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On the Approximations Involved in Transforming 

the Equations of Motion from 

a Spherial Surface to the 13-plane.' 

I. Barotropic Systems 

George V eronis 

Woods Hole Oceoanographic Institution 
Woods Hole, Massachusetts 

ABSTRACT 

The consequences arising fr om the consideration of geostrophy in a rotating barotropic 
fluid are re-examined. It is shown that geostrophy impli es that the hori zontal divergence 
must vanish. A simple case of a fluid fl ow that is not geostrophic is also investigated, showing 
that the potential vorticity (defined in terms of variables parallel to the axis of rotation) is 
conserved. The approximations involved in transforming this conservation principle to one 
having terms of locall y normal variables are then investigated. A result of the conservation 
of potential vorticity in the vicinity of the equator, derived fr om simple geometrical con-
siderations, shows that a countercurrent exists. Finall y, a transformation of the equations 
fr om a spherical system (in the vicinity of the equator ) into a plane system is developed, 
and the approximations used are investigated. 

l . Introduction. Because of the mathematical difficulties involved m work-
ing with spherical coordinates, most analyses of planetary flows are developed 
in plane coordinates. The fluid system can be treated systematically by fo r-
mally transforming a part of the spherical surface onto a plane, but most often 
one uses the so-called ,8-plane approximations, where the only aspect of the 
sphericity retained is the variation of the coriolis parameter with latitude 
(usually taken to be linear). The ,8-plane is very often used in cases that violate 
the principal approximations. In this paper a ,8-plane transformation, valid 
near the equator, shall be derived, and the approximations involved shall be 
investigated. 

Before doing so, however, we shall look at two features common to most 
of the approximate treatments of the spherical system: first, the analysis is 
restricted to regions remote from the equator; second, for a conservative 

1 Contribution No. I 328 from the Woods Hole Oceanographic Institution. This work was spon-
sored by the Office of Naval Research under contract No. 2196-3. 
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system it is possible to obtain first integrals, such as the conservation of potential 
vorticity. These integrals generally contain the approximations used when 
making the coordinate transformation from the sphere to the plane. In particu-
lar, the locally normal component of the Coriolis parameter enters into the 
analysis whereas the locally tangential component does not. 

Now, for certain simple systems one can deduce, without making an explicit 
coordinate transformation, the conditions whereby the tangential component 
of the coriolis parameter can be neglected. At the same time one can deduce 
a conservation law for a form of the potential vorticity that is applicable 
throughout the spherical shell of fluid, including the equatorial regions. One 
such example, given in §§ 2-6, is developed according to the following pro-
cedure. 

In § 2 the results from consideration of purely geostrophic flow in a baro-
tropic fluid are derived; thus it can be deduced that the purely geostrophic 
flow must be horizontally nondivergent. From an additional consideration, 
viz. that the flow be hydrostatic as well, it can be deduced that the vertical2 

shear must vanish. Geostrophy is neither necessary nor sufficient for this latter 
deduction, because the form of the vertical equation of motion, which does not 
involve the Coriolis parameter, determines the magnitude of the vertical shear. 
For fluid flow in a spherical shell, vanishing horizontal divergence requires 
that the flow be zonal only. Thus any cylindrically radial flow involves non-
vanishing horizontal divergence. 

In § 3 a system of equations is derived wherein the constraint imposed by 
geostrophy is relaxed. Specifically, the horizontal divergence is taken as non-
zero so that cylindrically radial flow can occur. For the simple case considered, 
one can derive a form of the potential vorticity that involves dependent vari-
ables in the vertical direction only. That is, components of relative vorticity, 
planetary vorticity, and fluid-layer height are along the axis of rotation. 

In § 4, conditions that determine the degree of validity for the use of the 
locally normal component of potential vorticity are derived. 

In § 5 there is presented a special free solution of flow in the equatorial 
regions when the conservation of potential vorticity is used. The solution 
shows flow of a form qualitatively similar to the equatorial undercurrent that 
has been observed in the Atlantic and Pacific oceans. 

