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THE STATISTICAL ANALYSIS OF A SEICHE RECORD 
BY 

P. WHITTLE 
Applied Mathematics Laboratary, New Zealand D.S .J.R. 

ABSTRACT 
The series analysed consists of 660 15 sec observations of the water level in a 

rock channel on the Wellington coast. Both correlogram and periodogram were 
employed in an attempt to isolate possible discrete components of the spectrum and 
to characterise the continuous component. Several trains of waves were found, 
some with phase and amplitude so remarkably stable that they could not be dis­
tinguished from sustained oscillations. The two main sets of waves were identifi ed 
as being due to reflection at the open end of the channel and at the coast of an island 
parallel with the channel but some 15 chains outside it. The periods of the re­
maining waves (with one exception) appear to bear a simple numerical relation to 
the periods of these main trains, and it is suggested that the existence of these minor 
trains and the surprising permanence of one main train are due to a nonlinear phe­
nomenon associated with the intermittent washing in of water at the top (shore) 
end of the channel. This mechanism is examined. · 

The reader is referred to the end of the section on ANALYSIS AND RESULTS for a 
summary of the purely statistical findings. 

INTRODUCTION 

These data (Fig. 2, curve A) refer to a small seiche on the New 
Zealand coast. From one point of view they are of local interest only, 
but on the other hand some of the phenomena observed are of more 
general importance, since we find statistical evidence for a mixed 
spectrum and for a certain nonlinear mechanism. The whole question 
of water wave spectra is a present one. Claims made for the existence 
of genuine periodicities in ocean waves (Seiwell and Wadsworth, 1949) 
have been disputed (Pierson, 1952), and interesting theoretical possi­
bilities for the natural occurrence of mixed spectra have been demon­
strated (Ursell, 1952). These data, of course, have no direct bearing 
on the question of ocean waves, since they were not taken in the 
open sea. 

The statistical methods employed appear to be of interest, since 
they are to some extent new in oceanography. In the APPENDIX, an 
attempt is made to explain the correct use of correlogram and periodo­
gram and the conditions under which the application of one or the 
other or both is appropriate; this APPENDIX also constitutes in part a 
:reply to a recent article by G. E. R. _Deacon (1952). 
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Figure 1. A. Water level In channel ; B. Water level a t mouth of channel; C. Streaming 
Into top end of channel. 

The observations were made by the staff of the Geophysical Ob­
servatory, N .Z.D.S.I.R., at a point adjoining Island Bay, Welling­
ton. The site, a channel in the rocks some 5 ch long and about 1 
ch wide, contains irregular depths up to about six feet at low water. 
It runs parallel to a line of breakers outside but is separated from them 
by a strip of rocks a chain or two wide; at the western (top) end there 
are two shallow connections with the breakers; the other end opens 
into the partially sheltered waters of the Bay. At low tide the surf 

,n 
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Figure 2. Water level at channel and neighboring points. 

periods especially are well filtered out, even with moderate surf out­
side. Referring to Fig. 1, curve A represents readings at the top end 
of the channel, curve B represents readings made simultaneously at 
another point on the channel some 3 ch to the east, and curve C 
represents a rough estimate of the streaming of water from the western 
connections into the channel. Although this streaming has often 
been observed, it has not been noted in the reverse direction. In 
curve C it is seen that it ceases when the water level is highest and that 
it is at a maximum when the level is lowest. 

In Fig. 2 we have a secori~ set of readings taken at A, the channel; 
at B, a point on the eastern coast of Island Bay; and at C, a point on 
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Figure 3. Map of Island Bay, Wellington, New Zealand. 
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the eastern side of Ohiro Bay; each distance, AB or AC, is about half a 
mile. The 3-4 minute oscillation which is prominent in curve A is 
absent from B and C, and therefore it would seen to be attributable 
to a seiche in the channel. 

Although we shall be concerned with only Fig. 2, curve A, the other 
curves have been included to provide a background. Furthermore, 
we shall find use later for the observations on the flow into the top end 
of the channel. 

Fig. 3, a map of the district, shows that the channel opens not 
directly into the sea but into a sound 15 chains wide which is bounded 
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by the concave shores of the mainland and island. The relevant 
distances and depths are indicated on the map. 

