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ON THE RANGE OF VARIATION IN SEA LEVEL 

BY 

J. NEUMANN 
Israel Meteorological Service 

ABSTRACT 
It is inferred from statistical theory that under 'stationary' conditions, i. e., in the 

course of periods during which the mean sea level remains stable, the average range 
of sea level for intervals of time of given lengths should vary linearly with the loga-
rithm of the length of time interval. This is an asymptotic property, so that the 
logarithmic law of increase in range holds only if the intervals considered are rela-
tively long. 

To check on the inference, data of sea level at Tel Aviv are studied. It is con-
firmed that the average monthly, two-monthly, . . . , yearly, ... ranges closely 
follow a logarithmic law of increase. 

1. STATISTICAL THEORY 

1.1 Let x be a continuous variable with a probability distribution, 
f(x) the frequency function of the distribution, and x1, x2, ••• , 

xk, . . . , x,. independent samplings of the variable taken successively. 
The range is the greatest member of the set of differences I Xk - Xk+z I, 
k = l, 2, . .. , n - l, l = l, 2, ... , n - l, k + l n. To find 
the range as a function of sample size n, we shall first have to consider 
the distribution of the differences I xk - xk+z I-

Let us denote the difference I Xk - Xk+z I = I XHz - xkl by r, 

r 0. Now, if the distribution of x isf(x), then the probability of a 
value x to occur is f(x) dx, and the probability of a value (x + r) to 
occur is f(x + r) dr. Assuming that the 'event x' is independent 
from the 'event (x + r),' the probability of the two events is 

2 f(x) f(x + r) dx dr . (1) 

The distribution of r, say g(r) , is, of course, the integral of (1) over the 
range of definition of x, say (a, oo ), or 

g(r) dr = 2 dr f f(x) f(x + r) dx. (2) 

As pointed out above, the range is the maximum of the differences 
r = I xk - Xk+z I, k + l n. If the form of the distribution g(r) 
is known, then the statistical theory of extreme values (Gumbel, 

204 



1956] Neumann: Range of Variation in Sea Level 205 

1954; Jenkinson, 1955) enables us to find the distribution of the 
maximum values of r, i.e., the distribution of the range, say Rn, as a 
function of sample size n. From the point of view of the range 
Rn, g(r) is the 'parent' or 'initial' distribution. A fitting name for 
f(x) is 'grandparent' distribution (of Rn). 

1.2 Let x be the height of sea level. Whether x is positive or 
negative, it depends on the choice of the zero of sea level. In any 
case, it can be made positive by a suitable transformation and we 
shall assume here, for convenience, that x is non-negative. The 
earlier mentioned 'samplings' of the variable are readings of sea-level 
height. We assume, in accordance with observational practice, 
that the readings are taken at equal intervals of time. If for the 
unit of time we adopt the length of time between two successive 
observations, then in an interval n units long we shall have n observa-
tions (assuming that the observations are taken at the middle of the 
time unit). Thus, an interval n units long will correspond to a sample 
of size n. 

In looking for an appropriate mathematical representation of the 
frequency function f(x) for sea level, we note that the behaviour of 
many of the geophysical variables with probability distributions 
may be interpreted to exhibit the operation of two opposing factors. 
One factor is persistence; in any given 'state,' the variable in question 
tends to remain in it. This factor may be likened to a 'force' which 
is constant. The second factor strives to keep the variable at, or 
about, a mean 'state,' so that the farther away the variable is from 
the mean 'state,' the smaller is the 'force' to keep the variable there. 
Hence, the second factor acts as a force which varies inversely with 
distance from a fixed origin such as the mean. 

Before we proceed to discuss the form of f(x), it is in order to point 
out a limitation of the present study. As we consider conditions 
under which our variable (i .e., the height of sea level) tends to remain 
about a mean state, our results will not be valid for time intervals 
of a length significant on a geologic time scale, during which sub-
stantial changes in mean sea level may take place. Of the several 
geophysical processes which are accompanied by a change in mean 
sea level, climatic variations seem to be the ones occurring most 
frequently. In the course of the Earth's history, and certainly since 
the beginning of the Pleistocene epoch, notable variations of climate 
have taken place during intervals whose length is of the order of 104 

years and even of the order of 103 years. Hence, the results of the 
present paper will only hold for intervals whose length, in terms of 
order of magnitude, is 102 years at the most. 
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Returning to the scheme of forces or factors described earlier, 
Castell ani (1950) has shown that if one factor is a constant 'force' 
and t he second factor is a 'force' inversely proportional to the distance 
fr om a fixed origin, then the pertinent fr equency function is a P earson 
Type III distribution (x 0) 

-yP+l 

f (x) = r(p + 1) xP e-rx (3) 

'Y > 0, p > - I, r (p + 1) being the gamma function of argument 
(p + I). 