Finally, in § 6, a /)-plane transformation for the equatorial regions is derived. 
The two approximations in transforming from the sphere to the /)-plane 
involve: (i) a neglect of the radial difference in arclength (a good approxima-
tion for shallow systems) and (ii) a McLaurin expansion of sin <p and cos <p 
(where <p is the latitude), retaining only the leading terms in the expansion. 
Hence the derived /)-plane is a good approximation in the vicinity of the 
equator. 

, The direction along the axis of rotation is referred to as the vertical. The horizontal plane is normal 
to the axis of rotation. 
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2. Geostrophic Flow and its Consequenses. The equations of motion and of 
conservation of mass for a barotropic inviscid fluid in a rotating system are 

av - + V · 'v V + 2ll X V = - 'v p - 'v <J>, at 
oe - + v. Ve+ eV. v = o, at 

(r) 

where v is the velocity vector; ll the rotation vector of the system; VP the 

gradient form of the pressure term, .!.... V p, when the fluid is barotropic; V <l> 
(! 

the force-field written as the gradient of a potential; and (! the density. In 
general, eqs. (1) and (2) must be supplemented by an equation of state. 

Geostropic flow is defined as flow in which the pressure forces are balanced 
by the coriolis acceleration, i.e. 

2{} x V = - 'v p. (3) 

The force term, - V <I>, is often included in the balance, and in this case the 
flow is quasi-geostrophic and quasi-hydrostatic. 

For the following discussion it is convenient to work with cylindrical polar 
coordinates. Thus the z-axis, which will be called the vertical, is taken parallel 
to the axis of rotation. The horizontal plane is normal to the z-axis, and the 
polar coordinates, r, )., will be used in the horizontal plane. Variables and oper-
ators in the horizontal plane will be denoted by the subscript H-

For Q = constant, the curl of eq. (3) yields 

- 2Q · 'v V + 2Q 'v · V = 0, 

or, in terms of cylindrical polar coordinates, 

av 
- 2Q OZ. + 2Q 'v · V = O. 

(4) 

(5) 

If u and v denote the radial (r) and azimuthal ().) velocities, the conditions 
expressed by eq. (5) reduce to the following : 

OU av 
oz.= o, oz.= o, (6) 

and 

If the fluid is incompressible, eq. (7) can be written in the form 

OW 
oz. = 0) 

where w is the vertical velocity. 

(7) 

(8) 
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The conditions expressed in eqs. (6) and (7) have resulted from the assump-
tion of geostrophy given by eq. (3). However, the results (6) differ fundamen-
tally from the result (7). Strictly speaking, the geostrophic equation in cylin-
drical coordinates involves only the horizontal components of eq. (3) since 
there is no vertical component of 2 D x v. Thus eq. (7) [or eq. (8) for the case 
of an incompressible fluid] is the only result that is a direct consequence of 
geostrophy. 

One can therefore say that the only explicit general result of geostrophic 
Row of a barotropic fluid is that the fluid be horizontally nondivergent. The 
vanishing vertical shear expressed by eq. (6) depends on the specific form of 
the vertical component of the equations of motion which does not involve 
the rotational constraint. The terms au/ az and av/ oz could vanish in a non-
geostrophic system and could have nonzero values in a geostrophic system. 

These results are consistent with those of Taylor (1917) and Proudman 
( 19 I 6 ), who considered small, steady motions of an inviscid incompressible 
fluid and therefore derived the conditions (6) and (8) as part of the single general 
result, ax/az = o. I have attempted here to isolate the one conclusion that 
can be drawn from geostrophy alone because of the significant role that geo-
strophy plays in geophysical fluid dynamics. 

It is clear that geostrophic flow in a layer of homogeneous fluid can exist 
only along directions in which the bounding z surfaces are parallel and equi-
distant. Hence, if one considers bounding surfaces that are not equidistant, or 
if the layer thickness is irregular, the flow cannot be geostrophic and the 
condition "vH · VH = o must be relaxed. 