The observations were taken at the turn of the tide so that its effect 
would be minimal. Nevertheless, it is obvious from Fig. 2 that a 
gradual trend is present, but this was satisfactorily eliminated by the 
fitting of a second order polynomial in time. If we denote the terms 

1.0 
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-0.5 

0 10 20 >O 40 50 60 

Figure 4. Correlogram o! original deviations from trend. 

of the series of deviations from trend by x1, x2 • • • Xn, then the s th auto­
covariance of this series is calculated from the formula 

n-• (X1 - i) (X1+• - i) 
C,=:E----, 

1-1 (n - s) 
(2.1) 

where xis the arithmetic mean of the series and n the number of terms; 
in this case it is 660. The correlation coefficients, r. = C .JC., are 
tabulated in Table I, and their graph, the correlogram, is presented 
in Fig. 4. 

A first estimate of the spectrum was obtained by Bartlett's method 
(Bartlett, 1948, 1950), i.e., by transforming the initial part of the cor­
relogram (strictly, the "covariogram") 

" ( Isl) fB(w) = 1 - -;- C, cos (ws). (2.2) 

Since the sampling variation of the covariances is quite small in 
the present case, a fairly high value of u could be taken; the actual 
value used was 114. The full line in Fig. 5 gives the smoothed esti­
mate of the spectrum thus obtained. 
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Table I. Correlation coefficients 

8 1000r. 8 1000r, 8 1000r, 

1 889 41 70 81 -180 
2 626 42 132 82 -184 
3 285 43 149 83 -152 
4 - 41 44 114 84 - 91 
5 -289 45 39 85 - 17 
6 -418 46 - 50 86 47 
7 -421 47 -125 87 83 
8 -315 48 -163 88 85 
9 -140 49 -151 89 59 

10 56 50 - 98 90 13 
11 231 51 - 23 91 - 38 
12 347 52 50 92 - 80 
13 379 53 97 93 - 98 
H 332 54 108 94 - 89 
15 229 55 83 95 - 57 
16 111 56 24 96 - 8 
17 18 57 - 53 97 43 
18 - 32 58 -130 98 84 
19 - 39 59 -187 99 104 
20 - 25 60 -207 100 100 
21 - 11 61 -183 101 77 
22 - 9 62 -128 102 50 
23 - 22 63 - 59 103 32 
24 - 35 64 0 104 36 
25 - 44 65 29 105 69 
26 - 36 66 23 106 116 
27 - 7 67 - 10 107 157 
28 45 68 - 53 108 174 
29 100 69 - 85 109 161 
30 145 70 - 94 110 124 
31 165 71 - 81 111 172 
32 144 72 - 53 112 15 
33 81 73 - 11 113 - 26 
34 - 12 74 33 114 - 40 
35 -109 75 66 
36 -184 76 73 
37 -213 77 49 
38 -187 78 - 3 
39 -118 79 - 72 
40 - 23 80 -137 
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Figure 5. 

The preliminary analysis up to this stage was performed by I. D. 
Dick while he held the post of director of the Applied Mathematics 
Laboratory. 

When the various possible periodicities are investigated we require 
the direct estimate of the spectrum provided by the periodogram 

f(w) = l [ (:i::x, sin wt)2 + (i:x, cos wt)2
] 

= t (1 .- ':') C. cos (ws). (2.3) 

Calculation of the complete periodogram would be arduous, par­
ticularly since the rapid variation of j(w) means that about n/2 = 330 
ordinates would have to be calculated in order to obtain a complete 
picture. Therefore, since the estimate JB(w) will indicate all but the 
feeblest periodicities, it will be· sufficient to calculate j(w) in the 
neighbourhood of the maxima of JB(w). The most obvious maxima 
off B(w) are around w = 2°, 14°, 25° and 33°, and the values of f(w) 
in the neighbourhood of these points are tabulated in Table II (see 
also the thin line in Fig. 5). The unit of angle taken was one millicycle, 
or 0.36°. By comparing this with the required minimum value of 
360/660 = 0.55°, we see that there is sufficiently dense covering. 
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Table II. Periodogram ordinates 

w 
(milli- w w 
cycles) (degrees) f(w) (degrees) ](w) 

