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A THEORY OF UPWELLING OF LARGE 
HORIZONTAL EXTENT 1 

BY 

KOZO YOSHIDA AND HAN-LEE MAO 

ABSTRACT 

Based on certain hypotheses, vertical motion in the upper layers is found to be 
related to the poleward transport in the lower layers. Upwelling off the California 
coast, based on recent data, is examined; the theoretical result appears to be con-
firmed by comparison with other independent indications. A new method of lo-
cating regions of upwelling with the approximate velocity is proposed. 

INTRODUCTION 

Since 1949, cruises of the California Cooperative Oceanic Fisheries 
Investigations off the California coast have provided oceanographic 
data at close to 100 stations each month, and the main purpose of the 
present study is to reconsider the problem of upwelling from these 
data. Upwelling in this area has long been recognized by the presence 
of conspicuous cold and saline surface water localized in some regions 
along the coast, and attention has been paid to this striking phenom-
enon because of its biological importance in relation to the produc-
tivity of the area. Various authors (Thorade, 1909; McEwen, 
1912, 1929; Sverdrup, 1938; Sverdrup and Fleming, 1941) have 
discussed the problem from observed distributions of temperature, 
salinity or some other factors and have attempted to account for it 
by applying the Ekman theory of wind-driven current to the coastal 
region. 

It appears, however, that existing theory does not account for all 
of the upwelling which actually takes place off the California coast. 
From these recent observations, which give certain characteristic 
features of the distribution of properties indicating certain types of 
circulation in the regions, somewhat smoothed features of upwelling 

1 This manuscript was prepared at Scripps Institution of Oceanography and was 
read at the 35th Annual Meeting of The American Geophysical Union at Washington, 
D. C. in 1954. Except for editorial emendations, only small changes have been 
made in the original manuscript that was presented in 1954 in Washington. 

Since this manuscript was prepared, Stommel (1956) has obtained essentially the 
same expression for the vertical velocity. 

Contributions from the Scripps Institution of Oceanography, New Series, No. 963. 
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appear to be predictable on a basis of dynamical balance. The mean 
distribution and seasonal variations in upwelling computed from the 
data seem to be derived from those of the large-scale wind distribution. 
Various practical methods of estimating upwelling quantitatively are 
derived from the theoretical results. At present the most reliable 
estimate is provided by computation of the subsurface meridional 
current from the available density distribution in the lower layers. 
Although results are encouraging when compared with various other 
independent indications, the validity of our results is probably limited 
due to various uncertainties involved and to some short-comings in 
methods. Because of the lack of direct measurement of vertical 
velocity, which is extremely difficult to determine at present, and be-
cause of difficulties in obtaining reliable horizontal divergence from a 
directly measured horizontal current, critical tests are still lacking. 
Yet the proposed theory and method seem to apply also to various 
other parts of the ocean where vertical motion is significant. 

THE MODEL 

The discussion is based on monthly averages and on one degree 
rectangles in latitude and longitude; use of such hydrographic ob-
servations does not permit treatment in detail, but it does permit 
greater simplification of the theoretical discussion. Thus our pro-
cedure gives results which are significant in an average sense only. 
For instance, the results will not show upwelling of only a few days' 
duration or of a few kilometers' extent, nor will they allow for other 
local disturbances or for internal or surface tides. Also, our estimated 
velocity will be somewhat smaller in general than the instantaneous. 

Let us take the rectangular co-ordinates in which the positive x, 
y, and z axes point east, north and vertically downward, respectively. 
By eliminating the horizontal pressure gradient from the original 
equations of motion, we obtain the approximate vorticity equat~on 

(1) D/Dt (?' + f) = - (r + f) div\V - (a/az) curl, Ts+ BVH2?°; 
here \V denotes the two dimensional (horizontal) velocity vector, 
with the components u and v in the x and y direction respectively, 
f = 2w sin (cp) is the Coriolis parameter, w is the earth's angular 
velocity, cp is latitude, r is the vertical component of relative vorticity, 
r. is vertical shearing stress with the components r,z and r,v in the x 
and y direction respectively, and B is the coefficient of lateral mixing. 