3. Nongeostrophic Motions. Consider the case of a homogeneous fluid con-
fined between two surfaces, z = hr (r, l), z = h2 (r, l), where the distance 
h = h2 - hr is variable. The flow in this layer of fluid will, in general, not be 
geostrophic. Since the only general result of geostrophy is vanishing horizontal 
divergence, this condition must be relaxed. A simple type of flow that allows 
a horizontal divergence is one in which w is a linear function of z. Then the 
continuity equation for a homogeneous fluid can be written 

(9) 

where u and v are independent of z. It was noted earlier that the z-dependence 
of u and v is independent of the condition of geostrophy. Thus the conditions 

OU ov 
oz= o' - =0 oz ' 

f)zw 
- - =O 
fJz2 

(10) 

are consistent with the requirement that the system have horizontal divergence, 
but they are descriptive of only one kind of motion, viz. one in which columns 
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of fluid, originally parallel to the z-axis, remain parallel to the z-axis. Many 
alternate motions are possible also. 

If the restrictions ( 1 o) are substituted into the equations of motion and into 
the continuity equation, the resultant equations are 

au au V au V 2 aP acp 
- +u - + ---- +2vQ=--- - , (II) 
at a r r a J. r ar ar 

av av V OV V I a p I acp 
ot+uar+---;:a;.+u--;. - 2uQ = ----;:a;. ---;:a;.' (i 2) 

1 aru I av aw 
---;:7)---;.- +---;:a;.+az=O. (13) 

The presence of ow/oz in the continuity equation is consistent with the re-
quirement that horizontal divergence can be nonvanishing.3 

The continuity eq. ( 1 3) can be integrated with respect to z over the layer 
thickness, h. This yields 

Since the boundary surfaces can be considered free surfaces, the conditions 

dh 
wJz=h, = dt' 

dh2 
wJz=h2 = dt 

obtain at the surfaces. Thus eq. (14) becomes 

I dh 
V H . V H = - h dt . 

( 15) 

(16) 

Note that the zero-order system of equations does not reduce to the geo-
strophic system. The considerations of geostrophy in § 2 were used only to 
determine the necessary condition that must be relaxed in order to admit non-
geostrophic flow in zero-order. 

Cross-differentiating eqs. ( 1 1) and ( 1 2) to eliminate P and <P, and making 
use of the continuity equation in the form of eq. ( 16 ), one derives the vorticity 
equation 

or 
I d I dh 

C + 2Q dt (C + 2Q) - h di= 0 ' (iS) 

where C = 1/r [(ovr/or)-(ou/aJ.)] is the z component of V x v. 

3 One can draw an analogy between this problem and one of gravity waves in shallow water. In 
both cases the Yariation of the free surface, though it may be small, contains the essential physics of 
the problem_ 
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Eq. ( 1 8) takes the form 

!!_ (' + 2Q) = 
dt h O

. 

II5 

Thus the quantity (C + 2Q)fh is conserved along a particle path. This quantity 
looks like the potential vorticity, but the components of local vorticity, plane-
tary vorticity, and height are taken along the axis of rotation. 

4. Potential Vorticity for a Nearly Spherical Fluid Shell. Consider the case 
where the bounding surfaces are nearly spherical surfaces. If these surfaces 
do not have locally sharp slopes, one can approximate h by 

h=~ 
sin <p' 

(20) 

where hn is the (spherically) radial thickness of the layer and cp is the latitude. 
Substituting eq. (20) into eq. (19), one derives 

!!_(Cn+f)= 
dt hn o' 

where 
Cn=Csincp, (22) 

If Cn corresponds to the normal component of relative vorticity, eq. ( 2 r) 
is the form of the conservation of potential vorticity that is most commonly 
used. However, C as defined in eq. (22) is only part of the normal component 
of vorticity. The extent to which Cn is a measure of the normal component 
of vorticity can be seen by considering the total vorticity in cylindrical co-
ordinates: 

( 
r ow av) . (au aw) . r (avr au) , 

(V X v),g, = -; a;, - az 'r + az - or 'l + --;: [f;: - a;. ,,. 

