1) = o, l 
<p ( l) = <p' ( l) = o, <p ( 0) = l, <p" ( O) = T , 

0' (o) = o , 

0' ( l) = 0 , 

V + ~:<p'0d17 = 0 ' l 

( l 2) 
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where primes indicate differentiation with respect to 'Y/. These equations are 
characterized by three dimensionless parameters: T = BD2rw/AvR is the 
dimensionless wind stress, Ra = gkS0D3f .AvKho is an estuarine analog of the 
Rayleigh number, and M = KvKh0 B2/R2 denotes a ratio of tidal mixing to 
river Row. 

It is convenient to choose the mean value of the time-average salinity over 
the section at x = o for the reference salinity S0 in ( 1 o ). Solutions for the 
horizontal velocity and salinity distributions satisfying ( 1 2 ), ( 1 3), and ( 14 i, ii) 
then take the forms: 

and 

where 

The longitudinal top and bottom salinity distribution given by ( l 6) for 
the case of no wind stress is shown in Fig. 2. 
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Figure 2. Salinity distributions for the central regime. 
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Figure 3. Horizontal velocity profile with no wind stress. Observed values (solid dots) for James 
River St. J17. 

Equation ( I 7) expresses the circulation as the sum of three modes: the river-
discharge mode, the wind-stress mode, and the gravitational-convection mode 
associated with the Rayleigh number. Only the first of these modes has a net 
transport of water. With no wind stress, the nature of the velocity profile 
depends only upon v Ra as shown in Fig. 3. When this product is zero, the 
velocity profile assumes the parabolic form characteristic of parallel flows 
having constant viscosity. As v Ra increases, the effect of the density gradient 
becomes apparent and the flow is bidirectional for v Ra > 30. The associated 
salinit y profile depends upon both v Ra and M /v in the manner illu strated in 

-1.0 

....._ 0 .5 
N-1 

Figure 4 . Salinity profiles at = o with no wind stress as a function of Rayleigh number and mixing 
parameter. Observed values (solid dots) for James River St. JI 7 with M /v = 8. 
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Figure 5. Solution curves for equation ( 1 8) with characteristic values for the M ersey Narrows 
(solid dots), James River estuary (diamonds), and Columbia River estuary (triangles). 

Fig. 4. The relative stratification, like the gravitational convection, increases 
with v Ra but is also proportional to v/ M. For large values of v Ra, these 
profiles are asymptotic to those given by Rattray and Hansen (1962), but in-
clusion of the horizontal diffusion and the river discharge in the present theory 
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Figure 6. Modification of velocity profile by surface wind stress, with vRa = 750. 
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Figure 7. Modification of salinity profile at~ = o by surface wind stress, wi th vRa = 750. 

makes it possible to deduce the horizontal salinity variation from the external 
parameters. 

The gradient parameter, v, is obtained from (14 iii) as a function of M, 
Ra, and T. It is the positive root of 

Ra 152 (Ra)• 1680M(1-v)=(32+10T+ T2)v+(76+ 14T)- v2 +- -
8 

v3 • 
48 3 4 

Solutions for equation ( 1 8) in the special case of zero wind stress are shown in 
Fig. 5. 

Figs. 6 and 7 show the modification of the basic velocity and salinity profiles 
by wind stress. The significant aspects of this modification remain as described 
by Rattray and Hansen (1962), but quantitative inferences are more readily 
drawn from the present soluti ons. In an estuary with the characteristics of the 
James River, for example, T = 40 corresponds to a wind stress of approxi-
mately 0.1 dyne/cm2-a rather small wind stress. 