,5 1.80 165 
6 2 .16 140 
7 2 .52 513 
8 2.88 2608 2.927 2635 
9 3.24 1359 

37 13.32 260 
38 13.68 219 
39 14.04 920 14.083 928 
40 14.40 485 
41 14.76 464 
42 15.12 156 
43 15.48 174 
68 24.48 1127 
69 24.84 1956 24.790 1977 
iO 25.20 504 
71 25.56 362 
72 25.92 469 
89 32.04 100 
90 32.40 735 
91 32.76 731 
92 33.12 4092 33.134 4097 
93 33.48 1236 

The values obtained were interpolated parabolically in the hope of 
improving the estimates of the positions and sizes of the maxima of 
f(w) ; these interpolated values, distinguished by a circumflex, are 
given in the last two columns of table II. 

The further course of the analysis is described in the following sec­
tion, and readers interested in the statistical side are advised to read 
the APPENDIX concurrently. 

ANALYSIS AND RESULTS 

A start in the analysis is provided by an examination of the correlo­
gram and smoothed spectrum (Figs. 4, 5). In the analysis it is seen 
that the periods of the waves are of more interest than their frequen­
cies, so for convenience the smoothed spectrum is replotted in Fig. 6 
as a function of period, T. [Of course the curve thus obtained has no 
longer the interpretation of a frequency curve, as havef(w) and/ B(w). ] 

The oscillations in the correlogram damp away until about lag 30, 
after which they maintain a fairly constant amplitude. A period of 
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about 11 units (the unit of time being the 15 sec observation interval) 
is evident in the tail of the correlogram, although the oscillation is 
evidently not a simple one. 

Turning to the_spectrum, we note two strong peaks that correspond 
to periods of about 11 and 14, the former being narrow and well de­
fined, the second being considerably broader. Subsidiary peaks are 
also evident for T = 25 and 36, and there is a faint suggestion of a 
rise between 48 and 50. This rise is little more than a slight increase 
in curvature, and it would never have been noticed had it not fitted 
into the rather intriguing pattern: 25 = 11 + 14, 36 = 2(11) + 14, 
and 48 = 3(11) + 14. This is the simple numerical relation men-

1000 

500 

00!;----.-L-=+----2='=0------,,:'::-0------,-•1,--o -------,J.so----•-'--o--T 

Figure 6. The smoothed spectrum as a function of period. 

tioned in the ABSTRACT. Commonly terms corresponding to sums, 
differences and multiples of fr equencies occur, but something analogous 
for periods is distinctly more unusual. The phenomenon, if real, re­
calls the subharmonic response effects of nonlinear mechanics and 
suggests that there may be a nonlinear mechanism at work. 

Finally, we note. a rise at the extreme low frequency end of the spec­
trum which requires investigation. This region of the spectrum, and 
those around T = 11, 14 and 25 were thus "explored" with the help 
of the periodogram, as described in the preceding section. 

An attempt to explain the observed series as being simply generated 
by an autoregression fails. (The inain assumption of such an approach 
is that the spectrum is completely continuous·.) Fitting autoregressions 
of orders = 1, 2, 3 · • • and using formula (A.11) to calculate the cor­
responding residual variances v, the following results are obtained: 
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Figure 7. The ftrst fitted spectrum. 

s V y.,2 p 

0 99.011 
1 20.761 1031.2 <0. 0001 
2 8 .010 628.7 <0.0001 
3 7.864 12.5 0.001 
4 7.624 20.2 <0.0001 
5 7.6-17 0 .6 0.47 
6 7.602 1.4 0.25 
7 7.576 2.0 0.18 
8 7.537 3.3 0.07 
9 7.528 0.6 0.47 

The third column gives the value of the V!2 statistic obtained by com­
parison of the autoregressions of lags sands - 1 (see A.13), while the 
figure in the last column gives the significance of the statistic and 
hence the sth lag term. We see that it is the first four terms which 
make all of the contribution to the fit and that nothing is gained by 
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including higher lags. Estimating the coefficients of a fourth order 
autoregression by (A.9) we obtain the fitted scheme 

x, - l.502x1-1 + 0.468x1-2 + 0.395x,-a - 0.175x,_. = £1, (3.1) 
whose spectrum (calculated from A.7) is shown in Fig. 7. 