The relative importance of the order of magnitude in each term 
should depend largely on the scale of the processes with which we are 
concerned. The following is most essential to our estimate of the 
order of magnitude on which the whole discussion is based: 
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We deal with (1) time and space averages of one month and 100 
km, (2) middle and low latitudes, (3) comparatively weak currents 
of about 20 cm/sec, ( 4) predominantly meridional currents. Now, 
for convenience, let us assume a model two-layer ocean. The density 
profile in California waters consists essentially of the upper (mixed) 
layer, the transitional layer, and the lower layer. The upper layer, 
which is characterized by a stratum of intense wind stirring and 
vertical mixing, varies between 10 and 200 m in thickness, a mean 
thickness of 50 m being assumed in the present estimate. The 
transitional layer has a greater vertical stability than the other two, 
and, in practice, it can be disregarded for the present discussion. In 
the lower layer there is much less stirring and mixing than in the 
upper layer and its thickness is taken to be 500 m. 

The geographic conditions of the area give f = 0.7 X I0-4sec-1 

and /3 = DJ /Dy = 2 X 10-13sec-1cm-1 approximately. The averaging 
procedures, as stated, may yield a/at~ (one month)-1 ~ 4 X 10-7 

sec-1, and a;a x, a/a y ~ (lO0km)-1 ~ 1 X 10-1cm-1• Further, we 
assume the following numerical values: v ~ 20 cm/sec and B ~ 5 X 
107cm2sec-1 for the upper layer and v ~ 5 cm/sec and B ~ l X 107 

cm2sec-1 for the lower layer. The numerical values of these funda-
mental quantities give the approximate order of magnitude to the 
estimated values of quantities for each term in the vorticity equation, 
as shown in Table I. The order of magnitude of dominant terms 
in the vorticity equation appears to be some 10-11sec-2 in the surface 
layer and 10-12 sec-2 in the lower layer. This is likely to make it neces-
sary to assume div \V ~ 0(I0-1) in the surface layer and 0(10-8) in the 
lower layer. The relative magnitude of the quantities appearing in 
the vorticity equation, estimated on a basis of combinations of the 
fundamental quantities, is shown in Table I. 

Term 

ar/at 
u ar/ax + v ar/ay 
{3v ( = DJ/Dt) 
(f + f) div \V 
a curl. 
~T• 

BvH2r 

TABLE I. 

Surface Layer 
0.08 X 10-11sec-2 

0.4 X 10-11sec-2 

0.4 X 10-11sec-2 

0.9 X 10-11sec-2 

0.8 X 10-11sec-2 

0.2 X 10-11sec-2 

Lower Layer 
0.2 X 10-12sec-2 

0.25 X 10-12sec-2 

1 X 10-12sec-2 

1 X 10-12sec-2 

0.05 X 10-12sec-2 

0.05 X 10-12sec-2 

It is seen that horizontal divergence is one of the most important 
terms in the vorticity equation which balances stress vorticity in the 
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surface layer and planetary vorticity in the lower layer. It follows 
that the vertical velocity near the boundary between these two layers 
can be found by knowing either the distribution of surface wind stress 
or the north-south component of the current in the lower layer. 

According to the values in Table I, the original vorticity equation 
is simplified into 

(2) aw = v + ! a curl. r. 
az f f az ' 

where we used div \V = - aw 
az 

and where w is the vertical component of velocity, v a north component 
of velocity, and t time. 

