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ABSTRACT
We consider the thermal boundary layer beneath the surface of a differentially
heated fluid portion of a rotating sphere, i.e. , a region in which thermal conductivity is
important but viscosity is negligible. A general three-dimensional similarity transformation
is performed, and features of the related temperature and flow fields are studied. It is found
that an upwelling of cold water .into the boundary layer region from below is always necessary, that horizontal advection of heat is relatively negligible, and that a strong relation
exists between boundary layer depth and surface-forcing function. The solutions are examined for numbers characteristic of the main oceanic thermocline.
I. Introduction. Consider a rotating self-gravitating sphere that contains
a mass of bounded fiuid, e.g., a shell of constant depth enclosed by two meridional planes and the equator. Let the horizontal dimension be comparable to
the radius of the sphere, which is taken to be much greater than the depth
of the fluid. A convective circulation is induced by prescribi-ng a distribution
of temperature on the free surface and a lower, constant temperature on the
bottom. The motion is assumed to be laminar and steady. In the limit of high
rotation, the horizontal part of the motion will tend to become geostrophic
almost everywhere, and boundary-layers of various types will occur in the
vicinity of bounding surfaces. This paper constitutes an isolated study of a surface thermal boundary layer pertinent to such a convective circulation.
Two special cases of the problem considered here have recently been offered
as an explanation of certain features of the main oceanic thermocline (Robinson
and Stommel, 1959; Welander, 1959). The present theory demonstrates the
relationship between the previous ·t wo studies and also removes certain question-
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able aspects of their treatments. The heat equation of the present model contains full three-dimensional advection as well as vertical diffusion; all physically
relevant surface conditions can be imposed on the flow. Analysis of the more
general nonlinear problem is effected by combining the techniques used previously. A single governing partial differential equation is obtained for an
integral potential-function, which is then separated by a similarity transformation. Approximation procedures used here have been checked by numerical
integration.
The surface temperature distributions compatible with a similarity form of
solution throughout the boundary layer exhibit a broad range of qualitative
behavior. Thus it has been possible to relate over-all features of the thermodine to surface conditions. Ambiguity is avoided by the use of spherical
coordinates rather than the p-plane. The latitudinal variation of thermocline
depth (boundary layer thickness) is found to be strongly dependent on surface
temperature gradients. The relative contribution of the various processes of
heat flux divergence to the maintenance of a steady energy balance is explored,
and it is found that horizontal advections play a relatively minor role in a
purely thermal circulation. Thus this study lends further credence to Stommel's intuitive hypothesis that vertical processes dominate (Stommel and
Webster, 1962). It is deduced that an upwelling at great depth is a necessary
condition for the existence of the thermal boundary layer.
2. The Mathematical Model. We consider a fluid of mean temperature T 0
characterized by a kinematic viscosity v, heat conductivity x, and thermal
expansion coefficient a, which is contained on a sphere of radius R rotating
with angular velocity Q. In the presence of a radial gravitational field of
strength g, we impose a surface temperature distribution of amplitude LIT and
horizontal scale L, and a uniform bottom temperature at depth H . The motion
that ensues is governed by equations expressing the conservation of mass,
momentum, and heat, assumed valid in Boussinesq form.
We restrict ourselves to the following assumptions:

(i) The parameter e = x Q/aLI Tg L is much smaller than one.
(ii) The parameters n = aLITg/Q•L and a= v/x are of order one.
(iii) The parameter H/ L is much smaller than one.
This range of parameters is motivated by a consideration of numbers relevant
to large-scale oceanic circulations. In particular we note that the parameter e
takes on a value of the order of I 0- 12 even when we insert values of x corresponding to a turbulent conductivity I 04 times greater than the molecular
va!ue. For the laminar convection problem, assumptions (i-iii) imply the
existence of a surface boundary layer in which horizontal diffusion of heat is
negligible compared to vertical diffusion. The boundary-layer .thickness is
small compared to H for a conceivable laminar laboratory model as well as for
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a realistic oceanic model. Under (i-iii) a scaling procedure given by Robinson
(1960) is applicable. As a result, the Navier-Stokes equations are replaced by
geostrophic equations in the horizontal direction and by the hydrostatic equation in the vertical direction, while the continuity equation and heat equation
are unchanged.
We introduce the longitude and latitude angles <p and 0 (positive eastward
and northward, respectively), and the vertical coordinate z (positive upward),
and we denote the corresponding velocity components u, v, w. T is the perturbation temperature, e the perturbation density, and p the perturbation
pressure. These give the deviations from a homogeneous fluid of temperature
T 0 , density (!o and pressure p 0 = - ge 0 z, where To is taken to be the minimum
temperature prescribed by the surface boundary conditions, and (!o is the
associated maximum density. Physically, we expect that fluid of density (!o
will fill the lowest part of the layer.
Under the condition stated, the equations are
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The surface boundary conditions are taken as

