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STATISTICAL HYDRODYNAMICS1 

BY 

CARL ECKART 
Scripps Institution of Oceanography 

University of California 
La Jolla, California 

There are two major problems in the theory of hydrodynamics. 
One is its nonlinear equations. If a fluid motion is specified by giving 
its velocity at every point, one may inquire whether there is a second 
possible motion in which the fluid everywhere has just twice the 
previous velocity. The answer given by theory is "No." While 
this is simple, it is a negative result, and the problem requires a positive 
solution. The second problem arises because the observed motions 
of fluids are often highly irregular and random, typified perhaps by 
the gusts of wind that follow each other at irregular intervals or by 
the irregularity of successive breakers. 

Many years ago, Osborne Reynolds (1884, 1896) attempted to 
make progress on both problems at once, and, in a famous investigation 
that involved both theory and experiment, he founded what has come 
to be known as the theory of turbulence. His ideas and methods 
have been fruitful, especially in the work of von Karman and his 
followers (von Karman and Howarth, 1938). However, the results 
obtained in this way have their limitations. For example, a result 
obtained in wind-tunnel experiments may be useful in the design 
of airplanes but may fail to be of much help to the meteorologist or 
oceanographer. 

There is an increasing tendency to depart from Reynolds' path 
and to attack the two problems separately. The problem of non-
linearity dominates the recent attempts at forecasting weather 
numerically. While the results obtained are promising, they also 
indicate the difficult nature of the nonlinear differential equations. 
Much publicity has been given the high-speed computing machines 
that can perform millions of additions in a few seconds. When such 
machines are employed to forecast the motion of air masses over the 
eastern United States, their capacities are almost reached. And in 
these calculations, only some of the nonlinear effects are included 
while the effects of randomness are omitted completely. One says, 

1 Contribution from Scripps Institution of Oceanography, New Series No. 745a. 
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therefore, that turbulence is ignored in these calculations. This 
appears to be justifiable if one wishes only to forecast the movement 
of major air-masses 24 or 48 hours in advance. 

There are other problems in which the reverse appears to be true. 
For example, the theory of surface waves indicates that nonlinear 
effects are subordinate. Two waves, one twice the height of the 
other, move with almost the same phase speed. This is not exactly 
true, but within the range of wave-heights encountered at sea, it is a 
good approximation. But it requires only a glance at the actual 
sea to be convinced of the randomness of the size, shape, and motion 
of surface waves. 

Thus, an approach to these problems is indicated from the opposite 
direction: to neglect nonlinearity and concentrate on randomness. 
G. I. Taylor (1922) laid the foundations for such studies more than 
30 years ago. At the present time, his ideas are strongly influencing 
the experimental attack on these problems. The term "autocorrela-
tion methods" is probably familiar to many of you. These methods 
are now applied to analyses of wind-tunnel data obtained with the 
hot-wire anemometer. H. Panofsky is using them to analyse the 
natural wind. Here at Woods Hole, Seiwell applied them to ocean 
waves, and P. Rudnick has done the same at the Marine Physical 
Laboratory. 

It is the theoretical rather than the empirical aspect of this approach 
that I wish to emphasize today. One can easily distinguish two very 
general kinds of random motion. The one is typified by the vertical 
motion of the sea surface over a point whose horizontal co-ordinates 
are fixed. The elevation changes, but its mean value is zero, being 
sometimes higher and sometimes lower. One may call this kind of 
motion a random oscillation-the variable oscillates about its mean 
value, but in a highly irregular manner. 

The other type of motion can be illustrated by considering a small 
boat adrift at sea. If it is in the region of a steady wind, it will move 
down wind, and, on the average, it will move by equal amounts on 
successive days. But if it is in a region of light and variable winds, 
with no steady ocean currents, it will not show such a steady motion 
in one direction. Neither will it tend to return to its original position. 
It can be shown that its distance from the starting point increases 
(on the average) as the square root of the time but that it has no 
predictable direction. One may call this a random drift. In his 
highly original paper on such matters, G. I. Taylor used the phrase 
"diffusion by continuous motion" to refer to this phenomenon when 
applied to masses of fluid. 

The theory of molecular diffusion had also encountered a similar 
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thing. This theory is based on the idea that in general the molecules 
of a gas move in straight lines with constant speed. This motion is 
altered abruptly by colli sions with other molecules. Thus, the path 
of a given molecule consists of segments of straight lines, of random 
lengths and directions. In this case also, the distance from the starting 
point increases (on the average) as the square root of the time. The 
motion differs from the random drift in its segmental, discontinuous 
character: it has variously been called a random walk, or a random 
flight. 

The distinction between the random drift and the random flight 
appears to be quite important, although not all problems are solved. 
In the kinetic theory of gases, it is shown that the random flights 
of molecules can be described by the so-called diffusion equation. 
It has often been supposed that this equation will also describe the 
random drift of water masses, and this has led to the well known 
concepts of coefficients of eddy-diffusion, mixing lengths, etc. Un-
fortunately, these concepts have, empirically, been unsuccessful 
in describing the motion of water masses in a quantitatively precise 
manner. At most, the diffusion equation can be supposed to yield 
a qualitative impression of the actual phenomena. 