Retaining terms under corresponding approximations, the equa-
tions of motion from which (2) is derived are: 

(3) - fv = 
ap ar.,, 
ax az 

+Ju= 
ap ar,y 
ay az ' 

where p is pressure. 
Flow at the surface and bottom of the sea is required along the 

boundary surfaces. Then we find, upon integrating (2), that 

(3JD ap 1 (3 
(4) wl. = - f2 • ax de - f curl. (rv - r.) - f2 (r,xlo - T,xl,) 

+ ! {ap I aD _ ap I aD} 
f ax Day ay Dax 1 

where D is the vertical co-ordinate for the sea bottom. This is valid 
for the whole column, but for the surface layer a more convenient form 
is given by 

(5) wl.= fl J: :: de - fl ( Tx + i curl. r) + fl ( r,x + i curl. r,) , 

where z0 is the vertical co-ordinate for the sea surface, and r is the 
surface wind stress with its components r~ and r 11 • 

Assuming that the effect due to the current near the bottom is 
negligible and considering that stress vorticity is small in the lower 
layers (especially in the intermediate layers), vertical velocity at a 
level z = H, where the stability is great, say 150m, is given by 



44 Journal of Marine Research [16, 1 

(6)2 - I!. f n ap dz = - I!. f n v dz . 
f2 }a ax f }a 

Equations (5) and (6) represent the vertical component of fl.ow 
across a horizontal plane. 

For z = h, where his the depth of the mixed layer, (5) becomes 

(7) wh = ~1h ap dz - (r"' + 1 curl. r) 
f2 '• ax f2 {3 

which can practically be reduced to 

(8) 
1 

Wh ,.._, - ] curl. T • 

Equation (6) indicates a close relationship between vertical velocity 
at z = H and meridional mass transport in the layers below z = H . 
In both hemispheres, therefore, the subsurface poleward component 
of the current must be associated with ascending motion. In ac-
cordance with theory, we may then anticipate the following facts 
which are confirmed in reality (see later sections): In California 
waters, ascending motion exists in inshore areas with the northbound 
current in lower layers while descending motion occurs offshore with 
the southbound current in lower layers. Although numerical in-
tegration of (6) can be performed, the method can be somewhat 
simplified by making use of the characteristics of density structure 
in the areas. This practical method will be discussed in the next 
section, CALCULATIONS. 

A possible role of planetary vorticity in the horizontal divergence 
of deep currents was noted by Ekman (1923, 1932), and the remark-
able role played by Coriolis change in deriving horizontal divergence 
and in a mutual adjustment between upper and lower layers has 
been suggested in studies of large-scale oceanic circulation by Sver-
drup (1947), Stommel (1948), Reid (1948), Hidaka (1949), and 
Munk (1950). On the other hand, eq. (8) indicates that upwelling 
takes place in the region where the wind stress curl is positive, as in 
inshore areas off California under usual conditions. Especially in 
forecasting upwelling, use of meteorological information would be 
most desirable. Furthermore, since serious errors in oceanographic 
data could be caused by the presence of internal waves due to strati-
fication of the water, estimation from surface winds certainly would 
have an advantage. Although some difficulties prevent experimenta-

2 Note that (6) is valid even if the shearing stress is not negligible at any inter-
mediate depths between Hand D. 
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tion in this direction, it would be worthwhile if the general features 
of vertical circulation and their variations, seasonal or yearly, could 
be related to the features and variations in a field of wind stress 
curl and to those in the North Pacific anticyclonic system as well . 
Climatological conditions in the eastern North Pacific will be prin-
cipally responsible for causing quasi-steady variations in vertical 
transport of water in inshore areas off California. 

Roughly speaking, the horizontal divergence introduced and main-
tained by surface winds is compensated by horizontal convergence 
in subsurface layers produced by poleward transport of water, thus 
leading to the upward transport of water from lower layers into the 
surface layer. However, "upwelling" in a real sense should refer 
to the ascent of water from lower layers into the surface layer, even 
up to the very surface. However, the discussion of this phenomenon 
cannot be accomplished at present, mainly due to lack of knowledge 
of surface distributions of turbulence. 