T(cp,0,o) = L1 T S(cp,0),

(7)

w(cp,0,o) = o,

(8)

where S(cp,0) is a function of order unity. Consistent with the boundary-layer
nature of our problem, we require that T, u and v tend to zero at great depth,
while w is left unspecified. The condition on T is quite natural, but the condition on the velocities requires some discussion.
It will be found that the mathematical boundary-layer solutions require a
non-zero vertical velocity w 0 at great depth. These solutions must be joined
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to a "deep water solution" in which w increases from zero at the bottom to
the value w 0 below the thermal boundary layer. Since this part of the fluid
is homogeneous, one finds 8 2 w/8z 2 = o; thus w = Wo (1 +z)/h, where h is
the depth of the deep layer. The relation v = R tan 0 8w/8z obtained from
(1, 2, 4) holds in both the boundary layer and the deep water. Since 8w/8z
is much smaller in the latter region, v changes in amplitude. The corresponding
formal requirement is that v
o asymptotically. By the continuity equation,
the variation of u with longitude must be small by the same order. The part
of u that is independent of longitude is also assumed small to that order.
3. Derivation of the M-equation. Define the function
z

z'

M(cp,0,z) =~dz'

e(cp,0,z") dz"+ C(cp,0),

(9)
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where C( <p, 0) is at present an arbitrary function. Since the horizontal motion
goes to zero at great depth, we find from ( 1, 2, 3)
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Inserting these values in the continuity equation and integrating vertically,
we have
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wher~ w (.cp,0) is the vertical velocity at great depth. We choose the arbitrary
function C(cp,0) such that w (cp,0) + (g/2 QR• s1n 2 0) a C/8cp = o; thus
00

00

g
8M
w = - -~--=---2 Q R•eo sin•0 8cp'

and w is formally eliminated. A single equation for Mis obtained by inserting
(10), (11), (13) and the temperature gradients expressed in terms of Mby (5)
into the heat equation (6). Whence
00
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In terms of M, the surface boundary conditions become

ozM
ozz (<p,0,o) =eorx.L1TS(<p,0) =iJeS,
oM
o<p (<p,0,o) = o.
4. Similarity Transformation. At this point we restrict ourselves to a consideration of solutions to the M-equation, which are separable through similarity transformation of the form

M(<p,0,z) = m(<p,0) F(C), C = z k(<p,0) .
Thus the boundary layer depth and amplitude depend upon latitude and
longitude, but a universal description of the vertical dependence is sought in
terms of a natural local variable (. After some manipulation, eq. (14) takes
the form
x* sin 2 0 k2 F'v + cot 0 {m<p kFF"' + m k<pC F' F'"} +

+ (m 0 k<p - m<p k0

) {

C(F'F"' - F" 2 )-F'F"} = o .

(19)

The conditions for separability are seen to be

where c,, c2 , c3 are arbitrary constants. From the second equality
m

=
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,w here B (0). is ari arbitrary function. From the third equality and ( 21 ), kc- 2 k<p =
2 d sin 2 0/B(0), d = c3/cz, whence

k = { 2(c- 1)

d sin 2 0

B(O) <p+D(0)}i/c- r,

(22)

where D(0) is also an arbitrary function. The application of the equality between the first and last terms of (20) restricts the function B(0) to the form
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B(O) = Bo sin r 0,

(23)

where Bo is an arbitrary constant and r = c,. Note that D(O) remains unrestricted.
The differential equation to be satisfied by F is

•

!!._p,v +(1 -r)C F'F"'+cFF"'+rC F"•-rF'F" = o,
d

(24)

and m similarity form the boundary conditions become

m k•F"(o) = Lie S(<p,0),
F(o) = o.