Agreement with observation is poor; the dip between the two max­
ima at 11 and 14, which is so characteristic of the observed spectrum, 
is completely absent. An attempt at improvement was made by 
fitting all lags up to order 15, but this had an insignificant effect. 
{The trial was worthwhile, however, since high order lags can often be 
expected when one deals with mechanisms in which reflection plays a 
part, and they have been known to occur even in econometric series.) 

The hypothesis of a purely continuous spectrum thus seems un­
tenable, and we are forced to the conclusion that wave trains which 
possess genuine periodicity are present or that there is at least another 
type of periodicity from that associated with a simple autoregression. 
We then test the various periodogram peaks, starting with that which 
bears the greatest ratio to its presumed theoretical value. This is 
J(w) = 2635, at w = 2.927°, or T = 123. The theoretical spectrum, 
F(w), is that calculated for scheme (3.1), since this scheme constitutes 
for the moment our null hypothesis. We have (cf. A.7) 

7.624 
F(2.927°) = ----------

11 - l.502e"" + · · · - 0.175e4 ""12 (w = 2.927°). 

Thus (cf. A.18) the test statistic g has a value 
2635 

g = (191)(330) = 0·
0418 

whose significance is (cf. A.19) 

P(g) = 330(1 - 0.0418)380 = 0.00025. 

The generally accepted significance level is P = 0.05, hence the ob­
served periodogram peak f = 2635 is significant, and we conclude that 
a genuine wave train of period T = 123 = 30.75 minutes is present. 
Now, before we consider the remaining possibilities, we should sub­
tract this component from the series and recalculate the estimate of 
F(w), the continuous component of the spectrum. However, this re­
calculation has relatively little effect on the central part of the spec­
trum hence we can conveniently use the existing F(w) to test the next 
prop~rtionally greatest peak, at w = 33.134° (T = 10.87). An 
analogous calculation to the previous one yields the following quanti-
ties: 
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The peak is significant. Actually, our test has been conservative, 
and the significance of the ordinate is far greater than that indicated, 
for two reasons. First, the spectrum calculated from (3.1) is a sort 
of envelope to the observed spectrum, and for w > 25°(T < 14) it has 
ordinates of anything up to five times those of what now appears to be 
the true continuous part of the spectrum; so the apparent g is corre­
spondingly smaller. Furthermore, the probability (A .19) is calculated 
on the assumption that we have chosen for testing the most significant 
remaining ordinate in the whole periodogram. It is fairly certain 
that we have in fact done so, but actually this was not our procedure, 
since only a small selected portion of the periodogram was calculated. 
For this reason alone, the significance of the ordinate is greater than 
that indicated by (A.19). 

Be this as it may, the presence of trains with T = 10.87 and 123 
has been established, and before we test the remaining possibilities 
we must recalculate our estimate of F(w). Applying equation (A.17), 
we find that the ·modified autocovariances C .' will be related to the 
original C.'s by 

C.' = C. - 7.98 COS (2.927s)0 
- 12.42 COS (33.134s) 0

• (3.2) 

Calculating the first few values, we have 

8 C,' s C,' 
0 78.7 6 -37.2 
1 69.7 7 - 41.5 
2 49.1 8 - 37.3 
3 22.4 9 -26.8 
4 - 3.3 10 -12.3 
5 - 24.3 

A more complete picture of this correlogram is provided in Fig. 8. 
Fitti?g autoregressions of successively increasing order, as before, we 
obtam the following results: 

8 V 1/;2 p 
0 78.700 
l 16.985 1010.5 <0.0001 
2 7.619 527.4 <0.0001 
3 7.264 31.3 <0.0001 
4 7 .166 8.9 0 .006 
5 7 .018 13.7 0.0005 
6 7.016 0 .2 0 .65 
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A fifth order scheme is apparently sufficient; we find the estimated 
scheme to be 

Yt - l.425Y1-1 + 0.416Yi-2 + 0.429Y1-a - 0.319yt--4 
+ 0.144Y1-6 = Et- (3.3) 

Now we can rigorously test the peaks at w = 14.083° and 42.790° 
(T = 25.56 and 14.52). The figures corresponding to those of the 
previous calculations are: 

14.083 
24.790 

T 
25.56 
14.52 

I 
928 

1977 

F 

255 
902 

g 

0.0110 
0.0066 

p 

>0.1 
>0.1 

Neither of the peaks is significant, so there is no point in continuing 
with the smaller peaks at T = 35, etc. 