III b. The Central Regime; Comparison with Observations. Data given by 
Pritchard and Kent (1956) for the James River (St. J 17) are superimposed 
upon Figs. 3 and 4. These data demonstrate the ability of the theoretical 
model to represent for the most part the vertical profiles of mean velocity and 
salinity in estuaries, and indicate values of v Ra and M /v near 7 50 and 8, 
respectively, at this station. Better agreement can be obtained by using a smaller 
value of v Ra and a small wind stress, but a reliable estimate of the mean wind 
stress is not available. Near the boundaries, good agreement cannot be ex-
pected when exchange coefficients are assumed to be independent of distance 
from the boundary. Direct calculation, using data given by Pritchard and Kent 
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(1953, 1956), yields approximately 5/6 and 9000 for Mand Ra at this station 
and time. However, the reference value for the horizontal diffusivity, Kho> 
that enters into these determinations is probably known only within a factor 
of 2 or 3. These values imply v ""0.09, and therefore v Ra"" 800 and M /v ""9, 
both of which correspond well with the values inferred from the velocity and 
salinity profiles. 

I Va. The Inner Regime; Theory. The procedure employed by Rattray 
and Hansen (1962) in seeking solutions appropriate for the outer regime is 
applied to obtain solutions for the inner regime. Solutions are sought in the 
form 

"P(x,z) = R0 Fi(y;;)<p('YJ), 

S(x,z) = S0 Ft(v;;)0(17), l 
where now;= [R 0/B0 Kho] x/D0 , 'Y/ = Fi (a;;) z/D0 ; zero subscripts refer to 
values at ; = i; Fi (a;;), etc., denote the functions given by Rattray and 
Hansen (1962), i.e., 

l f , etc. 

Similarity solutions are restricted in application to problems for which the 
external conditions are of special form. In the present case the external param-
eters must be expressible in the forms: 

subject to the similarity conditions 

/3 - y + <X + U2 = - i , 

/3 - y - 0( + U 3 = i . 

l (20) 

l 
The exponents a, {3, and y imply accelerations due to change in cross section 

and local addition of freshwater; these exponents must therefore be small to 
remain consistent with the neglect of acceleration terms in ( 1 ). 

Substitution of (19) into (6), (7), (8), and (9), and use of (20) and (21), 
yield the set of ordinary differential equations and boundary conditions: 
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(i ) 

(ii) 

(iii) 
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q;"' ' + R a (v0 + CX 'YJ0') = o , (22) 

M0" + (y + v) (v0 + CX 'YJ0') + ex ['Y/ (v0 + 0: 170')]' = ycp0' - vcp'0, (23) 

cp (I ) = cp' (I) = cp" ( 0) = 0 , cp ( 0) = I , ( 24) 

M 0' (o)- y0 (o) = o , 

0' (1) = 0 ' 

v + ~: [cp' + CX 'Yj ~] 0d'Yj = 0 , 

where Mand R a are now defin ed with characteri sti c values of the parameters 
taken at = i . The effect of surface wind is omitted in this secti on to simplify 
the mathematical development. If included, this effect imposes a further simi-
larity condition upon the formulation, but its influence upon the vertical 
profiles of mean salinit y and horizontal velocity remains as described in § III. 

The homogeneous linear system fo r 0 given by (23) and (25) has soluti ons 
for appropriate eigenvalues of v. The nonlinear coupling with cp makes only 
a single eigenvalue admissibl e. Solutions, applicable to estuari es with strong 
tidal currents, are developed by expansion in the parameter 1 / M: 

0:, 

cp = L,M-1cp1, 
j =o 

0:, 

0 = L,M-101 , 
j=o 

0:, 

v = L,M-1v1. 
j=o 

Approximate solutions for cp and 0 that sati sfy boundary conditions (24) 
and (25 i) are: 

l 
Deri vati on of a characteri sti c equati on for v0 from (25 ii) yields approximate 

values of v that are applicable only to estuari es having negligible strati fi cation 
or gravitati onal convection. A more general result is obtained by using (25 iii), 
which leads to the characteri stic equati on, 



1965] Hansen and Rattray: Gravitational Circulation in Estuaries 115 

1680M(1 - v0 ) == 210(1 + 4ct)y + 

Ra 
+ [ I 44 + ( 2 5 2 - - I I 2 - 5 60 ct) y - 5 60 ( ct - I) ct] Vo + 

48 

Ra 
+ [( I 88 - I I 2 y) - - I I 2 - 560 ct] V~ + 

48 

+ - - - II2 - V • [
152 (Ra)

2 

Ra] 3 

3 48 48 ° 

The vertical salinity profiles given by ( 2 7) are influenced to some extent by 
longitudinal variation in cross section and freshwater discharge, but for large 
values of v Ra, these profiles closely resemble those in Fig. 4. The difference 
in behavior is primarily near the boundaries, where the normal derivative may 
not vanish because of freshwater injection at the surface and because approxi-
mate values of v obtained from (25 iii) do not generally satisfy (25 ii) exactly. 

