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ABSTRACT 

Continuous series of tide records from 1905 to 1956 at San Francisco and Honolulu were 
reduced to smoothed values at 32-hour intervals. The cross spectrum of the resulting seri es 
was computed by the Tukey method for 750 narrow-frequency bands at intervals of 0.0005 

cycles per day. The curves of spectral-energy density vary smoothly with frequency; the 
only significant peaks occur at tidal frequencies. The coherence between the two places is 
low throughout the frequency range but is significantly higher than would be obtained 
from randomly related records. The Honolulu record has a phase lag of approximately 130° 
behind San Francisco over a wide frequency range. The results may reflect mainly the 
relationship between weather at the two places rather than large-scale oceanic phenomena 
in the Pacific Ocean. 

Introduction. The present study was undertaken to learn whether normal 
modes of oscillation in the ocean can be detected from tide-gauge data. V elt-
kamp ( I 960) has shown that a homogeneous R uid in a rotating Rat circular 
basin with a specific law of depth variation oscillates with a denumerable set 
of normal modes, and he suggests that a basin of arbitrary configuration also 
has a denumerable set of modes. It seems likely that Veltkamp's result may 
also apply to oceanic basins on a spherical rotating earth. There are two classes 
of modes: (i) gravitational-inertial seiches whose frequencies have a lower 
bound and a condensation point at infinity, and (ii) planetary seiches whose 
frequencies have an upper bound and a condensation point at zero (see Longuet-
Higgins 1964). On the actual earth, the gravest gravitational mode and the 
"shrillest" planetary mode have comparable frequencies ( one cycle in several 
days) because the travel time of a tsunami across the ocean happens to be 
comparable to the period of earth rotation. Near this frequency the geo-
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graphical wave length is longest, becoming shorter at both higher and lower 
frequencies. 

If one such long mode were conspicuously present one might expect (i) a 
peak of spectral-energy density at the corresponding frequency, and (ii) high 
coherence in the sea-level records at this frequency between widely separated 
ports. The phase difference for a gravitational seiche on a nonrotating earth 
would be either zero or 180°, but one could expect any value for a planetary 
seiche on a rotating earth. 

Procedure. Continuous hourly series of tidal heights at San Francisco and 
Honolulu were prepared by carefully editing the existing tabulations and 
interpolating small gaps in the record. The resulting continuous segments were 
examined by an automatic digital method (Zetler and Groves 1964) to correct 
obvious errors. The final "cleaned up" series were stored digitally on magnetic 
tape. The above steps constitute by far the greater part of the effort in this study. 

The hourly series were then filt ered digitally by a low-pass tide killer (D 35 
in Groves 1955), and the resulting values were computed at 16-hour intervals 
to reduce the amount of data. (This filter is inadequate in preventing seri ous 
aliasing trouble at this output interval at ports having appreciable shallow-
water tides, but this problem was not serious at San Francisco and Honolulu.) 
The larger gaps in the 16-hour series (the longest being three months) were 
then interpolated, resulting in continuous, simultaneous series from 1905 to 
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Figure I a. Spectral energy density, coherence, and phase of sea level at San Francisco and Honolulu 
for frequencies 0.01 to 0.14 cpd. The phase values indicate the lead of Honolulu relative 
to San Francisco. The plots in the vicinity of zero frequency are not shown; excessive 
contamination occurred because of inadequate prewhitening. 
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Figure r b. Spectral energy density, coherence, and phase of sea level at San Francisco and Honolulu 
for frequencies o. 14 to 0.27 cpd. See Fig. r a for comments. 
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Figure r c. Spectral energy density, coherence, and phase of sea level at San Francisco and Honolulu 
for frequencies 0 . 2 7 to o. 3 7 cpd. See Fig. r a for comments. 

1956 at the two ports. Finally, the two 16-hour series were again decimated 
by a factor of two with a low-pass filter, resulting in 32-hour series of 13805 

values each. 
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Figure 2. Spectral energy density, coherence, and phase of sea level at San Francisco and H onolu lu. 
These plots resulted from decimati on of the cross-spectrum matri x of F ig. 1 by successive 
factors of fi ve. 

Each of the 32-hour seri es was prewhitened with a high-pass filt er. The 
prewhitened series were then analyzed by the Tukey method to compute 
values of the cross spectrum in 7 50 narrow-frequency bands (see, for example, 
Munk et a!. 1959). The energy-density values were compensated for the effects 
of all filt ering. The results are shown in Figs. I a- c. T o obtain a lower-
resolution summary, the four components of the cross-spectrum matri x were 
decimated by a factor of fiv e by averaging with a boxcar filt er of width fi ve2 • 

This gave I 50 values over the same frequency range. The procedure was 
repeated to produce an even lower-resoluti on representation consisting of 30 
values. Both results are shown in Fig. 2. 