Now, 
Cn = coscp +C sing;. 

The first part of the right-hand side of eq. ( 24) can be neglected, provided that 

l~I ITT « tan cp . 

Inequality (25) is generally satisfied but it breaks down in the vicinity of the 
equator. Hence eq. (25) is not valid near the equator. 

Another restriction is provided by eq. (20). To get a measure of the accuracy 
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Figure r. The radius of the inner circle is a1 , and that of the outer circle is a2 • A line from some 
point at latitude <p2 on the outer circle drawn perpendicular to the equatorial plane inter-
sects the inner circle at latitude <p1 , and the height of this line between the two circles is 
called /z . The height, hn, is the thickness of the spherical shell, i.e. the difference a2-a1 
of the radii. 

of eq. (20), consider Fig. 1, where the two curves represent the inner and outer 
boundaries (considered spherical for the present purposes) of the fluid layer. 
The quantities a, and a2 represent the radii of the inner and outer spheres, 
respectively. Let c5 = (a2 - a,)/a, « I and write a2 = a, ( I + o). Then the 
following relations are evident from Fig. I : 

h11 = a,-a,=a,o, 

a2 cos <p2 = a, cos <p,. 

Making use of (26c), one can write h in the form 

If the terms multiplied by o in the radical are considered small and if one 
ignores the term 02 cot2 <p2, one arrives at 

h a, o sin <pi ( I + cot' cp,) 
a,a 

= -.--
Sll1<p2 
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Hence hn=a1<>=a,-a1""'hsin<pz. (28) 

The approximations involved in deriving eq. (28) require that b be small (thus 
the layer of fluid is thin compared to the mean radius), and 

2 b cot2 <pz (< I . 

Condition (29) puts a restriction on <pz as a function of b. Thus eq. (21) 
represents the commonly used form of the conservation of potential vorticity 
to the extent that conditions (25) and (29) are satisfied. However, eq. (19) 
is satisfied throughout the layer of fluid . 

5. Flow in the Equatorial Regions of a Thin Spherical Fluid Shell. One can 
use eq. (19) to deduce information about fluid flow in the equatorial regions 
of a spherkal shell of fluid. In particular, suppose that fluid can be exchanged 
between subtropical regions and the equatorial zone. It is clear that, as a 
column of fluid crosses the dotted line in Fig. 2, the height of the column 
can be essentially doubled and, because of the conservation law ( 19), the 
vorticity will be changed. The dynamical consequences brought about by this 
geometrical change are studied here for a simple free flow. 

Consider the case treated in the previous section, where the radius of the 
inner sphere is a and the radius of the outer sphere is a(1 +b). Dependent 
variables in the equatorial region, i.e. the region in Fig. 2 lying between the 

Figure 2. A dotted line is drawn perpendicular to the equatorial ~lane an~ tangent to the inner 
circle at the Equator. The angle,<pc, is the latitude at which the line intersects the outer 
circle. The height, he, is the vertical height of a column of fluid in the "equatorial" zone, 
i.e. in the zone lying between the dotted line and the outer circle. 
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dotted line and the boundary of the outer sphere, will be denoted by subscript e. 
From Fig. 2 one can see that the height of a fluid column that intersects the 
outer sphere at angle <p is 

h, = 2 a (1 +o) sincp. (30) 

The height of a fluid column just before it enters the equatorial region is 
given by 

h = a ( l + o) sin <pc, (3 l) 

where <pc is the angle formed by the line of the equatorial plane and the line 
from the center of the sphere to the intersection of the dotted line with the 
outer sphere. Hence, one has the relations 

I +r' 
COS<p =I~) 

and therefore, 

l 
COS <p C = - --:;: ) 

I+ u 

r-a 
where r' = --- and o < r' < o, 

a (1 + o) - -

. V 2 o + 02 

Slll <pc = l + 0 > 

. V 2 0 + O' - 2 r ' - (r 1
) 2 

Slll <p = l + 0 . 