The horizontal velocity profile implied by (26) is the same as that shown 
in Fig. 3; however, whereas the special form of similarity required in § III 
allowed only strictly parallel, unaccelerated fl ow, soluti ons in the form of (19) 
yield the vertical velocity given by 

W = Kvo Fi (y- i; ~) [yq; +ct'Y)<}'! 1
] • 

MDo 

The first term in the bracket is a contribution to the vertical velocity associated 
with local addition of river water, and the second term is a contribution associ-
ated with bottom slope. The nature of each of these contributions is shown in 
Figs. 8 and 9. 

% 
o,---i2=---------t1 --------t--=:::;;;::§~ 

f::- 0.5 

VRa = 500 

1.0 L_ __ __L _______ .i._ ______ __,._ ______ ___, 

Figure 8. Freshwater addition contribution to vertical velocity. 
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IV b. The Inner Regime; Comparison with Observations. A variety of 
estuarine situati ons can be described by specifying the function Ft and the ex-
ponents IX, fJ, and y. A simple example, in which the estuary is that of a tidal 
river having uniform width and depth and in which the salinity intrusion is 
controll ed by dynamic conditions rather than by the physical length of the 
inlet, is obtained by taking i = IX = fJ = y = o. The simil arity conditions then 
require that K11, and Kv be independent of x and that .Av be proportional to the 

-20 

15 
0 

0 

z 

>- 10 
f-

z 
_J 

<{ 
Cf) 

5 

-10 
KILOMETERS 

0 

<D OBSERVED VALUES 

10 20 

Figure 10. Longitudinal variation in surface and bottom salinit y in inner part of the James River estuary. 
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Figure I I. Typical profile of vertical velocity at St. J 24, James River estuary. 

mean salinity and its gradient. The inner part of the James River estuary 
can be interpreted in terms of this simple model. Data from Pritchard and Kent 
(1953, 1956) indicate values of Mand Ra near 5/6 and 3000, respectively, 
if the reference section is placed at St. J 24. The appropriate root of equation 
( 28), with these values, is v "" o. 16. Fig. IO shows the theoretical longitudinal 
salinity distribution in comparison with that observed at a time of comparable 
river flow. The observed data are not mean values over the tidal cycle, but the 
general agreement is good. 

Although the vertical velocities calculated by Pritchard and Kent (1953) 
for the James River estuary are in general of a type that cannot be portrayed 
exactly by the similarity solutions, they closely resemble those in Fig. 8 except 
near the surface. However, their calculated profiles at St. J 24 (sample in 
Fig. 1 1) consistent! y show features that have no apparent explanation except 
for the bathymetric effect shown in Fig. 9. 

V. Discussion. Many investigators, motivated by Knudsen's (1900) early 
work or perhaps by misinterpretation of the significance of two-layer models 
such as that of Defant ( 1961 : 5 1 7 ), continue to draw inferences concerning 
the mean velocity from the salinity distribution in estuaries. Results from the 
present work indicate that such inferences can be misleading when turbulent 
diffusion is an important mechanism for horizontal salt flux. Except for wind-
stress effects, the products v Ra and M /v specify the vertical profiles of salinity 
and mean velocity in the central region, and, for large values of v Ra, they 
dominate those in the inner region. As oo, the salinity distributions are 
asymptotic to the one-dimensional distribution; this has frequently been con-
sidered to be indicative of a net seaward flow at all depths. Figs. 3 and 4 indicate 
that a sectionally homogeneous salinity distribution does not imply a uni-
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directional mean fl. ow except to the extent that Mand R a are inversely corre-
lated. Some correlati on is to be expected, but the strong influence of the total 
depth on the Rayleigh number indicates that deep estuaries in particular may 
have well-developed gravitational convection even though tidal mixing nearly 
destroys the vertical salinity gradient. Hansen ( 1 964) has pointed out in this 
regard that, although the Narrows of the Mersey Estuary in England is usually 
much less stratifi ed than the J ames River, the greater depth in the Narrows 
permits greater development of gravitational convection. A further example 
can be made of the Columbia River estuary, for which observations cited by 
Lockett ( 1963) indicate that gravitational convection is but slightly developed 
even though there is marked salinity stratification. 

