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EFFECT OF CORIOLIS FORCE ON EDGE WAVES 
(Il) SPECIFIC EXAMPLES OF FREE AND FORCED 

WAVES1 

BY 

KIN JIRO KAJIURA 
Department of Oceanography and Meteorology, 
Agricultural and Mechan-ical College of Texas 

ABSTRACT 
Modification of edge waves due to Coriolis force is examined in terms of two specific 

problems: dispersion of an initial deformation of the water surface; the forced wave 
due to a moving atmospheric pressure disturbance. In both cases the scale of the 
disturbance is an important factor, and the larger the scale the larger the effect of 
Coriolis force. In the northern hemisphere, the initial deformation of the water 
surface is split into two free edge waves in which the one moving to the left (facing 
the coast from the sea) has a larger amplitude than that moving to the right. The 
contribution of Coriolis force to the edge wave amplitude for an initial deformation 
having a horizontal scale of several hundred kilometers is about 20% at the center 
in the initial stage. In the case of forced waves, movement of the atmospheric pres-
sure system to the left is more favorable for exciting resurgent edge waves than move-
ment to the right. The contribution of Coriolis force is about 10 to 20% in the forced 
period and 20 to 40% in the amplitude for an atmospheric disturbance of several 
hundred kilometers in diameter which moves with a speed of about 20 to 30 knots. 

INTRODUCTION 
Resurgent water level disturbances caused by hurricanes traveling 

parallel to a coastline were analyzed from the standpoint of forced 
edge waves by Munk, et al. (1956), who obtained periods of resurgences 
in close accord with some actual observations. However, the range of 
conditions available was not sufficient to fully establish the veracity of 
the theory. Later, Greenspan (1956) extended the theory to a more 
realistic situation by treating the transient problem with a Gaussian 
distribution for the pressure deficit in the atmosphere. One of the 
interesting features of Greenspan's analysis is that, for large scale 
atmospheric pressure disturbances of size comparable to a hurricane, 
only the fundamental edge wave mode is excited while all other modes 
are negligibly small if realistic values for bottom slope and storm propa-
gational speed are taken. He concluded that hurricanes are usually 

1 Contribution from Department of Oceanography and Meteorology, A & M Col-
ege of Texas, Oceanography and Meteorology Series No. 121. 
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too big to produce the maximum surge height which is possible for a 
given pressure deviation. 

The theory of edge waves so far has been applied to specific prob-
lems without Coriolis force, and this approximation is quite proper if 
the scale in space and time is reasonably small. However, the effect 
of the earth's rotation should be taken into account if the period or the 
horizontal scale of the external force respectively are comparable to or 
larger than either 1/f or the deformation radius C If (where C is a repre-
sentative wave velocity or storm speed andf is the Coriolis parameter). 

Reid (1958) has discussed the modification of free edge wave modes 
due to Coriolis force and has presented some general considerations in 
regard to forced edge waves. In the present paper, two specific prob-
lems are investigated in detail on the basis of the fundamental edge 
wave mode. First, the dispersion of an initial deformation of the 
water surface is studied. The propagation of free edge waves to the 
right and to the left (facing the coast from the sea) becomes unsym-
metrical due to the presence of Coriolis force, and a greater fraction of 
the total energy is propagated to the left than to the right in the north-
ern hemisphere. Next, the influence of Coriolis force on forced waves 
due to a moving atmospheric pressure disturbance is discussed, making 
use of a model similar to the one utilized by Munk, et al. (1956). In 
this case, movement of the pressure system to the left is more favor-
able than movement to the right for the development of resurgent 
waves so long as the velocity of the pressure system is less than the 
maximum group velocity of the edge waves. The contribution of 
Coriolis force amounts to about 10 to 20% for the period and 20 to 
40% for the amplitude in the resurgent edge waves. The effect of 
wind stress is not considered in the present paper. 

BASIC EQUATIONS 

Assume that the coastline is straight and that the depth of water is 
linearly proportional to the distance offshore, with zero depth at the 
coast. Take the horizontal right-hand coordinates x and y so that the 
x-axis is directed offshore with the origin at the coast. Using the 
equation of continuity and the linearized equations of motion without 
friction [Reid, 1958: eqs. (1) to (3)], the equation for the surface ele-
vation TJ (relative to the undisturbed level) due to atmospheric pres-
sure disturbances can be shown to be 

f2 aT/ + a3T/ - sx v72 ar, - s ( a271 + f a71) 
at ata g at g atax ay 

( a
2
- a-) = -gs _ TJ + f__!J_ 

atax ay 
a-

- gsx v'2 _!! 
at' 

(1) 
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wher_e t ~s time, f the Coriolis parameter, g the acceleration due to 
gravity, 71_ the eq1;11valent height of water due to the atmospheric pres-
sur~ de~cit (relative to normal pressure), ands the bottom slope in the 
x direction. The notation v'2 is of conventional use with respect to 
x and y. 