(32) 

(33) 

(34) 

(35) 

Neglecting 02 and (r' )1 as compared to 2 o and 2 r', respectively, one can 
rewrite the last two relations in the approximate form 

. V2<5 
smcp ""' - -

c l + 0 > 

. V2 o - 2r' 
Slll cp --

1
-+_ 0_ (37) 

Now the ratio h,/h can be written from eqs. (30), (31), (36), and (37) as 

h 2 Sill <p v---
h

e = - .-- ""' 2 l - r, where r = r' /o and O < r < l . 
Slll <pc - - -

From the conservation of potential vorticity expressed by eq. ( 19 ), one has 

or 

C+2Q C,+2Q 
-- h- = -·-h-, - (39) 
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Consi~e: the case where_the fluid column enters the equatorial region with 
zero vorticity so that C = om eq. (40). Furthermore, assume that the individual 
terms in the continuity equation are the same order of magnitude and that 
the spherical shell is thin so that to order c5 

I Our au 
--- R, -

r a r a r . 
Then from eq. ( I 6) 

au (1 av) 
or =O 7a).' 

or 

1:1 = 
0 (2c5n) · 

To order <5 2/4 n 2
, the vertical vorticity can be approximated by 

J- = av ', a r. 

Thus, from eqs. (40) and (44), with C = o, one writes 

av - -ai= 2.Q[2V1 -r- 1J. 

This can be integrated immediately to yield 

Ve= vc+2.Qac5[;{1 -(1 -r)½}-r], 

where Ve is the value of Ve at the dotted line in Fig. 2. 

(41) 

(42) 

(43) 

(44) 

(45) 

A plot of Ve vs. r for the case Ve = o is shown in Fig. 3. The result shows 
a zonal velocity in the direction of rotation with a maximum at r = 3/4. 

The solution that is plotted in Fig. 3 is a special form of the free solution 
and therefore contains no driving mechanism. Hence one cannot immediately 
compare the above result with, say, the equatorial undercurrent for the ocean. 
The result given here is a geometrical consequence of the simple type of 
system that has been assumed. The fluid has been taken as homogeneous, and 
only a very special z-dependence was allowed. Nevertheless, one does deduce 
a feature that is often observed in the equatorial regions of rotating fluid 
bodies. 

A straightforward application of the above results to a fluid layer with the 
dimensions of the ocean (i.e. a layer with a depth of 5 km) yields an eastward 
zonal current that extends northward and southward to latitudes given by <pc 

or to 2.2°. The maximum velocity has a value of about IO cm/sec, is situated 
at 1.25 km depth, and extends to a latitude of 1.3° on either side of the 
equator. 
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Figure 3. A profi le of v/:,. Qa{J as a function of r as given in e9. (46). See text. 

It would seem, therefore, that the amplitude and depth of the current must 
be determined by more sophisticated considerations (baroclinic effects), but the 
latitudinal extent of the current can be determined more or less by geometrical 
factors. 

6. One Kind of {J-plane Transformation. As was mentioned earlier, there 
are several different {J-planes that can be. used. The one that is derived in this 
section is useful in the equatorial regions. 

The notation in this section differs from that in the previous sections in that 
spherical coordinates are used, and the coordinates r, <p, ). and the associated 
velocities w, v, u correspond, respectively, to the directions along the radius, 
the latitude, and the azimuth of the sphere. 