The gradient parameter, v, is the fraction of the salt advected seaward with 
the river discharge that is balanced by upstream salt fl.ux associated with fluc-
tuating moti ons. It may also be interpreted as the ratio by which the upstream 
advection of salt (and the consequent extension of the salinit y intrusion) reduces 
the horizontal salinity gradient from the gradient that would be required to 
balance seaward advection of salt by turbulent diffusion with a fi xed value of 
Kho· It is thus seen that, although the gravitational convection mode of cir-
culation does not give a net fl.ux of water, it does, when coupled with vertical 
variation of salinity, give a net upstream salt fl.ux. As found by Pritchard 
(1954b), this fl.ux may nearly balance the salt advected seaward by the river-
discharge mode. Bowden ( 1963) has shown that this advecti ve salt fl.ux may 
be largely responsible for the very large apparent diffusion coefficients reported 
by Hughes (1958) for the M ersey Narrows. These apparent diffusion coeffi-
cients, which combine the upstream salt fl.ux by this advective mechanism of 
the mean fl. ow with that due to fluctuating moti ons, are not applicable in 
estimating the movement and dispersal of concentrations of scales other than 
that of the salinity intrusion. Their use is liable to be particularly misleading 
when applied to concentrations of substances that seek a preferred depth by 
virtue of density or motility. A secti onally homogeneous salinit y distribution 
does not imply the absence of gravitational convection. While it does imply 
that gravitational convection cannot contribute to the salt balance, this state-
ment applies to other concentrations only if their distribution is also sectionally 
homogeneous. 

An important facet of the salinit y-velocity interaction is shown by the 
dependence of JJ upon M and Ra. It is apparent in Fig. 5 that v increases 
and decreases respectively as Mand R a increase, forming a negative feedback 
loop that tends to stabilize M /v and JJ R a-hence, to stabili ze the verti cal 
profiles of salinity and velocity-against variati ons as great as those in Mand 
Ra. Further, from (rn) or (19) it is seen that 
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indicating that, if the exchange coefficients are not strongly dependent upon 
freshwater runoff, then the explicit dependence of the horizontal salinity 
gradient upon R tends to be offset by the dependence of v upon R. The physical 
explanation of this control mechanism li es in the tendency for both horizontal 
and vertical salinity gradients to increase with river discharge. Such increases 
in turn cause greater upstream salt advection, thus reducing somewhat the 
horizontal salinity gradient required to maintain the salt balance at the new 
discharge level. Cameron and Pritchard ( 1963) have described a tendency for 
estuaries to be buffered against changes in salinity as great as those in river 
discharge. This tendency is an estuarine analog of Le Chatelier's principle, 
in which changes in the regime resulting from variations in the parameters 
comprising Mand Ra are opposed by adjustment of the advective salt flux 
mechanism. When this mechanism plays a large role in maintaining the salt 
balance, the required adjustment may be effected by relatively small changes 
in the horizontal and vertical salinity gradients . 

.A priori knowledge of the exchange coefficients required to determine the 
distributions of mean velocity and salinity from the theory are of course not 
always available. However, from salinity and velocity observations, the theo-
retical results can be used to obtain rapid estimates of effective values of these 
coefficients. Observed profiles of mean velocity and salinity define values of 
vRa and M /v, from which v may be evaluated by means of (18) or (28). 
Knowledge of the horizontal salinity gradient then permits estimation of all 
three exchange coefficients involved in the theory. Table I and Fig. 5 show 
values of these parameters for some representative estuaries. The values de-
duced for the James River and the Mersey Narrows agree well with the results 
of more detailed analyses by Pritchard (1945 b, 1956) and Bowden (1963). 
Detailed studies have not been made of the dynamics of either the Columbia 
River or the Strait of Juan de Fuca off Washington. Note that the horizontal 
diffusivity obtained in this manner for the Columbia River estuary, unlike the 
apparent diffusion coefficients found by Hughes (1958) for the M ersey Nar-
rows, is independent of the river discharge. 