The above described scheme of 'forces,' due to Castellani, appears 
to be applicable to the case of random flu ctuations in sea level as 
well, so that we may assume that the frequency distribution of sea-
level heights are of the form of (3). We have checked this point by 
examining sea-level data for Tel Aviv and found (see Section 2, and 
Fig. 1 in particular) that a Pearson Type III curve well describes 
the observed distribution. 

In (3) the parameters p and 'Y are linked with the theoretical mean 
µ and the variance o- 2 about the mean by the following simple equa-
tions: 

1.3 
a= 0. 

µ2 
p = - - l 

0"2 

µ 
'Y = - . 

u 2 .. 
(4) 

Since we assume that x 0, the symbol a of (2) becomes 
With this in mind, inserting (3) in (2) gives 

2-y2(p+l) i"' 
g(r) dr = ----- e- rr dr xP(x + r )P e- 2rxdx . 

[r (p + 1)]2 o 
(5) 

Depending on p, p > - l, whether it is an integer or not, the integral 
in (5) is either a polynomial or a power series in r, say P(r). Writing 
A for the constants independent of r, 

g(r) = A P(r) e-rr . (6) 

If positions of sea-level height were independent, (6) would give the 
distribution of height diff erences. In general, independence cannot 
be assumed, but presumably positions read at relatively distant time 
points can be considered independent. Hence, we should expect 
that differences in position readings pertinent to relatively distant time 
points are better represented by (6). 

1.4 We now come to a consideration of the question of the range 
of variation in sea level. 
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It is known from the statistical theory of extreme values that the 
asymptotic distribution of extreme values depends exclusively on the 
behaviour of the parent, or initial, distribution toward large values of the 
variable. As Gumbel (1954: 22) puts it: "The properties of the 
initial distribution about the median or the small values of the variate 
are irrelevant. Methusalas do not die of infantile diseases." Now, 
if the parent distribution is g(r), eq. (6), its behaviour toward large 
values of r is dominated by the exponential term e-rr. We may 
expect, therefore, that the asymptotic distribution of ranges of sea 
level should reveal the properties exhibited by the asymptotic dis-
tribution of extreme values in samples from the simple exponential 
distribution 

1 
_ e-<r l ur> , (7) 
Ur 

ur being the standard deviation ( = mean) of the distribution of r. 
Let Rn be the value of the largest member of r in a sample of size n, 
E(Rn) the expected value of Rn in samples of size n, u(Rn) the theo-
retical standard deviation of Rn. The asymptotic distribution of 
the largest values Rn from a parent exponential distribution, eq. (7), 
possesses the following two remarkable features (see Gumbel, 1954): 

(i) the mean E(Rn) increases with the logarithm of sample size 
according to the formula 

vi3 
E(Rn) = urln n + - C u(Rn) , 

7r 

C being Euler's constant, C = 0.5772 . . . 

(ii) u(Rn) is independent of n, say, u(Rn) = uR; moreover 

7r 
UR= -Ur. 

vi3 

(8) 

(9) 

In view of the above we should expect the range of sea level to 
increase with the logarithm of sample size (~time) and the standard 
deviation of ranges in samples of size n to be constant, apart from 
errors of sampling. 

1.5 In practice, we do not have the theoretical values of E(Rn) 
and of UR (or of ur). Nor will the standard deviation of the observed 
range, say s(Rn), in samples of relatively small size represent the 
asymptotic value of the standard deviation. T~e best we can do 
in (8) is replace E(Rn) by the sample average Rn of the observed 
largest values, replace u(Rn) by s(Rn) or by SR if s(Rn) is sensibly 
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constant with n, and then estimate the term ur In n in (8) from the 
equation _ v6 

Ur Inn = Rn - - CSR • (10) 
7r 

In place of the true sample size n, we shall often have to choose 
an arbitrary sample size n', say, such that 

n =kn' 

In n = In n' + In k , 

k being a constant (possibly unknown). Hence, using n' in lieu of 
n merely introduces in the equation an additional constant term, or, 
writing n for n', 

- (v6 . ) 
Ur ln n = Rn - -;- CSR + Ur In k (11) 

= Rn - B, say. 