In terms of these coordinates the equations are: 

0 U U OU V O WO (ru) - + ---- + - - - (ucos<p) + --- - 2.Qvsii1<p + 2.Qwcosq; = a t r cos <p a }. r cos <p a <p r a r 
I Op 

e r cos <p a ). , 
0 V U O V V O V W O (rv) U' tan <p . · · · + · · - . + - - + - --- + --- + 2 .Q U Sill <p = 
0 t r COS <p O A r O cp r O r r 

I op I O<J> 
-er8q;-7o<p' 

(47) 
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O W U O W V O W O W U 2 + v i - + - - - -+-- + w - - --- - 2Qucoscp = 
a t r cos <p a ;. r a <p a r r 

I OU I O I 0 
V · V= - - - + - -- - (vcoscp) + - - (r 2 w) = o. (50) 

r cos <p a ;. r cos <p a <p r 2 a r 

The term -(1/r) (a<l> / 8<p) in eq. (48) contains the component of centripetal 
acceleration along the direction of latitude. This term could be retained, but 
it will be neglected in the subsequent treatment. Neglect of - (1/r)(o<l> /o<p) 
is consistent with the approximation involved in transforming an oblate 
spheroidal surface (the approximate equilibrium surface due to combined 
gravity and rotation) onto a spherical surface. Also a<P/ar will be considered 
a constant and will be denoted by g. Eq. (50) is the form of the conservation 
of mass equation for an incompressible fluid. 

The equations will first be transformed into a form that is convenient when 
a Mercator projection is made. Then the approximation of the ,8-plane will 
be introduced. 

Let 
u * = r cos <p u, v* = r COS<p v. (5 l) 

Multiply eq. (47) by r cos<p to get 

au* u* a u* v* a u* a u* . -+--- - - + ----- + w~ - 2Qv*sm<p + 2Qwrcos2 <p = o t r 2 cos2 <p o ;. r 2 cos <p a <p u r 

Similarly, 

ov* u* Q v* v* 0 v* 0 v* (u* 2 + v* 2) • - +--- - · + - -- - - + w -- + - - - - smcp + 
a t r 2 cos2 <p a ;. r 2 cos <p a cp a r r 2 cos2 <p 

cos cp a p 
+ 2Qu*sinrp= - - e- oq;' (53) 

aw u* aw v* aw a w u* 2 + v* 2 2 Q u* 
-+ - - --- + - ---- +w -- - - - -- - -- = 
0 t r 2 cos2 <p Q /4 r 2 cos <p O <p O r rJ cos2 cp r 

I Op 
-- - -g e a r ' 

I Ou* I O v* I 0 _____ +--- --·· + --- (r 2 w) = o . 
r 2 cos2 <p a ;. r 2 cos <p a cp r 2 a r 

(54) 

(55) 
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For a Mercator projection ( cf. Eckart, 1960 ), one writes 

drp = cosrp dµ, 
so that 

sec rp = cosh µ, tan rp = sinh µ, sin rp = tanh µ . 

Then the above system becomes 

(56) 

(56a) 

0 u* l ( 0 u* 0 u*) 0 u* . - -+ --- u*-- + v* -- +w -
0 

-2Qv*smip+2QwrCOS'<p= a t r 2 COS2 <p a A a µ r 
I Op 

= - ea A ' (57) 

0 v* I [ 0 v* 0 v* ] 0 v* -- + --- u*--+v*--+(u* ' +v* 2)sinrp +w -a +2Qu*sincp= a t r 2 COS2 <p a A a µ r 

l Op 
-;aµ' 

0 W I [ * 0 W * 0 W u* 2 + v* 2
] 0 W 2 Q * - - + --- u - +v ------ + w - - - u = a t r 2 COS2 <p a A a µ r a r r 

I Op 
- -- -g 

(! a r ' 

(58) 

(59) 

(60) 

These equations are in a form suitable for use on a Mercator projection. 
The coefficients cos rp and sin rp can be written in terms of 1-l by the use of 
relations (56a). However, for the present purposes they are left in the form 
(57) to (60). 

Only eq. (57) will be considered in detail. An analogous treatment can 
easily be carried out fo l the others. 