Since all of the detectable harmonic components have now been 
extracted, scheme (3.3) gives the autoregressive representation of the 
component of the observed series corresponding to the continuous 
component of the spectrum, y 1• The corresponding spectrum is illus­
trated in Fig. 9. The curve evidently agrees fairly well with what 
we would now regard as the continuous component of the observed 
spectrum in Fig. 5. The peaks at T = 25, 36 · · · are not evident, 
but this need not necessarily shake our faith in their reality, since a 
low order scheme such as (3.3) will reproduce only the broader spectral 
peaks. 
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W (DEGREES) 
Figure 9. Fitted spectrum of the purely nondeterm1nistic component. 

Summing up, then, the following facts have been observed and re-
quire explanation: 

(1) Sustained waves exist of periods 123 and 10.87 units (1845 and 
163 secs) with respective amplitudes 3.00 and 4.99. 
(2) The residual component can be expressed largely by the auto­
regression (3.3), whose energy (see Fig. 9) is mostly accounted for 
by an impermanent oscillation of approximate period 14 units 
(210 secs). 
(3) The smoothed empirical spectrum definitely indicates subsidiary 
oscillations of periods 25 and 36 units. These oscillations, not of 
permanent type, are too regular to be explicable by a simple sch~me 
of type (3.3). 

EXAMINATION OF RESULTS 

The wave trains of period 10.87 and 14 are readily identified as 
being due to reflection at the island coast and at the open end of the 
channel respectively. To see this, we note that the velocity of propa­
gation of tidal waves in water of depth his 
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V = Vgh, 

89 

(4.1) 

where g is the acceleration due to gravity. Thus the time of traverse 
in a channel of length L whose depth increases linearly from 0 to H 
is approximately 

L • I- L 

T = f v!~ = V : 0J ...;d: = v1~, <4-2> 
0 0 

and the period of the standing wave produced by reflection at the open 
end ( depth H) of the channel will be 

SL 
T = 4T = VgH' (4.3) 

L 

Figure 10. The idealised sea. bed. 

In our case, we know that the channel has an approximate length of 
350 feet and a maximum depth of 6 feet. Assuming that the depth 
increases linearly, and setting these values in (4.3), we find T = 202 
secs. This compares well with the observed value of 14 units, or 210 
secs. 

To calculate the time of traverse to the island, let us assume th.at 
the depth increases linearly from each shore to a point of maximum 
depth H (see Fig. 10). If L now denotes the distance of the island 
from the top end of the channel, formula ( 4.2) will still hold, and the 
period of the standing wave produced by reflection at the island will be 

4L 
T = 2T = -vgii· (4.4) 

We know that L = 1260 feet, and we shall put H = 30 feet, since the 
average depth in the sound is 15 feet. These values lead to a value of 
T of 163 secs, which is in precise agreement with 'the observed value 
T = (10.87)(15) = 163 secs. The good agreement is coincidental 
and quite undeserved, since formula ( 4.4) is but an approximation, 
and the figures for the depths of channel and sound are of the roughest. 
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This interpretation is also in accordance with the character of the 
waves; namely, that a wave corresponding to T = 14 is fairly diffuse 
and covers a broadish band of frequencies, while that corresponding 
to T = 10.87 has a well defined period with stable amplitude and phase. 
We should expect that reflection from the end of the channel would 
be far from perfect, particularly since the transition from channel to 
open sea is not the radically discontinuous one postulated in the text­
books. Thus the reflected wave would be smaller in amplitude than 
the incidental one, and the standing waves in the channel would 
damp away in a few minutes were it not for the stray energy making 
its way in from the open sea in the form of chance surges. However, 
the fact that the wave is dependent upon outside "noise" for its main­
tenance means that it cannot hold a stable amplitude and phase, and 
therefore.it will not exhibit a pure frequency. 

On the other hand, reflection from the island should be efficient, 
particularly since a small bay on the island coast forms an almost 
ideal concave reflector directed on the channel mouth! Even so, it is 
surprising that the standing wave system can maintain its regularity 
for so long a period as 2½ hours, roughly 60 cycles. 