(25)
(26)

Introducing the expressions for m and k into (26), we find

[c+ 2]

c+2

D 0 (sin Of +(z-r) c--=-i { <p + E(O)} ,--=-i F"(o) = Lie S(<p,0),

(27)

where D 0 = B0 { 2 (c- 1) d/B0 }(c+ 2 )/(c- 1) is an arbitrary constant and E(O)
is now our arbitrary function. This shows the restriction that we must in
general put on our surface density distribution to have a similarity solution.
However, when some constant of separation cz, c,, c3 is zero or infinite,
singular solutions may occur, i.e., solutions that cannot be obtained as special
cases of the general form. Such a case occurs when c3 = o. Then eqs. (20)
give as solution two arbitrary functions m = m(O), k = k(O). From our general
form we find in the limit
(i.e.,
only solutions of the formm=Bosin-r
() · k (0), with k(O) _arbitrary. Another case that has to be treated separately
is that in which c, = c, (i.e., when c = 1 ). Now we find m = B0 sin-r () · k,
k = exp { (2d/B0 ) sin•-n () [<p + E(O)]} .
The solution related to the one discussed by Robinson and Stommel is
included in the general solution and will be mentioned below. Welander's
case represents a singular. limit (x* = o,c, = 1, c2
5. Recapitulation of the Transformation . We have at this point obtained for
the M-function a similarity form in which the separation constants enter
explicitly. This form is rather cumbersome, and a more succinct notation will
be useful for a discussion of qualitative features of the solutions in relation to
the range of the similarity variable and constants. We first note that, with
appropriate scaling and nondimensionalization, the physical parameters may
be removed entirely from the mathematical problem. This is consistent with
the boundary-layer formalism discussed above. The transformation
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yields the nondimensional ID1-equation

and the boundary conditions

m. . . = S(cp,0) .
L1 e

< o, z < o, we have x < o; recall that S > o.
Since
We now discuss the similarity solutions (except for the special cases) after
the introduction of new variables defined by
'Y/ =

ID1 =

a(sin 0)"' { <p + E(0) }"x,
2

(31 a)

a (sin 0)m+ 2 { <p + E(0) }"+ 1 G('Y/),

n

(31 b)

where a is an arbitrary pure number. We shall restrict ourselves to values of
a = ± 1 and shall adopt the convention that 'Y/ < o. The choice of a is thus
seen to be dependent on n, m, E (0), and the range of cp. By direct substitution, G is found to satisfy
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The quantities c and r retain their previous meaning.
Nondimensional similarity forms of the physical fields are obtained by
defining
with
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Note that, for stable stratification, A> o, and that the physical velocity field
(u, v, w) has the same sign as (µ, v, w) .
6. Some Qualitative Features of the Solutions. The forms of surface density
distributions compatible with similarity solutions are obtained from (30) and

(35 a),
S(cp, 0) =

n

k3 (sin 0) 2 (cp + E) G"(o),

where we have introduced

k(cp,0) =a(sin0)m [cp+E(0)]n.

(37)

Since the independent variable may be expressed as 17 = k x, our convention
implies k < o. The ensuing restriction, G"(o) [<p + E(0)] /n < o, may be satisfied
by choosing G"(o) = ± I.
Interest lies in both a determination of the broadest class of similarity transformations relevant to the convection problem under study, and an examination
of those similarity solutions bearing a resemblance to observed density fields
in the ocean. The former question may be finally answered only by a rigorous
investigation of the values of r(n, m), c(n, m), for which eq. (32) has solutions
of boundary-layer type under the requisite boundary conditions. We note here
that if k(<p, 0) is real so that 17 be a real variable, no apparent difficulty arises
from the condition (36). Without loss of generality, we restrict ourselves to
the northern hemisphere where sin 0 > o. Then we see from (37) that all real
values of m are allowed but that the allowed values of n depend upon the sign
of [<p + E(0)]. If [<p + E] > o, all real values of n are allowed; thus continuity
of solution exists in this parameter. If, however, [<p + E] < o, the only values
of n acceptable are of the form p(2q + 1 )- 1 , p, q any integers. The analogies
of continuous and discrete spectra are suggested. The Robinson-Stommel
/1-plane model in which E = o, <p < o, and n = - 1/3 is seen to lie in the
discrete spectrum.
In modelling realistic oceamc density distributions, the most important
requirement is that the density increase both northward and downward.
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Since A( - oo) = o, we must choose 3 m + 2 < o so that S(cp, 0) is an inverse
power of sin 0. Such solutions are singular at the equator, as noted previously
on the P-plane (Robinson, 1960). An unrealistic feature of these solutions for
the special choice of E(0) = E 0 , a constant, is that the magnitude of aS/80 =
(3m + 2) ctn 0 S decreases to the north. The case E = E0 is expected to be
relevant to a situation in which meridional boundaries are present. A useful
qualitative distinction is between regions where the isopycnals tilt upwards to
the east (a subtropical region) or upwards to the west (a subpolar region).
For reference we obtain

A,p =

2

k3

~:n

0)2 [(c + 2) G" + 'YJ G"'] .