A useful forced wave equation can be derived from (1) if the at-
mospheric disturbance moves with constant velocity V, pa;allel to the 
coastline, wi~hout change of pattern. Putting 7/ = 71(x, ~) where 
t = y - Vt m (1) and assuming that all disturbances in the water are 
zero for t - - co in the finite region, we find 

x a211 + a11 + (x - y2) a211 - (/2 + L) 1/ 
ax2 ax gs ae gs V 

= X (0277 + 0277) + 07) -
ox2 ae ax 

(2) 

This relation is used in the second problem treated in this paper. 

DISPERSION OF AN INITIAL DEFORMATION OF THE 
WATER SURFACE 

Consider the situation in which the water body is initially at rest 
with a given surface deformation. For mathematical simplicity, we 
confine our attention to only the fundamental mode of edge waves by 
assuming a suitable deformation initially. Specifically, the initial 
conditions are as follows: 

110 a(a + x) } 
71 = (a + x) 2 + y2 at t = O, 

Q,, =QI/= 0 
(3) 

where Q,, and Q11 are the components of volume transport of water in 
the x and y directions respectively. The scale of the initial deforma-
tion is represented by a and corresponds to the distance, on the x or y 
axis, from the origin to the position where the height of the water sur-
face is half the maximum height (see Fig. 1). The unknowns 111 Q,,, 
and Q

11 
fort > O can be expressed by the superposition of edge waves 

of the fundamental mode, in view of the form of the Fourier transform 
of 7/ (with respect toy) at t = 0. 

The normal mode edge waves may be found from (1), but they are 
not discussed here (Reid, 1958). Edge waves of the fundamental 
mode for any longshore wave length (211/k) are given by 

(4a) 
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Figure 1. Graphs of the initial distribution of water level; upper graph is the relative water level 
along shore; lower graph is the relative water level offshore from the center of the initial disturbance. 

U; = -ikgsx H . 
f + w; " 

(4b) 

V; -kgsx H . 
f + w; , , 

(4c) 

where 

W1 = _ [ 
~' 

(5a) 
2 

W2 f - 2 + 4 + gsk, (5b) 

W3 = f. (5c) 

Here H; is the fundamental normal mode elevation (of unit amplitude 
at shore), U; and V; are the corresponding components of volume 
transport in the x and y directions respectively, and subscript j = 1, 2, 
or 3 correspond to the different frequencies wi, w2, and w3• Later in 
this section, j = 3 is omitted because there is no contribution from this 
mode to the surface elevation. Note that j = 1 and 2 correspond to 
waves moving in the positive and negative y directions respectively 
and that the phase velocity of the former is larger than that of the 
latter for the same wave length, though the group velocity is the same 
in both directions. 
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The functions 7/, Q.,,, and Q11 for t > O are formally given by the real 
parts of the following integrals 

Q.,, = m ("' F(k)(-ikgsx) ( piHi + P2H2 
) dk, (6b) 

lo J + w1 J + w2 
and 

Q11 = m ("' F(k)(-kgsx) (,piHi + fp2H2 
) dk, (6c) 

lo + w1 + w2 

where F(k) is the Fourier transform of 7/ at t = 0 and x = 0, namely 

(7) 

The weight functions Pi and P2 can be determined from the initial 
conditions such that 

Pi = { 1 - (1 + 4gsk/p)-1t2 I, (Sa) 

and 
1 

p2 = 2 {l + (1 + 4gsk/J2)-1t 2 }. (Sb) 

These weight functions P1 and p2 show that more energy goes to the 
negative y direction than to the positive y direction and also that the 
longer the wave length the larger is the difference in wave heights be-
tween two waves propagating in opposite directions, as shown in Fig. 
2. The functions Pi and P2 are a special case of the Pin functions 
derived by Reid (1958). 

