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On the Approximations Involved in Traniforming
the Equations of Motion from
a Spherical Surface to the {3-plane.
I I. Baroclinic Systems

1

George V eronis
Woods Ho!, Oceanographic Institution

ABSTRACT
When the hydrodynamic equations of motion for large-scale geophysical flows are transformed from a spherical surface to the p-plane, the validity and usefulness of the resulting
simplified system of equations are subject to certain restrictive conditions. These conditions
are investigated and are found to be considerably weaker for baroclinic flows than for
barotropic flows. In particular, if the locally horizontal component of the earth's rotation
vector is to be neglected, it is necessary that the ratio of a characteristic vertical to a characteristic horizontal scale be much smaller than the tangent of the latitude. Thus the p-plane
equations, with the tangential component of the Coriolis term omitted, are valid from some
subtropical latitude to within a fra ction of one degree of the equator.
I. Introduction. In any attempt to simplify a set of governing equations,
one must keep in mind the types or classes of fl.ow to which the simplified set
of equations is applicable. This holds true for both mathematical and physical
simplifications. In particular, when transforming the equations of motion for
large-scale geophysical fl.ows from a sphere to a plane, one must specify the
fl.ows that the plane equations are to describe. A further consideration in
determining the ultimate system of equations is the wealth of investigations
that have already been presented in terms of a simplified framework. It is well
worth having a formal transformation that presents a coordinate system which
is useful and which spells out the approximations involved in earlier inquiries.
(These latter are often based on a system of equations that are derived or
presented heuristically.)
It was pointed out earlier in this volume (Veronis 1963, hereafter referred
to as [A]) that the plane coordinate systems most often employed contain two
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characteristic features. (i) The locally tangential component of the earth's
rotation vector is ignored . (ii) If the system is conservative, one can deduce a
principle for the conservation of potential vorticity in which, for a homogeneous
fluid, only locally normal components of variables (vorticity, height of fluid,
and the Coriolis parameter) are involved.
The ,8-plane that was derived in § 6 of [ A J is valid for a shallow system
(i.e., where the depth of the fluid is much smaller than the radius of the earth),
and its usefulness is restricted to a band of latitude centered at the equator.
The errors involved in transforming from the sphere to the plane are determined by the errors in approximating cos <p and sin <p by 1 and <p, respectively,
where <p is the latitude.
If, in addition, one wishes to satisfy the two conditions cited above, it is
necessary to exclude from consideration a band of fluid centered at the equator
and extending to ten or more degrees on either side of the equator.
The formal transformation in § 6 of [ A J can be applied to a baroclinic
fluid as well as a barotropic fluid. However, the considerations that determine
the width of the equatorial band to be excluded from consideration are different
for a baroclinic fluid. One reason is that a general principle similar to the
Proudman-Taylor theorem for geostrophic flows in a barotropic fluid is no
longer possible when baroclinic processes -are present. In a barotropic fluid,
geostrophy on the sphere implies that no meridional motion can occur. In a
baroclinic fluid, a change in the vertical separation of two isentropic surfaces
allows meridional motions to exist even when the flow is geostrophic. Furthermore, the validity of the Proudman-Taylor theorem implies that one must
consider the behavior of entire columns of fluid. Hence, for a barotropic fluid
(or more specifically, for a homogeneous fluid) one must approximate the
height of a fluid column whose axis is parallel to the axis of rotation by the
(spherically) radial height divided by the sine of the latitude. It is this latter
approximation that imposes the most severe restriction on the validity of the
,8-plane equations near the equator.
In § 2 of this note it is shown that, for a baroclinic fluid, the width of the
equatorial band of fluid to be excluded from consideration is only a small
fraction of one degree. There are two reasons why the restrictive criterion
is relaxed for a baroclinic fluid.
(i) The flow itself is more complex than is the flow for a barotropic fluid.
One expects all three components of vorticity to be present in the simplified
system. Hence one does not try to simplify the flow characteristics when
transforming the equations. (For a barotropic fluid, on the other hand, only
one component of the vorticity in the transformed equations is kept, and thus
a restrictive assumption must be made.)
(ii) One is no longer concerned with entire columns of fluid. The equations
for a baroclinic system apply locally in the vertical as well as the horizontal
directions. As a result, the only restrictive condition that enters when one