TABLE I. VALUES OF PARAME TERS INFERRED FROM DISTRIBUTIONS OF V ELOCITY 

AND SALINITY IN P ARTICULAR ESTUARINE REGIONS. 

vRa M /v V Av Kv Kh 

Columbia River 
cm2/sec cm2/sec I06cm•/sec 

High stage ... ... . < 30 0.1- 0.2 0.9 > 25 15-30 51 

Low stage .. . .... . 30-250 0.5-2 0.8 5-50 5-20 46 

James River . . .. . ... 750 8 0.1 2.5 I 0.24 

Mersey Narrows .... 3000 270 0.5 30 12 

Juan de Fuca Strait*. 9000 450 75 15 

* Based primarily upon data by H erlinveaux (1954) and Waldichuck (1957). 
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Some practical limit ations are encountered in this application of the theory. 
In estuaries such as the Columbia River, where the influence of the salinity 
gradient on the velocity profile is not large compared with the influences of 
bathymetry, bed roughness, and error of measurement, it is difficult to obtain 
accurate estimates of v R a and M /v. T his difficulty, although it leads to un-
certainty in determination of the vertical exchange coefficients, does not 
greatly influence the hori zontal diffusivity, which dominates the upstream 
salt flu x in this situati on. On the other hand, (18) or (28) may be considered 
as an equation for v in terms of v Ra and M /v; this is equivalent to determining 
the turbulent salt flu x as the difference between the landward and seaward 
advective fluxes. When this difference is a small fracti on of the advecti ve 
fluxes, it is also highly sensiti ve to sli ght differences in profile shape, errors in 
estimating v Ra and M /v, and departure of actual cross sections from the rec-
tangular form assumed in the theory. In this instance, proper estimates of the 
vertical exchange coefficients are obtained, but the estimated hori zontal dif-
fusivity tends in general to be low or even negati ve. These considerations 
restrict application of the models to values of v R a greater than 30 for estima-
ti on of the vertical exchange coeffi cients, and perhaps to v greater than o. 1 

for estimation of the horizontal diffusivity. These lim its define a region of 
applicability in the M -Ra plane (cf. Fig. 5). A lower limit of detectable strati-
fication may be expected to set an upper bound on usable values of M /v, but 
this situation has not been encountered. 

VI. Conclusion. Similarity soluti ons have been obtained for the coupled 
system of parti al differential equations describing the ci rculati on and salt 
balance for a wide range of estuarine conditions. These solutions give relations 
among the external parameters that determine the nature of particular estuarine 
regimes and provide new insight into the interacti on of the salinit y and velocity 
fi elds as a control mechanism in estuarine dynamics. The circulati on is con-
veniently separated into three modes: the freshwater discharge or forced mode, 
the gravitati onal convection or induced mode, and a wind-stress mode. Only 
the fir st of these modes gives a net transport of water, but all may contribute 
to the longitudinal salt balance. 

While gravitational convection results from the horizontal salinit y gradient 
and acts to form a vertical salinity gradient, the velocity distribution in par-
ti ally mixed estuaries cannot be inferred from the salinit y structure alone. The 
mean fl ow and the salinity stratification are strongly coupled, but they have 
different dependencies on the two dimensionless quantiti es that characteri ze 
the circulation. Deeper estuaries in particular are likely to have a reversal of 
mean velocity at depth, even with only a sli ght salinit y stratificati on. Dis-
regard for the effect of advecti ve processes in maintaining the salinity distribu-
ti on in estuaries will generally yield misleading estimates of the movement and 
mixing of other concentrations in an estuary. 
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