Substituting (7), (8a) and (8b) into (6), we can split the elevation 
into four progressive waves: 

(9) 

where 

1 {,,, . 
111.2<•> = 2a11om lo exp {-k(a + x) + i81.2(Y, t; k)) dk, (10) 

T/l,2U) = ~a11om fo"' (1 + 4gsk/p)-l exp { -k(a + x) 

+ i81,lY, t; k) l dk, (11) 
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Figure 2. Graphs of the weight functions p1 and p, versua relative wave number ~•k if'. for the 
fundamental edge waves. 

and 

81,2(Y, t; k) = ky =F= [ Gr + gsk )1'2 
± ~] t. (12) 

In (9), 711<•> and 712<•> are the counterparts of the fundamental (Stokes) 
edge waves without Coriolis force traveling to the positive and nega-
tive y directions respectively, although the speeds in the positive and 
negative directions are different, as is evident in (12). On the other 
hand, 7/lu> and 712U> represent waves essentially due to Coriolis force. 

At the center of the initial deformation x = y = O, it follows from 
(10) and (11) that initially (t = 0): 

1 
7/12<•> = - "'o . 2 ., ' (13) 

and 

= v; 1va 110 ( 1 _ Jv a), 
4 ygs y,r y gs 

(14) 

provided that a « 4gs/ f . The latter condition implies that the scale a 
must be much less than 4000 km at midlatitudes for s = 10-3• The 
ratio of the elevations 111,2u> / 7/1,2<•> is expressed approximately by 

~
0

, where Co = ~s: is the ordinary edge wave velocity with the 
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wave length X = 8a. The ratio computed for several values of a are 
shown in Table I, from which we can clearly visualize the effect of 
Coriolis force. In the case of the initial deformation with an effective 
radius of about 400 km (a = 100 km), the contribution of Coriolis 
force is greater than 20% of the ordinary edge wave. If we compare 
the waves traveling in the positive y and in the negative y directions, 
the difference of initial heights of the two progressive waves may be-
come 40% of the average height of two waves. However, the resultant 
deformation of the water surface does not appreciably deviate from 
the deformation for the case without Coriolis force so long as time is 
not great, because '11(1> and 772(1> cancel each other for initial stages. 

TABLE I. TBE RATIO •11.,Ul/111,2C•l AT :z:, y, t = 0 FOR/ = 10-•/sEc, AND s = 10-•. 

a(km) .. . ........ .. .... .. .. 10 .. .. . ..... .. ......... . 50 . ... ... ... . ... ....... 100 

Ratio .... . .... ... . . .. . ... 0.084 .... . ........ ....... 0.17 ... ... . . ... ..... . ... 0.23 

Making use of the method of stationary phase, we can integrate (10) 
and (11) approximately for large values of t, such that 

- m(J> = ! a770 (1 - fy) exp [- !f2(a + x) {(gst)2 
- 1}] 

2 gst 4 gs fy 

- t [1 f2y (gst )
2 7f'] X y gs7r - cos - - - + 1 - - , for y > 0, (15a) 

y112 4 gs fy 4 

and 

= ! a770 (1 + fl YI) exp [- ! f2(a + x) {(gst)2 - 1}] 
2 gst 4 gs fy 

X y gs7r _t_ cos[! f21YI ( 0
1
st
1 
- 1)

2 - -
4
7f'], for y < 0. (15b) 

IYl 312 4 gs f Y 

The above solutions are valid for flyl/gst < 1 and 4 vlYl/gst2 « 1. 
For fjyj / gst > 1, there exists no stationary phase_ i? the int~gral given by 
(11). Practically speaking, the second cond1t10n reqmres that the 
time must be very long (beyond a practical limit) iffjyj/gst is not very 
small, because ft > 103 fjyj/gst. Therefore, if the stationary phase is 
attained at all the value of fjyj / gst is already very small, and the wave 
amplitude is ~lmost negligible near the origin. However, formally 
looking into the argument of the cosine term in (15a) and (15b) we 
~an find that modification of the dispersive character of edge waves 
-due to Coriolis force is such that 
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local period: 

wave length: 

phase velocity: 

group velocity: 

where 

and 
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1 
T1,2 = To · l ± a, 

A1 ,2 = Ao · 
1 

1 - a2' 

(1 ± ay/2 C1,2 = Co l =r a , 

G1,2 = IYI 
t ' 

a = !IYl/gst, 

T 47rlYI 
0 = ~-. ' 

gsi 

87rY2 
Ao = -- , 

gst2 

Co = ~, 

[16, 2 

(16a) 

(166) 

(16c) 

(16d) 

(16e) 

(16f) 

(16g) 

(16h) 

where the subscript O indicates the quantity without Coriolis force 
and the upper sign and the lower sign in (16a, b, c) correspond to the 
subscripts 1 and 2 respectively. The above relationships are all con-
sistent with the discussion based on the normal modes (Reid, 1958) 
such that C1 > C2 and G1 = G2 for the same wave length. The ratio 
of the wave amplitudes at a common distance IYI to the right and to 
the left is given by 

117/•> - 111(!)1 1 - a 
r = 112<•> + 112U> = 1 + a' 

(17) 

as shown in Fig. 3. The amplitudes for both waves decrease very 
rapidly with decreasing a due to the exponential factor involved in 
(15a) and (15b). 