Attention should also be paid to the fact that the mechanism of 
upwelling considered above is more or less free from the direct in-
fluence of boundary conditions at the coast. This is essentially 
different from the interpretation of the boundary phenomenon in 
coastal upwelling. The latter should account for a phenomenon 
more localized in space as well as in time (Yoshida, 1955a, 1955 b). 
The effects of bottom topography are only partially included in our 
considerations, since density distributions are considerably influenced 
by them. Our computations are limited to areas where depths 
exceed 1000m, with areas close to the coasts excluded. The detailed 
structure of vertical circulation in the California areas might therefore 
reveal many local and temporary features which have escaped us. 

CALCULATIONS 
This section is concerned with a practical method of simplification 

to obtain the numerical values for the integral (6), where certain 
approximations may be permissible. The method, however, ap-
pears to be quite useful in avoiding complicated computations and 
of reducing the number of required observations. 

If we denote 

(9) 

where D and Hare assumed constant, it is seen that 

(10) WH = - P. aPH = g{3 rD (z - H) ap dz 
f2 ax f2 }a ax 
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provided that a hydrostatic pressure is assumed and that the pressure 
gradient is considered negligible below a level z = D. Of course, 
(10) can be integrated numerically without difficulty if we have 
enough observed values for p and if we assume a reference level, say 
D = 1000m. However, it would be convenient if we could avoid 
the numerical integration by making use of the characteristic density 
structure in California waters. The vertical distributions of density 
show certain regularities so that a few parameters may be sufficient 
to characterize the structure. Now an attempt is made to evaluate 
aPH/ax in terms of those parameters which can be measured. The 
density profile consists essentially of three layers, as stated before; 
of these the transitional layer has a greater stability than the other 
layers, and in most cases a level of 150m falls within this layer, mostly 
in the center. Comparison clearly indicates that P(H) and con-
sequently w(H) can be determined practically by the density structure 
in the lowest layer only. Both results consistently imply that P(H) 
and its derivatives can be determined, with good approximation, by a 
density at a level between 600 to 1000m, probably 700 to 800m. Vertical 
velocity can then be determined by (10), for H = 150m: 

0.39 X 10-2 

WH = . "il:,<17 , 
tan cp sm cp 

(11) 

where "ilx denotes a difference in <17 over 100km distance (east value 
minus west value) and u7 is <11 at a 700m level. Putting 

(12) 

the values of U (cp) for various latitudes can be tabulated as follows: 

cp : 25° 
U (cp): 10-2x 1. 95 

30° 
1.34 

35° 
0.98 

40° 
0 .72 

45° 
0.55 

This will give 0.7 X 10-3cm/sec or 16m/month as the value of w for 
"il,, <11 = 0.05 and cp = 30°. 

One of the uncertainties involved in this estimation of w is the pres-
sure gradient at greater depths. This difficulty can hardly be avoided 
since the method is based entirely on a divergence of horizontal 
currents which are based on measurements of dynamic topography 
relative to a deep layer. One may speculate that the presence of the 
pressure gradient at greater depths should largely depend upon the 
degree of departure from the equilibrium state. Hence the above 
argument should depend on the scale of period or area over which 
vertical velocity is averaged. The considerable pressure gradient 
which is present at greater depths at the initial stage of surface con-
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dition changes will possibly disappear as the mass-adjustment goes 
on. In the present computations, then, it is assumed tentatively 
that the effect of the pressure gradient below the 1000m level is neg-
ligible. We have prepared charts indicating the horizontal distribu-
tions of WII from data taken on each CCOFI cruise (made almost every 
month) during 1949 and 1950. All of the numerical values of w 
are based on eq. (12), although we employed u 1 at the 800m level 
instead of at 700m. 