Putting n = l, 
B = R1; 

that is to say, we estimate B from the average range of the samples 
whose size we arbitrarily take to be 1. 

2. OBSERVATIONS 

2.1 To check on the validity of inferences drawn in Section 1, 
we have examined data of sea level for Tel Aviv. The data are 
hourly observations of a tide gauge at the Reading Power Station 
(32° 06' N , 34° 47' E) of the Palestine Electric Corporation Ltd. 
Excepting January and February 1944 and October 1953, the data 
are almost complete since June 1943 through April 1955, i. e., the data 
cover 12 years less 4 months. Fig. 1 is a histogram of the combined 
data for January and July of the five years 1950-1954, the number 
of observations actually taken being 7307. It is seen from the diagram 
that the distribution is bell-shaped though slightly asymmetric. 
The mean, relative to an arbitrarily fixed zero, is at 51.9 cm, while 
the standard deviation is 16.3 cm. Taking these observed values· 
as the best estimates of the corresponding theoretical quantities, 
the parameters p and 'Y of (3) work out, in accordance with (4), as 
follows: 

p = 9.137 , 'Y = 0.196. (13) 

The frequencies computed from (3) and (13) are also plotted in 
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Fig. 1. It is obvious that (3) represents the observed distribution 
'.luite well. . We should expect, therefore, that the range of sea level 
mcreases with the logarithm of sample size. 
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Figure 1. Distribution of sea-level heights at Tel Aviv, January a.nd July 1950-1954. 
Histogram: observed d1stribution; curve: Pearson's Type III. 

2.2 Table I summarizes the results obtained from the Tel Aviv 
data. Column (C) is the average of the ranges for intervals whose 
length is stated in column (A). The number of such intervals avail-
able is shown in column (B). Column (E) states the sample size. 
If we consider an interval one month long as the unit of time and 
disregard the slight differences in the lengths of months, then its sample 
size may be taken as 1. In this case, the sample size of an interval one 
year long is, of course, 12. Since we choose the month as our unit 
sample size, we take, in accordance with what was said in connection 
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TABLE 1. AVERAGE RANGER oF SEA LEVEL AT TEL Aviv (J UNE 1943 THROUGH APRIL 
Hl 55) AS A FUNCTION OF LENGTH OF TIME INTERVAL 

(A) (B) (C) (D ) (El (F) (G} (H ) 

Standard Ranae 

L en 9th N o. of A verage deviation Sample computed 

of intervals ranue of ranue size, s, from 

interval available (cm) (cm) n ln n [eq. (14) 1 eq. (1.5) 

One month 140 70.7 15. 7 1 0 (15. 7 ) 70.7 

Two months 69 81.1 15.5 2 0 . 693 15.0 131.3 

Three months 45 86. 1 14.8 3 1.0()9 14. 0 87.5 

Six months 21 100. 1 16. 4 6 1 .792 16.4 98. 1 

One year 12 109. 6 15.4 12 2 . 485 15.7 108. 7 

Two years 6 118. 0 14.8 24 3 .178 14.!l 119.3 
Four years 3 126. 6 48 3 .871 129.9 

Six years 2 138. 5 72 4 .277 136. 1 
Twelve years 1 147.0* 144 4 .970 146.7 

* As thls figure is based on a single sample, its agreement with the fi gure computed from 
eq. (15) must be con sidered accidental. 

with (11) and (12), R1 (i .e., the average monthly range) for the estimate 
of the constant B. 

Column (G) of Table I gives the term 

Rn - B 

ln n 
(14) 

which by (11) should give us an estimate, say, Sr of u,. Actually, 
an estimate of ur could be obtained by considering the distribution 
of the differences I Xk - Xk+z I = r of the original sea level data. 
However, this would involve considerable computational labour and 
for this reason we take the average of column (G) for the estimate of 
u, . It is seen that the figures in that column show lit tle scatter about 
their average 15.3. Thus we are led to estimate the range of sea 
level from the equation 

Rn = 15.3 ln n + 70.7 

= 35.2 log10 n + 70.7 
(15) 

The ranges computed from (15) are listed in column (H) . Because 
of the little scatter in column (G), it is natural that the figures in 
column (H) are in close accord with the observed figures, column (C). 
The observed and computed ranges are also shown in fig. 2. 
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Figure 2. Vari ation in range of sea level with length o f interval. Crosses: observed 
ranges; straight line: eq. {15). 
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