The analysis of the previous section has indicated a relatively sus­
tained wave of period 123 units or 30.75 minutes. We shall not at­
tempt to explain this component, since it almost certainly is not asso­
ciated with the seiche. The length of its period precludes this, and 
furthermore the wave appears in records B and C of Fig. 2. which 
were taken half a mile from the channel. Of course the wave need not 
be perfectly sustained, since the record contained only five complete 
cycles. 

It has been suggested by R. M. Williams that the remarkable 
permanence of the oscillation (T = 10.87) may be due in part to the 
intermittent washing in of water at the top end of the channel. Since 
the fl.ow is largely regulated by the height of water in the channel and 
hence by existing oscillations, it may be expected that stimulation of 
this sort would not broaden the natural response frequencies of the 
channel etc. as much as would stimulation by completely random 
surges. (As noted in the INTRODUCTION, the fl.ow is always inwards, 
never outwards, and from the local point of view it is therefore a non­
linear effect. It is well known [see Andronow & Chaikin, 1937] that 
unforced oscillations which are subject to damping can be maintained 
only by a nonlinear mechanism, the classic example being the thermi­
onic valve.) It would be interesting to see if this mechanism could 
possibly explain the periods T = 25, 36 · · · . 

Now we shall briefly examine a drastically simplified model of the 
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mechanism. Suppose that the water level Xi (t continuous) at the 
top of the channel is governed by the two equations 

L(x,) = 0 

L(xi) = K (xi < h) . 
(4.5) 

Here L is a linear operator in t and K a constant that accounts for 
the flow when the water fall s below the critical level h. For concrete­
ness we shall assume that L is a differential operator of order p with 
constant coefficients 

a 
D =­at ' !a l < 1, 

(4.6) 

although the subsequent argument is directly generalisable (to, for 
example, the case of a difference-differential operator). 

We shall define the vectors 
K 

P = (4.7) 

and the matrices 

1 I ... I 

e",i . . . 
A (4.8) 

Further let us denote the instants of time at which Xi crosses x = h 
from below by t2,. (r integral) and from above by t2,-1. By piecewise 
solution of (4.5), we find that the particular integral is 

x, = [Fi - t:i, - F1- tii,- 1 + Fi- tiir - 2 - .. . ]P (~r < t < ~r+1) 

Xi = [J - Fi- ~r+l + Fi- i2, - · · · ]P 
(4.9) 

Now, it is x I which is of interest, not its derivatives, so we shall suppose 
that 
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F,P - (~ c~~•), (4.10) 

so that corresponding to (4.9) 

x, = L C.[ea,(1-12,) - ea,(1-12,-1) + . . ·] 
• 

x, = L C.[1 - ea,<1- 12,+1>) + .. ·] (½r+l < t < ½r+2) , (4.11) 
• 

Performing a Fourier analysis of the variable x, in order to obtain an 
indication of the frequency ranges in which the energy of oscillation is 
concentrated, we find from (4.11) that 

(4.12) 

-oo 

so that the spectrum is 

I Y(w) 12 = I L C,a,_ 121 Le;.,12, -: ;.,'2,+1 12 . 
• a, + iw • iw 

(4.13) 

In our case t2r+i = t 2,, since the water falls below the critical level 
almost as soon as it reaches it (see Fig. 1, curve C). Writing t2,+1 - t2, 
= t::..t2r, we have 

I Y(w) 12 = I L C,a,_ 121 L e;.,'!::i.½, 12 (4.14) 
• a,+ iw • 

The first factor in ( 4.13) and ( 4.14) simply represents the characteristic 
response of L, while the second factor reflects the essential nonlinearity 
of the scheme. We see from (4.14) that it is a function of the recur­
rence instants b, the instants at which Xi reaches and leaves the critical 
level, the line of discontinuity, x = h. A deeper study of the process 
thus involves a study of these recurrence times (the intervals between 
the recurrence instants). This is difficult, and therefore we shall 
complete the consideration of the phenomenon in a semiempirical 
manner. 