COMPARISON WITH OTHER OBSERVATIONS 

In addition to such indications of upwelling as more or less localized 
surface water of low temperature, high salinity and low oxygen 
content, there may be other phenomena which are likely to indicate 
upwelling or sinking. The following descriptions give certain ob-
served indications of upwelling in the areas concerned. (1) Increase 
in density at the 150m level from month to month compared to estimated 
upwelling. In general, if upwelling takes place, isopycnals would be 
expected to rise in the upper layers. Charts (Figs. 1, 2) indicating 
local time changes in <Tt at the 150m level which are found from month 
to month and season to season are compared with distribution charts 
of WII which are obtained from our method. In almost all cases the 
results agree surprisingly well considering that some of the u, changes 
would be due to horizontal motion or to the effect of internal waves. 

(2) Changes in Oxygen and Phosphate in the Swjace Layer. Ex-
amples have been obtained for which changes in 02 and PO.-P at 
levels above 150m occur just as predicted by our estimation of vertical 
motion at 150m. 

(3) High Density Regions and High Density Tongues in the Surface 
Layer. Although the estimated wn indicates only the vertical com-
ponent of flow at the 150m level, regions of ascending motion agree 
satisfactorily with those of high surface density (averaged density 
for surface layer), especially in areas of very high density. In vertical 
sections where upwelling is indicated, in most cases from conspicuous 
high surface density, the density in layers between 600 and 1000m 
is found to decrease toward the coast. 

( 4) Seasonal Variations and their Relation to those in the Wind Field. 
Distributions of estimated ascending motion show more or less con-
tinuous variations from season to season, although the variations do 
not appear to be as simple as those that have been considered (Sverd-
rup, et al., 1942). Joseph L. Reid, Jr., of Scripps Institution of Ocean-
ography (personal communication) has computed time changes in 
temperature, salinity and oxygen between cruises and has found that 
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INCREASE IN 01 (mg/cm3 ) 

. . 

Oto 0.20 
0.20 to 0.40 
>0.40 

Figure 1. Changes in density (u, from observations) at the 150m level from April to 
June 1949. 

upwelling occurs more frequently during the year and at more places 
along the coast than had been previously suggested. 

Satisfactory agreement is found in a comparison of charts of seasonal 
averages of w9 and density changes at the 150m level during seasons. 
Vertical sections along the coasts for stations nearest to the coasts for 
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ASCENDING VELOCITY (m/mo) 

Oto 10 
10 to 15 

Figure 2. Computed vertical velocity (wH) at the 150m level for May 1949. 

1949 and 1950 show numerous cases of a conspicuous rise of isopycnals 
which are likely to indicate upwelling. Note that inshore areas south 
of Point Conception show no upwelling during the period between 
June and September whereas those north of Point Conception do. 
The three illustrations in Fig. 3 give typical examples. At St. 1201, 
south of Point Conception, upwelling occurs in spring. At St. 801, 
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Figure 3. Monthly changes in vertical density distribution (q,) at three positions off the 
California coast. 
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near Point Conception, it occurs twice during the year, in spring and 
in fall . At St. 401, north of Point Conception, upwelling is indicated 
during summer and fall. An offshore station (909), a southern in-
shore station (902) and a northern inshore station (502) provide 
typical examples of estimated vertical velocity. From our estimates 
as well as other indications, intensive upwelling occurs only during 
spring in southern inshore areas and only during summer and fall in 
northern inshore areas. 

These characteristics are accounted for mainly by surface wind curl. 
Charts prepared by us of the distribution of wind curl over California 
waters, computed from statistical wind data based on 5° squares of 
latitude and longitude in 1949-50, show that the boundary where curl 
r = 0 is located somewhat parallel to the coastline, approximately 
500 km offshore, with positive curl inshore. The most typical con-
trast in winds is found as follows: (1) during spring, March to May, 
southern inshore regions show curl r > 0 while northern inshore 
regions show curl r < O; (2) conversely, during summer, June to 
August, curl r > 0 is found in northern inshore regions while curl 
r < 0 is found in southern inshore areas. Thus characteristic 
seasonal variations in upwelling appear to correspond to wind curl 
variations. 