(38)

Since, in terms of the similarity variable 'Y/, the thermocline is everywhere
of constant depth, the horizontal variation of the actual depth (in z) may be
investigated directly from (31 a). In the case where E(0) = E 0 , the latitudinal
dependence is governed entirely by m; for
o, the thermocline respectively
rises and deepens northward. If m = o, the thermocline depth is independent
of latitude ; it should be noted that this does not correspond to the case of no
latitudinal dependence of the surface density field, m = - 2/3. All realistic
cases for which 3m + 2 < o correspond to m < o and a northward deepening
thermocline. If the turbulent diffusive coefficient " be chosen so that a reasonable thermocline depth is given at our southernmost latitude, the rate of
northward deepening may be sufficiently rapid so that the thermal boundarylayer approach to the convection problem becomes inappropriate. The ratio
of the depth at 0 = 60° to that at 0 = 1 o 0 is given approximately by D60/D10 =
exhibiting a fairly strong dependence on m. We note furthermore that
the "realistic" solutions are not extendable very far northward, e.g., if m = - 1
(so that the surface temperature is inversely proportional to sin 0), D60/D10 = 3;
and if D10 = 1500 m, D6o = 4500 m. For the limiting case m = - 2/3,

m:;

rm,

D60/D10 =

2.

7. Solutions to the G-equation. Equation (32) has been solved numerically
in a few cases, using a numerical integration method. The numerical procedure consisted of a step-by-step integration away from the origin. The boundary conditions used were G(o) = o, G"(o) = ± 1, and convergence at -oo.
Two starting conditions were unknown and were varied in order to achieve
convergence far out. Having ascertained for these special cases that the solution was both well behaved and unique, an approximate analysis was made of
the general case. Comparison of the analytical results with the more exact
numerical solutions showed good agFeement.
The analytical method consisted of a double expansion procedure, a Taylor
expansion about 'Y/ = o, and an asymptotic expansion valid for large - 'Y/· The
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expansions, each containing two arbitrary constants, were joined at some
moderate value of 'YJ where overlap of validity was assumed. Continuity of
solution to the fourth order equation was achieved by joining the function and
the first three derivatives. The ongm expansion satisfying the conditions
G(o) = o, G"(o) = + 1 is
I
/J
rrx.
G = rx.rJ +- 'Y/2 + _ rJ3 + - 'Y/4 + ... ,
6
24
2

(39)

where rx. and /J are arbitrary constants.
For the asymptotic expansion we anticipate that G approaches a constant
value, - a, at large - 'YJ, and we write G = - a+ G,. Linearization of the
G-equation in G, yields
G1'v - ac G,"' = o,
whence

under the condition that G, ( - oo) = o. We obtain a second approximation by
writing G = - a + G, + G2, where G2 must satisfy

G,'v - ac G 2 " ' = - ( I - r) 'YJ G,' G"' - c G, G,"' - r 'YJ G, 112 + r G,' G," =
r-c

= b>c4a4 { ~-'YJ

}

(42)

eucri,

and thus through second order
2

G = -a+beacri+

b rr lf
l

C

+ 5/2 -rJ ] ezacri+ ...

ac

(43)

The arbitrary constants are a, b, and a condition for validity is ac > o.
We make now a joining, keeping four terms in the origin expansion and
two terms in the asymptotic expansion. This yields the following quartic to
be satisfied by the parameter A = ac, if 'YJ = 'YJo is the point of joining:
'YJo [rrJo - I ] .d4 + [r'YJo6 + (~ - ~) 'YJo3 + ~] .d3 +
C
12
144
6
JC
C
2

+ 'Y/;

[ -

7;3+

'YJoz (

-

I]) A

2

03

+ 'YJo (r~ +

I) A - ( I+

rJo3) = 0. (44)

Values for A have been computed for various values of rand c with 'YJo = - 0.5.
A-values computed for the case 'YJo = - 1 were changed by approximately
I o 0 /o. The constants rx., /J, b have been determined in a few cases for which
the function G has been plotted in Fig. I. The solutions have a smooth ex-
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1.