If one examines the theoretical derivations of the diffusion equation, 
one finds that they are all based on random flights of well defined ob-
jects. A water mass is not a well defined object and its motion is not 
a random flight in the sense of the above discussion. Moreover, 
it is difficult to modify the usual derivations of the diffusion equation 
so that they apply to this more general kind of random motion. One 
may therefore conclude that the failure to confirm the diffusion equa-
tion when applied to water masses is not a failure of the theory.2 

But this again is a negative result. 
In order to describe the more positive results, I shall have to go into 

more detail. Norbert Wiener's (1949) great contribution to the 
subject has shown that a random oscillation always has a contin-
uous power spectrum-and conversely. In one way, this is an old 

2 In the discussion at the Convocation, Professor E. Bright Wilson called attention 
to unsolved problems in this connection. Perhaps his remarks may be paraphrased 
as follows: the molecules of a gas execute random flights, but those of a liquid execute 
random drifts, since they are never free of the force fields due to neighboring mole-
cules. Consequently, if the views advanced above are correct, one would expect 
the diffusion equation to be verified for gases, not for liquids. But, empirically, 
it is found to be equally applicable to both. This would lead one to expect that the 
diffusion equation would also govern the random drift of water masses, unless it 
can be shown that these are basically different from the molecules of a liquid. One 
such difference is their lack of permanent individuality. 
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result, familiar from the wave theory of white light. This, long 
considered to be a random oscillation, is known to have a continuous 
spectrum. However, Wiener's analysis opens the way to many new 
calculations and to a discussion of random drifts. 

Let x(t) be the co-ordinate of a point that executes a random 
oscillation. To this function, x(t), there is associated a spectrum 
function S,,(w), where w is the frequency. This association is such 
that the area of the S,,(w) graph is the time average of x2, or, if one 
wishes, the square of the amplitude of the random oscillation. Now 
let 

u(t) = (dx/dt) 

be the velocity of the point; there will also be a spectrum function, 
Su (w), associated to u (t); since the velocity will also oscillate randomly, 
this is given by the equation 

S,,(w) = w2S,, (w). 

The relation between S,. and S., is shown in Fig. 1. It is important 
to notice that Su (w) approaches zero with a horizontal tangent, 
as w approaches zero. 

RANDOM OSCILLATION 

., 

., 
Figure 1. Relation between displacement and velocity spectra for a random oscillation. 
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Thus far I have been speaking of a random oscillation. Let me 
now turn to the random drift. In this case, the velocity still oscillates 
randomly, but S,, (w) may not approach zero or if it does it may not 
do so with a horizontal tangent. If we now cal~ulate ' 

S,, (w) = S,, (w)/w2, 

we find that S,, (O) = oo. The area under the S,, (w ) graph will 
then be infinite (see Fig. 2) and the amplitude of the displacement 
will diverge. This is precisely the characteristic of a random drift. 

RANDOM DRIFT 

., 
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Figure 2. Relation between displacement and velocity spectra for random drifts. 

We have thus learned to distinguish between random oscillations 
and random drifts by an inspection of the velocity spectrum. We see 
that the distinction depends on the low frequency components in 
the variation of the velocity and that these must be very small indeed 
if the motion is to be random oscillation. 

Now, if one neglects the nonlinear effects, it is possible to make 
many calculations about random oscillations and random drifts. 
This becomes almost as easy as the corresponding calculations about 
simple harmonic oscillations. I shall summarize the results of three 
such calculations. 
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In each, it was postulated that the vertical displacement of the sea 
surface is a random oscillation, not a random drift. In each, the 
objective was to see if the horizontal motion could then be a random 
drift. 

In the first calculation it was supposed that the ocean had infinite 
depth and was incompressible-had the same density at all depths. 
The usual approximations of the linearized theory of gravity waves 
were introduced. It was then found that the horizontal motions were 
everywhere random oscillations. It was impossible for horizontal 
random drifts to occur unless the sea surface was so violently agitated 
that therms wave-height was infinite. 

In the second calculation, the ocean depth was supposed to be 
finite, whereas all other approximations were retained. It was then 
found that horizontal random drifts were possible and obeyed the 
law 

X = KZv(T/D). 
Here 

Z = rms height of the gravity waves, 
X = rms horizontal displacement occurring in the time interval T, 
D = depth of ocean, 
K = factor depending on depth below surface at which X is de-

termined, etc., etc. 

From this one would conclude that random drifts should be more 
pronounced in shallow water than in deep, and this is probably in 
accord with the facts. This was not all that could be determined: 
One could consider the relative motion of two nearby particles of 
water and show that this must be a random oscillation. The two 
particles might drift, relatively to the bottom, but they could not 
drift apart. 

In the third calculation, the water was supposed to be stably 
stratified, its density increasing exponentially with depth. It was 
therefore possible for internal waves to occur, in addition to the 
surface gravity waves. The latter caused horizontal random drifts 
governed by the same formula as that given above. The internal 
waves, however, caused random drifts governed by the formula 

Xr = Kr (Zr/D) vT , 
Zr being the amplitude of the internal waves. The dependence on 
T-the time interval required for the rms displacement X 1 -is the 
same, but the ocean depth enters in a different way. Moreover, 
if one now considers two particles, they may drift apart. This is so 
essentially because a stratified ocean has many modes of oscillation 
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while an ocean of constant density can oscillate only with surface 
waves. 

These calculations have therefore isolated two factors that together 
can cause the random drift of water masses: the one is the bottom, 
the other is the density gradient. Neither, by itself, can cause drift. 

I do not think that this is the only mechanism that causes the 
random drift of water masses in the ocean, but it is an especially 
simple one. Another mechanism is undoubtedly connected with 
steady currents, which, by themselves, would cause only steady 
displacements, increasing linearly with time. When these are com-
bined with surface and internal waves, a random drift may be super-
posed on the steady displacement. The necessary calculations 
for this problem are not impossibly difficult, but so far they have not 
been completed. 
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