APPLICABILITY OF OUR METHOD TO OTHER AREAS 
OF THE OCEAN 

Since our method is based on the subsurface vorticity balance 
(latitudinal effect), it will be valid in middle and low latitudes and 
especially in areas where meridional currents prevail in lower layers. 
Regions off the western coasts of continents, as off California, Peru, 
and western Africa, will be typical upwelling areas belonging in the 
same category; also, the western boundaries of the oceans where the 
Kuroshio and Gulf Stream occur may be included. 

On the other hand, the surface vorticity balance (wind effect) ap-
pears to be applicable for wide areas of the oceans; however, an ex-
ception may be found in the western boundary of the oceans, where 
the numerical value of the wind stress curl may be small in comparison 
with lateral stress curl, nonlinear relative vorticity or planetary 
vorticity owing to narrow intensified currents. Over large areas of 
the central oceans (in the northern hemisphere), statistical wind 
distributions indicate the area of negative wind stress curl which 
nearly covers the latitudes between 15° and 50° N, corresponding to 
the areas associated with the subtropical anticyclonic wind system. 
The descending flow over such an area, corresponding to the Sub-
tropical Convergence, has been reported by various authors. 
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Off the Peruvian coast, Gunther (1936) found that the subsurface 
countercurrent flows south (poleward) close to the coasts and that 
surface anticyclonic swirls (southern hemisphere) develop where up-
welling is found. Similar subsurface poleward currents close to the 
coasts are indicated along the western coasts of North Africa and of 
South Africa where upwelling has been reported (Defant, 1936). The 
wind stress curl theory has been applied to the vertical motion in the 
Gulf Stream by Neumann (1952) and the planetary vorticity theory 
has been discussed by Hansen (1952). 

CONCLUSIONS 
Although the rule derived for estimating upwelling appears to be 

valid, one should remember the uncertainties involved, among which 
the following are important: (1) Features which are local or temporary 
are excluded in our estimated gross features. (2) Pressure gradient 
or current at deep layers may modify our result to a considerable 
extent in spite of the small magnitude. (3) "Upwelling," meaning 
upward penetration of a mass of water into a surface mixed layer, 
cannot be fully discussed owing to our incomplete knowledge of the 
effects of turbulence. (4) Values of density at each station obtained 
from one hydrographic cast may not represent the monthly mean but 
may be effected by irregular or temporary disturbance at the time of 
observation or by periodic fluctuation due to internal waves. (5) Errors 
may be introduced in using a single-level-density method since its 
validity may fail if significantly different types of stratification of 
water masses are encountered. 

In spite of these uncertainties, remarkable agreement is found be-
tween the predicted upwelling and other independent indications of 
upwelling. Some of the agreement is so encouraging that we are in-
clined to believe the reality of the estimated results and of the method. 

The major features of vertical motion in California waters as derived 
in this paper are confirmed by comparison with other methods. The 
principal mechanism involved in our considerations is that surface 
horizontal divergence caused by wind stress is compensated by sub-
surface convergence associated with subsurface poleward transport 
due to the poleward increase in Coriolis parameter. The magnitude 
of this upward velocity, at the thermocline layer, can roughly account 
for the surface upwelling velocity which is induced by surface wind 
stress curl and which causes the changes in observed surface density. 
It is fairly well established that the larger-scale meteorological con-
ditions are primarily responsible for upwelling and its variations in the 
California coastal region. Hindcasting of upwelling is found possible 
from the available oceanographic data and from surface wind curl. 
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Various methods for deriving vertical velocity are suggested, the most 
reliable of which would be that given by computations of meridional 
transport over the layers underlying a certain level, say 150 m. Al-
though a simplified method is employed for the present computations 
by using density distributions at the 700 or 800 m level, the computa-
tions of subsurface meridional transport by means of pressure compu-
tations should find more general applicability in the large part of the 
open ocean in middle latitudes as well as in the eastern and western 
boundaries of the ocean where meridional currents are dominant due 
to the coastal barriers. The relation between wind stress curl and up-
welling will be valid more widely, with the probable exception for the 
western boundary of the oceans. 
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