Example of a solution to the G-equation for c = , and two different r-values. Note the
small influence of the parameter r .

ponential type behavior. In Fig. 2 are shown the values of A obtained for the
case discussed here and also for the case G"( o) = - 1 by a similar calculation.
A less accurate joining made with only three terms in the origin expansion
affects the results little. In this case, however, the origin expansion does not
feel the equation. In other words, the solution is practically determined by the
asymptotic terms (expressing a balance between vertical advection and vertical
diffusion) and by the origin boundary conditions. The rather remarkable consequence, then, is that the horizontal advections have little influence in the
solution. Even though these advections are the same order in e as the vertical
advection, they are numerically small. Thus some justification for Stommel's
hypothesis (Stommel and Webster, 1962) is found here. It is possible that the
horizontal advection terms come in more critically when vertical velocities
are imposed at the upper boundary. This question is under study by Mr.
Robert Blandford.
8. Upwelling and the Existence of a Thermocline. In the preceding section
we have seen that convergence at 17 = - oo is obtained for non-zero values of
G (- oo) = - a. From (35 cl) there corresponds a non-zero value of w ( - oo ),
expressible as

Journal of Marine Research

w(- oo) = 2a(sin 0)m (cp + E)n (n + i) G(- oo )= - 2k (cp, 0) ca.
n

(45)

We recall that the existence of a decaying exponential requires ca> o. Since
k < o, w ( - oo) > o, i.e., there is an upward vertical velocity at the bottom of
the thermocline.
If a thermal boundary layer exists, then there exists a positive upwelling at
the bottom of the thermocline. It is noteworthy that no further assumptions
enter into this deduction; in particular, the surface boundary conditions on

r
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1.0

1.0

0.5

0.5

1D

-0.5

-1.0

\

Figure z. Values of the asymptotic constant A= -cG (- oo) depending on c and r.

G are not relevant. Thus vertical upwelling occurs regardless of the sign of
surface density gradients and occurs for situations in which the wind-driving
is included by specifying a positive or negative value of w(o) (matching to the
convergence or divergence of a surface Ekman-layer). The advantage of this
derivation of an upwelling at great depths over previous considerations is its
greater generality and exactness. An upwelling of cold water from below is
plausible physically to balance the downward diffusion of heat by x; the existence of local heat flux divergences corresponding to the horizontal advections is seen not to modify this necessity.
9 . .An Illustrative .Analytical Example. A particularly simple thermocline
example exists in the case where (due to some exact canceling of effects) the
only non-negligible advection is that by the asymptotic value of the vertical
velocity acting throughout the thermocline region. We inquire under what
circumstances eq. (41) represents a valid approximation throughout the thermocline. If we substitute G = - a+ beATJ into the full G-equation, the result
may be written as
b
eATJ (1 - 1) + brJ e2 ATJ +.A (c-r) e2 ATJ = o .
(46)
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There are two remainder terms. For arbitrary r or c the exponential form
will not be an exact solution, but when r = c the last term vanishes identically.
In the following we consider only this case. For the term h'YJ e2 A11 never to be
of importance compared to a typical retained term, we require that h'YJ eA1J 1
everywhere. Since the maximum value of -A'Y} eA1J is 0.37, the approximation
we require is valid within o(.4h/ca). The two constants a, hare to be determined from the two boundary conditions at 'YJ = o. We find

«

(47)
and the error term 0(0.4/c) (since h = a). For c ;;:o, G"(o) = ± 1; thus to
maintain G"(o) [(<p + E)/(c - 1)] <owe must choose <p + E > o if o < c < 1, and
<p + E < o otherwise. These conditions will in fact hold generally in all stable
cases. For aG"(o)>o if G(o) = o, G(-oo) = - a, and G" is of one sign.
Together with G"(o)[(<p+E)/n]<o and ac>0 the result follows.
The longitudinal density gradient (38) becomes

0)

sin 2
1/3
_A.p=2 ( -n- k3e ±c 'YJ[±(c+2)+'Y}c1/3J, C::: 0

.

The sign of _A.pis opposite to that of the bracket; the value of the bracket is of
interest for approximately 0::5_'YJ::5_ - 2/c 1 /J (the width of the boundary layer).
Thus, if c > - 2, Ap > o always in the range of interest. However, if - 2 < c < o,
then Ap > o near the surface but becomes negative within the thermocline region,
n = (c + 2)/c 1 /J . For c < 2, Ap < o. Recall that _A.p < o corresponds to a subtropical
region and that Ap > o corresponds to a subpolar region. Thus, except for a
limited range, thermoclines will be associated with entirely subtropical regions.
The critical value c = - 2 (n = - 1/3) is of interest because it corresponds to a
surface density field independent of longitude, which fits reasonably well the
density field of a real ocean. Along r = c = - 2 (m = -4/3) we have by (36)
a surface latitudinal density variation (sin 0)- 2 • In this case the error is 0(.2).
Only subtropical regions exist.
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