Statistical Significance. The distribution of values of energy density, co-
herence, and phase, computed from random samples of infinite seri es, depends 
on the true cross spectrum of the infinit e seri es and on the " degrees of free-
dom," v, which is twice the equivalent number of harmonics of the finit e 

2 . An ordinary average taking fi ve consecuti ve values. 
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sample record ly ing within the narrow band under considerati on (Munk et al. 
1959: § 4.2, Amos and Koopmans 1963, Blackman and Tukey 1958: § 9). 
If we were to estimate energy density by averaging adjacent harmonics, the 
degrees of freedom would be known with certainty, but there is some doubt 
concerning the appropriate degrees of freedom for the Tukey window. Here 
we have followed Munk et al. (1959) and used v = 2N/m, where N is the 
number of values in the time series and m is the number of frequency bands 
in which the cross spectrum is computed. There is also some uncertainty con-
cerning the decimated cross spectrum in Fig. 2, where the spectral window 
consists of a Tukey window convoluted with a five-wide boxcar. Since the 
boxcar used is wider than the Tukey window, we have taken v as twice the 
number of harmonics in a band of width equal to the frequency separation of 
adjacent values; thus v = 92. The same procedure for the ultra-low resolution 
plots on the right of Fig. 2 gives v = 460. 

The distribution of energy-density values is given by the chi-squared law. 
The 95 °/o-confidence limits are indicated by the vertical bars. The distribution 
of sample values of coherence, R, has been given by Goodman (1957). Here 
we wish to examine the hypothesis that the true coherence (for the infinitely 
long time series) is zero. In this case, the cumulative distribution function is 

V 

Prob {R < x} = 1 - (1 -x2)"2-r. 

The dashed lines on the coherence plots of Figs. I and 2 show the level that 
would be exceeded by 5 °/o of the coherence values computed from randomly 
related records. 

Conclusions. The energy-density plots show a general decrease with fre-
quency along with small wiggles that are apparently uncorrelated from one 
frequency band to another. Their size is consistent with a total lack of real 
variation in energy density over short intervals of frequency, except for the Mf 
tide at 0.073 cpd (and possibly the Mm tide at Honolulu). All other variability 
could be completely accounted for by random statistical variation as indicated 
by vertical extent of the 95°/o-confidence limits. 

We expect that normal modes would show resolved peaks of energy density 
(and coherence) if they were strong enough and sufficiently separated in fre-
quency. Let L'lw be the separation of the normal modes in the vicinity of 
frequency w, Q their "Q" or quality factor, E their energy (L 2

), L'la the sepa-
ration of computed values, S the computed energy density near the frequency 
w, and f the factor of uncertainty in the computed values of energy density 
associated with random statistical variation. Then, so that a spectral peak can 
be resolved, we must have approximately 

L'lw > 4L'1a and L'lw > w/Q. 
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So that the peak will rise above the expected statistical variation of the back-
ground, we must have 

or 

(EQ/w > f S if w/Q > L'.la), 

(E/L'.la > f S if w/Q < L'.la). 

(2) 

Since no spectral peaks were discerned, either (r) or (2) was not satisfied. For 
a numerical example, consider the high-resolution Honolulu spectrum near 
0.2 cpd and take w = 0.2 cpd, L'.la = .0005 cpd, S = 4 cm2 /cpd, / = 2. 

Also, Groves' ( I 964) estimate of dissipative interaction with tidal currents 
gave 25, as a generous upper bound for the Q of a normal mode near this 
frequency. These values, and the absence of spectral peaks, show that either 

or 

or 

L'.lw < 0.002 cpd, 

QL'.lw < 0 .05 cpd, 

EQ < 1.6 cm2
• 

(3) 

(4) 

(5) 

Note that planetary seiches on an earth completely covered by an ocean of 
uniform depth have frequencies given by w = 2 Qm/l(I + 1) according to the 
"lid" theory (no surface displacement, as in Longuet-Higgins 1964), where 
Q is the earth's rate of rotation, I and mare integers such that 1 < m < I. The 
two shrillest frequencies are separated by L'.lw = 1 / 3 cpd, and in the vicinity 
of w = 0.2 cpd the modes are separated by approximately L'.lw = 0.007 cpd. In 
addition, of course, there are the gravitational modes. In the absence of con-
tinents, however, their frequencies are all much higher than 0.2 cpd for any 
reasonable depth. 

The coherence and phase plots show a peculiar phenomenon. The coherence 
on the high-resolutio-n computation (Fig. 1) appears to be insignificant, but 
over a wide frequency range (especially 0.19 to 0.25 cpd), the phase values are 
remarkably consistent near l 30°. This would occur if each band contained 
mostly uncorrelated noise with a small correlated signal whose phase relation 
did not vary from band to band. The lower-resolution representations (Fig. 2) 
show that the coherence over wider bands is more significant (even though 
the coherence is lower, as it must be). It is tempting to speculate on the nature 
of the coherent component. It might be normal modes of long wave length, 
or coherent weather that might be related to variations in the North Pacific 
High. Probably the noncoherent part is mostly local weather, possibly with 
some local oceanography. 

A much more interesting study could be made by including the weather 
records for each place. Unfortunately, such long series of good weather records 
are not yet available in suitable form. 
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