Veronis: Transforming Equations of Motion

201

neglects the tangential component of the earth's rotation vector is determined
by the ratio of a characteristic vertical to a characteristic horizontal scal e.
There are several points that should be noted when one uses the ,8-plane
for analyzing large-scal e fl ows . (i) The ,8-plane that was derived in [ A J is
very likely to be useful for dissipative flows as well, even though the criteria
used here and in [ A J are based on flow characteristics of conservative systems.
It is inconceivable that the mathematics of small-scale mechanisms, such as
those involved in mixing or turbulent processes, would be modified by the
geometric distortion accompanying the ,8-plane transformation.
(ii) This ,8-plane is useful for flows in subtropical regions; its usefulness
decreases with increasing latitude. However, it is the only {1-plane that I
have been able to derive in the form that has been employed by most investigators in the past. If one's attention is centered on midlatitude fl ows, th e
",B-effect" comes in through the geometrical distortion of the sphere-to-,8-plan e
transformation as well as through the variation of the Coriolis parameter
with latitude.
(iii) Finally, one should keep in mind that treatments of barotropic systems
are hopefully oriented toward explaining characteristic features of baroclini c
systems. H ence, it may be possible to use the ,8-plane for a barotropic model
for the (less- restricted) region of the sphere for which the {1-plane of th e
baroclinic model is applicable. The burden would then be on how well the
barotropic model simulates the baroclinic model rather than on how good
the sphere- to-,8-plane transformation is for a barotropic fluid.
2. Limitations Set by Conservation of Potential Vorticity. In § 6 of [ A J the
starting poi nt was the equations of motion in spherical coordinates, viz.,
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where r <p il and the associated velocities w, v, u correspond to the directions
' 'radius, latitude, and azimuth, respectively. It was shown that, 1.f
along the
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one assumes a shallow system (with depth much smaller than the earth's
radius) and if one expands cos <p and sin <p in McLaurin series and keeps only
terms to order <p, the resulting equations are
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where x, y, and z are positive to the east, north, and zenith, respectively.
The complete equation for the conservation of mass could replace condition
(4), and the transformation yields the equation in rectangular cartesian coordinates subject to the same approximations as in the above system.
Now practically all treatments of large-scale oceanic flows omit the terms
2 Qw and 2 Qu in eqs. (5) and (7). The conditions under which these terms
are negligible depend on the types of flows that are investigated. In this section, large-scale flows in a conservative system are considered and the condition of conservation of potential vorticity is imposed.
Consider the equations of motion in vector form for an inhomogeneous,
compressible, fluid:
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or
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The gradient of eq. ( 11) takes the form

Next one takes the scalar product of eq. ( 1 6) with
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where the right-hand side vanishes because s is a variable of state and 9 s
can be expressed as a sum of terms multiplying 9 e and 9 e- Both of the latter
are orthogonal to the right-hand side of eq. ( 16).
The scalar product of wfe with eq. (17) yields
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and the sum of eqs. (18) and (19) yields
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Hence the quant_ity (9 s • w)/e is conserved. This is the form of the theorem
for the conservation of potential vorticity as derived by Ertel ( 1942).
In spherical coordinates, (9 s · w) fe takes the form
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Thus, if 2 .Q cos <p, the component of the earth's rotation vector which 1s
parallel to the earth's surface, is to be neglected, it is necessary that
l OS
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If one denotes a characteristic vertical scale by D and a characteristic northsouth scale by L, one can write condition (22) as
D

T
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The value of tan <p at the equator is, of course, zero, so that condition (23)
is violated there. However, D JL is very small ( < r o- 3) for large-scale flows.
Hence, condition (23) is valid to within a small fraction of one degree of the
equator.
The form of the conservation of potential vorticity, which is commonly
used on the ,8-plane, is one with the term 2 .Q cos <p omitted. If one is primarily concerned with a system of equations that yields the principle in the
simplified form, then one can employ the equations of motion on the ,8-plane
with the terms 2 .Q w and 2 .Q u omitted, provided that condition (23) is
satisfied.
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