As a whole, the effect of Coriolis force increases with increasing 
values of a, (a < 1) . This implies that, for a fixed time, the local 
wave length increases with distance from the origin, and consequently 
the effect of Coriolis force increases. However, for jy j > gst/ f the 
condition of stationary phase does not exist and consequently the 
local wave length is undefined. It is probable that beyond this point, 
to the left, the water level decays monotonically to zero as in the outer 
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Figure 3. Ratio of the wave amplitudes at a common distance [y[ to the right and to the left at time 
!, due to an initial static mound of water. 

part of the initial disturbance, but to the right the elevation is essen-
tially zero beyond IYI = gst/f. 

Note that the conditionflYl/gst < 1, which is required to establish 
the stationary phase, gives the maximum group velocity G1,2 = gs/f; 
this maximum value corresponds exactly to the maximum group 
velocity derived from the study of the normal modes [Reid, 1958: eq. 
( 42) ]. 

FORCED WAVE DUE TO A TRAVELING PRESSURE 
DISTURBANCE 

For atmospheric pressure disturbances, (2) can be solved generally 
by means of the Fourier transform technique. However, for mathe-
matical simplicity, we assume an atmospheric disturbance of the form 

-ex O = rioa(x + a) t = X - Vt. 
I] I e + (X + a)2 I 

(18) 

This is the same °form as that assumed by Munk, et al. (1956), which is 
convenient since it implies that we can confine our attention to funda-
mental waves only. The wave characteristics derived from this model 
may be considered as fairly representative of the actual situation be-
cause, according to Greenspan (1956), the fundamental mode of the 
edge wave is the only mode effectively excited by a pressure disturbance 
of the scale comparable to a hurricane. 
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Since 7/ and 011/ at are assumed zero fort - - oo (which corresponds 
to~ - oo for V > 0, and~ - - oo for V < 0), the Fourier tr~nsform 
of (2) with the pressure disturbance (18) may be solved straightfor-
ward, and the solution for 7/ is formally given by 

1 _ f oo + ir e-k * (a+.,,)-ikl 
11 (x, ~) = - -

2 
11oak1 _ k* _ K dk, 

-cio+i" 
(19) 

where T < 0 for V > 0 and T > 0 for V < 0 and k* = -yk2 + E
2 

·(E - 0). 
The other parameters are 

K = k,(1 + V / G) 

k, = gs/ V2 

G = gs//. 

(20a) 

(20b) 

(20c) 

The quantities k, and G represent respectively the wave number for 
the resurgence without Coriolis force and the maximum group velocity. 
If we assume f = 0 (G - oo ), the solution for 1/ reduces to the case 
discussed by Munk, et. al. (1956) and by Greenspan (1956). 

Making use of the contour integral technique, we can express (19) 
for V > 0 in the form2 

"I = 4'(x, !~!, K), t > 0, (21a) 

"I = 4'(x, !~!, K) + 216joak,e-K<a+.<l sin Kj~j, < 0, (21b) 

where 

4'(x, !ti, K) 
= f/ak, f" IK sin m(a + x) - m cos m(a + x) )e-mlll d (22) 

m2 + K2 m. 

For V < 0, we have a similar expression, provided JV! < G: 

"I = 4'(x, !ti, K) + 2,rijoak,e-K<a+.:> sin Kit!, > 0, (23a) 

= 4'(x, !ti, K), < 0. (23b) 

If I VI > G, the oscillatory part of the above solution is absent. 
Asymptotically, for large values of t2 + (x + a)2, 4' is proportional 

to the atmospheric pressure disturbance ,;. In fact, for I VI - 0, 
4'(x, !~!, K) - ;'j for all values of x and !ti - Thus, the forced response 
in the water consists of a train of resurgent edge waves of speed V 
behind the storm together with a disturbance restricted to the immedi-
ate neighborhood of the pressure system for which the water level is 

2 A somewhat similar integration is given by Lamb (1932: 412). 
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the direct effect of the atmospheric pressure. This result is qualita-
tively similar to that for the case without Coriolis force. However, if 
- V / G > 1, no resurgent wave exists in the present case. In other 
words, if the storm moves faster in the negative y direction than the 
maximum group velocity gs/ f (this is very unrealistic), the resurgent 
waves do not develop. The case V = -G is the resonant condition 
and the water level increases indefinitely (<l>(x, l~I, K) - oo ). For 
the movement of the storm in positive y direction, no such condition 
exists. 

