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A DAMPED KELVIN-WAVE OF GENERAL FORM 

BY 

JOSEPH PROUDMAN 

Edgemoor, Verwood, Dorset, Engl,and 

I. Abstract and Introduction. This paper is concerned with a long 
free progressive wave in a channel of uniform width and depth when 
there is no component of current transverse to the channel. The 
density of the water is supposed to be uniform and the rotation of 
the earth and friction are taken into account. 

Formulae for the case in which friction is neglected and the wave 
is harmonic in form were given in 1879 by Sir W. Thomson, after-
wards Lord Kelvin. In 1929 I extended these formulae to the case 
of a wave of general form without friction and in 1954 to the case 
of a wave of harmonic form with friction. 

In the present paper, the wave is taken to be of general form and 
the force of friction is supposed to be proportional to the current, 
but of limited magnitude. Since the wave is free, the tide-generating 
forces, wind, and variations of atmospheric pressure are not taken 
into account. 

2. Notation and Fundamental Equations. Denote by: 

g the acceleration of gravity; 
y the geostrophic coefficient due to the rotation of the earth; 
h the undisturbed depth of water, assumed uniform; 
t the time; 
x, y horizontal Cartesian co-ordinates, x being in the direction of 

the channel and y transverse to this direction and to the left 
of x; 

C the elevation of the water surface; 
u the current, which is in the x direction; 
k a coefficient of friction, assumed constant and uniform; 
F(t) the ratio C/h at the point x = y = O; 

and write 
C = (gh)½. (1) 

The geostrophic coefficient y is positive in the northern hemi-
sphere and negative in the southern hemisphere. 

(424) 
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The force of friction per area of bottom, when divided by the 
product of density and the depth of water, is taken to be 

2ku, 

the factor 2 being inserted for subsequent convenience. 
The equation of continuity is 

hau+ac_=O 
ax at 

and the equations of motion are 

(2) 

(3) 

au ac 
8t+2ku+gax=O (4) 

ac 
yu+gay=O. (5) 

The elimination of u from (3), (4) and the use of (I) gives 

a2c + 2k ac -c2a2c = 0. (6) 
at2 at ax2 

3. Progressive Wave with Limited Friction. It will now be assumed 
that the frictional coefficient k, which is inversely proportional to 
the depth of water, is such that k2C may be neglected compared 
with a2cJat2. 

On multiplying (6) by the integrating factor elcz/c and neglecting 
k2C, the equation may be written in the form 

this differential equation is satisfied by 

ekzfc C = hf ( t - ~' y)' 
where f (,) is any numerical function of its two arguments. 

From (8) it follows that 

f = e-kzfcf(t-~, y) 

and then from (3) that 

(7) 

(8) 

(9) 
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f} U = -e-kzfc !!_l_ = ce-kz/c !!_l_ 
ax at ax 

on omitting the arguments of /. 
Integration of (10) with respect to x gives 

= e-kz/c { f-k ~!t~: y)d 0} 
on neglecting 

k2 ~t - z/c - I (0,y)d0 
C IX 

(17 

(10) 

(11) 

compared with a f Jo x. Here the neglected ratio is substantially the 
same as in (7), and the constant ex is determined by the permanent 
conditions. 

Substitution from (9), (11) into (5) gives 

f{t-k~!t~:y)d0}+:i =0, (12) 

and it is easily verified that an integral of this differential equation is 

t(t-~,y) = e-Y11fc{ F(t-~) + k:y~?(
1
0)d0 }, (13) 

whatever function F ( ) may be, provided that 

k2 y t-Z/C~1] _'Y_ F(0)d0d17 
C 1)-IX (}=IX 

may be neglected compared with F (t-xJc). The ratio neglected in 
(13) is substantially the same as that neglected in (7), (11) multi-
plied by y y Jc. 

From (9), (11), (13) it follows that 

i = e-kz/c-yy/c{ F(t-~) + k:y~?z(0)d0} (14) 

= e-kz/c-yy/c { F(t- ~)-k ( 1- 'YcY) ~?(10)d0 }; (15) 

these formulae give the surface elevation and current at any place 
and time in terms of the function F ( ). At the point x = y = 0, the 
formula (14) reduces to. 
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' - = F(t) 
h 

in conformity with § 2. The only restriction on the function F (t) 
is that it shall be physically interpretable. It is the generality of 
the function F (t) which makes the wave represented by (14), (15) 
one of general form. 

The formulae (14), (15) represent a wave progressing in the positive 
direction of x with speed of propagation c and with an amplitude 
which depends on position and on the geostrophic and frictional 
coefficients. 

In the direction of propagation, the variation of the amplitude 
is given by a frictional factor which decreases exponentially. In the 
direction transverse to that of propagation, the variation of the 
amplitude depends on a geostrophic factor which, in the northern 
hemisphere, increases to the right, and on a term which contains 
both the geostrophic and frictional coefficients. This is the motion 
which is called a damped Kelvin-wave of general form. 

In the special case in which the wave is harmonic in time, 

F(t) = A cos at , 

where A, a are constants. Then 

~!(0)d0 = { sin a (t- ~)- sin aa }, 

and, if there is no part of C or u independent oft, a= 0. The form-
ulae (14), (15) then reduce to 

i = Ae-kz/c-yy/c { cos a (t-~) + k:cy) sin a (t- ~)} 

= Ae-kz/c-yy/c { cos a (t- ~)-~ ( 1- ycy) sin a (t-~)} 
and the neglected ratio is k2/a2• 

Taking k = 0.002 0/h, where O is the maximum current (see 
Proudman, 1953: 310), the neglected ratio is 4 x 10-6 0 2 /a2h2

, and 
with h = 100 m, O = 50 cm/sec, a = 2 n/12 hr, the ratio is 0.0046. 
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