First, it is natural to enquire as to what kind of recurrence times were 
observed. The only record of these is provided in Fig. 1, curve C. 
Upon measuring the intervals between the instants of zero flow, we 
obtain the following observations: 

30.4 36.8 12.0 15.2 44.8 19.2 46.4 24.0 24.0 25.6 33.6 22.4 25.6 
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In general, 13 observations can tell us little but in this case we do re­
ceive on~ valua~le pointer. Upon constru~ting the histogram of the 
observat10ns (Fig. 11) we observe a distinct clustering around the 
value T = 25. Observations are also grouped in pairs at T = 32 and 
46._ This is significant, in the light of what we )a.ave already observed. 
It 1~ sugge~ted that the observed periods of T = 25, 36 ... may be as­
sociated with the grouping of the recurrence times around the values 
T = 25, 32 · · ·. We shall conclude by showing in simple fashion that 
one can reasonably expect the recurrence times to have just these 
values. 

0 5 
Figure 11. Histogram of observed recurrence times. 

Let us suppose that the water is still and level everywhere except 
at the top of the channel, where there is a momentary accumulation, 
Let this accumulation of water travel down the channel in a surge, 
which will be partially reflected at the channel mouth and at the island. 
These partial reflections will gradually disperse the energy of the 
surge, but now and again several subsurges will combine to produce a 
reflected surge of height comparable to the first. If such a major 
reflected surge arises at time T after the release of the original surge, 
then we can reasonably expect that recurrence times T will occur in the 
case we have been considering throughout the paper, when the play of 
waves in the water has reached its stationary state. 

Suppose then that the original surge has unit energy, that a fraction 
k of the energy of any disturbance leaving the channel is reflected back 
at the mouth, that any disturbance incident on the island is totally 
reflected, and that any disturbance propagated from the island to the 
channel is totally accepted. We know that it takes roughly 14/4 = 3.5 
units of time to traverse the channel and 11/2 = 5.5 units of time to 
reach the island from the channel top. Thus, 7 units after the release 
of the surge, a surge of energy k (negative amplitude) will return from 
the end of the channel, and after 11 units a surge of energy 1 - k 
and positive amplitude will return from the island. In general, the 
amount of energy returning at time-rand the sign of the corresponding 
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0 II 14 22 25 28 33 36 39 42 44 471 50 

Figure 12. Characteristic response of reflecting planes to an isolated disturbance. 

amplitude will be given by the coefficient of u' in the Taylor expansion 
of 

(1 + ku7 - (1 - k)u11) - 1• (4.15) 

[In effect we are constructing the transient response, or Green func­
tion, for the system of three reflecting surfaces shore/channel mouth/ 
island; (4.15) is its power transform.] 

Fig. 12 is a graph of the square roots of these coefficients, preserv­
ing sign, for the value k = 0.62 [a plausible value, deduced from the 
damping of the appropriate roots of the indicial equation for autore­
gression (3.3)]. The root is taken because the amplitude of a surge is 
proportional to the square root of its energy, and it is amplitudes in 
which we are interested. First we notice that the maximum reflected 
surge actually occurs at r = 25 (due to the coincidence of three dis­
tinct subsurges) when the amplitude is 0.66 of that of the original 
disturbance. Large reflections also occur for r = 11, 14, 36 and 50, 
taken in order of decreasing magnitude. Few recurrence times 
smaller than 25 were actually observed, but many explanations could 
be advanced to account for this. 

The actual situation must be far more complicated, but the above 
argument probably gives some qualitative support to the suggested 
explanation for the spectral peaks at T = 25, 36 and 48. 
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It is a pleasure to acknowledge the benefit of discussions with Mr. 
N. Barber, Mr . I. D. Dick, Dr. R. M. Williams, and Mr. R. A. Wood­
ing of the N.Z.D.S.I.R. Thanks are also due Mr. E. W. Jones, who 
planned and directed the punched card computations. 

APPENDIX 

Suppose that the series of observations has a theoretical power 
spectrum F(w) when the water surface is measured about its mean 
level. Suppose further for the moment that this spectrum is purely 
continuous, so that the total wave power in the range of angular fre­
quency (w1, w2) may be written simply: 

"'2 

f F(w)dw. 
"'1 

(A.1) 

Now, the fact that the observations are made at discrete intervals 
has the consequence that not all waves which occur will appear with 
their correct frequency (the "aliasing" effect; see Pierson, 1952). In 
fact, if the interval of observation is taken as time unit, then a harmonic 
wave of angular frequency (21rs + w) (s integral, w < 21r) will appear 
to have frequency w. Thus we need consider only F(w) for the interval 
(O, 21r). Further, a wave of frequency (21r - w) will also appear to 
have frequency w, so that F(w) = F(21r - w), and all information con­
veyed by F(w) is contained in the interval (O, 1r). It is convenient, 
however, to consider F(w) for the full interval (O, 21r). 