The resurgent edge waves behind the storm are given by 

.,,(x, Ix - Vtl) .:::: 21rijoak,e-K<a+zl sin Klx - Vtl . (24) 

Therefore, the period of edge waves is given by 

21r 
T = - = T*(l + V/G)-1 

KIVI ' 
(25a) 

or 
(T* - T) / T* .:::: V / G =JV/gs, (25b) 

where T*( = 21rlVl / gs) is the period of forced edge waves in the absence 
of Coriolis force. The contribution of Coriolis force in the forced 
period is approximately I VI per cent of T* if V is measured in meters 
per second, s = 10-3 and / = 10-4 sec-1• Resurgences following a 
pressure pattern which moves to the right have a shoJter period than 
that of forced edge waves without Coriolis force. · The opposite is 
true of resurgences associated with a pressure pattern which moves to 
the left. If the scale of the pressure system is very large, the con-
tribution of Coriolis force to the height of resurgent waves becomes 
large compared with that which occurs in the case without Coriolis 
force. Putting 711 and 712 as the amplitude of resurgent edge waves 
moving to the right and to the left (V > 0 and V < 0) respectively, 
and putting .,,* as the amplitude of edge waves in the case without 
Coriolis force, we have 

-= ,,* 
* = e-f(a+o,)/IVI 

'72 
(26) 

Note that the ratio is independent of the slope of the bottom, and 
the effect of Coriolis force is measured by the number fa/lVI, which 
is what we anticipated in the beginning. For reasonable values of 
Vanda (V ~ 10 to 15 m/ sec, a ~ 25 to 50 Km), the contribution of 
Coriolis force in the wave amplitude along the coast seems to be about 
20 to 40%. 
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The ratio of amplitudes 7/1, 1/2 and 71* to the equilibrium height Tio 
along the coast is shown in Table II. There exists an optimum value 
of a for which the ratio becomes maximum if V ands are fixed. 

The amplitude of edge waves decreases exponentially in the offshore 
direction, and the rate of decrease is larger for a storm moving in the 
positive y direction than that for a storm moving in the negative y 
direction. 

TABLE II. RATIOS OF THE VARIOUS AMPLITUDES OF RESURGENT EDGE WAVES 
RELATIVE TO THE MAXIMUM EQUILIBRIUM HEIGHT ALONG THE COAST FOR f = 10-, 
SEC-I AND S = lQ-3. THE RATIO 71* /r10 I S SHOWN IN ITALICS. UPPER FIGURES 
IN EACH BLOCK REPRESENT 11,/110 (STORM MOVING TO THE RIGHT); THE LOWER FIGURES 

REPRESENT 712/110 (STORM MOVING TO THE LEFT) . 

V "'- a(Km) 10 25 50 100 
(m/sec) "'-

0.38 0.001 
5 0.46 0.002 

0.56 0.004 
2.09 1.00 0.13 

10 2.30 1.29 0.21 0.02 
2.55 1.65 0.35 0.06 
1.67 1.94 1.09 0.17 

15 1.79 2.30 1.51 0.33 
1.91 2.71 2.11 0.64 
1.16 1.85 1.75 0.78 

20 1.23 2.09 2.26 1.28 
1.29 2.38 2.89 2.12 

CONCLUDING REMARKS 

In general, Coriolis force in the edge wave problem has the effect of 
producing unsymmetrical disturbances moving to the right and to the 
left along the coast, with waves moving to the left (negative y direction) 
from an initial static mound containing the larger fraction of total 
energy. For pressure-induced disturbances, a storm moving to the 
left is .more favorable in the excitation of resurgent edge waves behind 
the storm than movement to the right. This is true so Imig as the 
speed of the storm does not surpass the maximum group velocity of 
the edge wave (order of 100 m/sec). The model utilized in this paper 
is not adequate for predicting changes in water level due to actual 
meteorological disturbance, because (besides the rather arbitrary pres-
sure pattern in the present example) the effect of wind stresses is com-
pletely neglected. A brief investigation concerning the effect of wind 
stress (to appear later) shows that the stress may produce edge waves 
of the higher modes and that the cumulative effect of wind stresses 
parallel to the coast would remain behind the storm; this manifests 
itself as a geostrophic current system parallel to the coast (if the storm 
travels a long distance without change of pattern). 
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