The first approximation (and the one involving the minimum error for 
<Kean and atmosphere) is derived by writing 

r = R + z, X = R.:l, 

where R is constant and, since z ( ( R, z is neglected when r appears as a 
coefficient. Essentially, this means that one neglects the distortion involved in 
moving radially from one value of r to another. For shallow systems it is a 
good approximation. Eq. (57) becomes (to order d/R, where d is the layer 
thickness), 
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f) u* l ( a u* a u*) a u* 
at + RcoS'<p u* ax +v* ay +w az -2Qv*sincp +2Q R wcosicp= 

R op 
=eax· (61) 

The second approximation involves a McLaurin expansion of cos <p and 
smq:i. Letting r,::; R, one has 

• <p' u ""'R(1- - + ... )u, 
2 

v*,::;R(1 - <p' + ... )v. 
2 

Keeping only the leading terms of the <p expansion, one finds ( neglecting cpn, 
n> 2), 

a u au au au _ _!_ap 
Fi + u ax + v ay + w f)z - 2Qvcp + 2Qw = e ax· (63) 

Similarly, 

av av av av 1ap 
8i+uax+vay+waz+2Quq:i=-eay' (64) 

aw aw aw aw 1ap 
fJt + U 7j; + V 8y + W 7j; - 2 Q U = - -e-a z - g, ( 6 5) 

au av aw 
a x + a Y + 7h' = o . ( 66) 

Two points should be noted here. 
First, in the <p expansion, the linear term is a better approximation to sin <p 

than the value one is to coscp. Hence, the largest of the neglected terms involve 
the distortion of the geometry and not of the linearization of the Coriolis term. 
One often sees inconsistent treatments where the geometric distortion is 
neglected and the total coriolis term is retained. It is clear from the above 
that in the {]-plane it is necessary to linearize the coriolis term. 

Second, the tangential component of the coriolis term is present. One must 
invoke some physical arguments to neglect this term. Neglecting 2Qw in 
eq. (63) and 2Qu in eq. (65) seems to be associated with the importance of 
gravitational stability in large-scale fl ows. This means that baroclinic effects 
are important. However, the point will not be pursued here4 because inhomo-
geneous systems require a treatment different from the system with which this 
paper has been concerned. It will be treated in a later paper. 

4 Note added in proof: It is shown in a note to appear in the last issue of this volume (Veronis, 
1963) that in a baroclinic system the terms 2Qu and 2.Qw ran be neglected provided that one exclude 
from considerati on a band of fluid extending to a fr action of a degree on either side of the equator. 
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In any event, if one imposes the conservation of potential vorticity in the 
approximate form (21) as a necessary deduction from the equations, then 2Qw 

and 2Qu in the above equations must be dropped and one's attention must 
be restricted to regions removed from the equator. For a homogeneous fluid 
layer in a spherical shell, this procedure is consistent to the extent that con-
ditions (25) and (29) are satisfied. 

Of course, one can introduce additional approximations into the equations; 
e.g., if one is interested in the class of motions characterized by quasi-hydro-
static flow, the entire left-hand side of eq. (62) is to be neglected. But such 
approximations can be admitted after the sphere-to-plane transformation is 
made, and the latter has been our primary concern here. 

Acknowledgments. Professor R. Hide has proposed that the geometry of 
spherical shells of fluid plays a fundamental role in delimiting the equatorial 
regions from the rest of the fluid layer. I wish to thank him for his interest 
and for several discussions. N. P. Fofonoff pointed out to me the simple form 
of the equations in Mercator coordinates. 

REFERENCES 
ECKART, CARL 

r960. Hydrodynamics of Oceans and Atmospheres. Pergamon Press, 1960. Appendix. 

PROUDMAN, JOSEPH 

1916. On the motions of solids in a liquid possessing vorticity. Proc. roy. Soc., (A)92 : 
408-424. 

TAYLOR, G. I. 
1917. Motions of solids in fluids when the flow is not irrotational. Proc. roy. Soc., (A)93: 

9')-II3. 

VERONIS, GEORGE 

1963. On the approximations involved in transforming the equations of motion from a 
spherical surface to the P-plane. II. Baroclinic systems. J. Mar. Res., 2r (3). 