This aliasing effect means that all waves for which w > 1r or T < 2 
are misread. In the present case, then, all waves of period less than 
30 secs will not be observed as such. However, the observer stated 
that, on the particular day considered, the change of level in the 
channel was so slow that the observations could be regarded as pro­
viding a continuous record. That is, the amount of power in the range 
T < 2 was negligible, so that the difference between F(w) and the 
theoretical power spectrum of the continuous record was also negligible. 

Now, the periodogram (2.3) provides a direct estimate of the power 
spectrum, but it is well known that this estimate, for many purposes 
is almost useless due to its poor sampling properties. Various methods 
of smoothing the periodogram have been suggested (Bartlett, 1948; 
Daniell, 1946; Grenander, 1951), Bartlett's proposal being particularly 
appealing and useful, at least when the spectrum is continuous. 

Suppose that we do not need a direct estimate of F(w) and that we 
have advanced so far that we can postulate a functional form for 
F(w), so that it is merely a matter of evaluating the various constants 
of the function ("estimating the parameters of the model," in statistical 
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parlance). It has been shown (Whittle, 1952a, c) that estimation on 
the least square criterion requires that we minimise 

1 /
2 

.. [ f(w)] L = - log F(w) + - dw 
21r F(w) 

(A.2) 

0 

with respect to the various parameters. 
We obtain a more convenient form for L if we express it in terms of 

the correlogram instead of the periodogram, as in (A.2). We know 
from (2.3) that 

f(w) = t ( 1 - I~) C, cos (ws) . 

Now, if [F(w)J-1 has the Fourier expansion 

[F(w)J-1 = L c,eiw• 
• 

(A.3) 

(A.4) 

[for which we note that c, = -c=., since F(w) = F(21r - w)], then (A.2) 
may be written 

L = -
1 f

2

r log Fdw + t (1 - ~) c,C, 
2 1r ·--n n 

0 

1 2,- 00 

=-flog Fdw + I:c,C,. 
21r -oo 

(A.5) 

0 

In most cases the e's converge quite rapidly as s becomes larger in 
absolute value, so that it is sufficient to consider the first few terms of 
the sum in (A.5), usually between 5 and 15. That is, when fitt i ng a 
scheme with continuous spectrum we need consider only the first few auto­
covariances, so that the correlogram is the appropriate tool. This does 
not rule out the periodogram completely, since a smoothed periodo­
gram may be very useful in helping to form our hypothesis in the 
initial stages, which may be particulary the case in oceanographic 
work. Furthermore, we shall see later that the periodogram is the 
appropriate tool when dealing with a pure line spectrum, while 
periodogram and correlogram must be used in conjunction for the 
treatment of a mixed spectrum. [It may seem pointless to speak of 
choosing between the two, since they are mathematically equivalent, 
the one being in fact the Fourier transform of the other. However, 
for practical purposes the choice makes a great difference, because 
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the sum in (A.5) is quite readily calculated, while the integral in (A.2) 
involves an infinity of labour.] 

The only model with continuous spectrum with which we shall 
concern ourselves here is the autoregression, the discrete counterpart 
of the stochastic differential equation: 

x, + a1x,_1 + a2X1-2 + · · · + apXi-P = E, • (A.6) 

Here E, is the so-called residual or disturbing variate, and the different 
E/S are considered to be independently distributed with zero tnean and 
variance v. For the process (A.6) we have 

F(w) = VI 1 + a1e;., + a2e2;., + · · · + apeil'" 1-2 (A.7) 

(see Wold, 1938: 107; Doob, 1944: 257) so that (A.5) becomes 

(A.8) 

if in (A.6) we give x 1 a dummy coefficient ao. Minimisation w.r.t. 
a1, a2 · · · ap yields the well known Yule-Walker relations (see, for ex­
ample, Wold, 1938: 178) 

p 

L a,C,_1 = 0 (j = 1, 2 · · · P) , 
.-o 

while minimisation w.r.t. v yields 

v = LL a,a1C,_ 1 • 
i i 

(A.9) 

(A.10) 

Equations (A .9) and (A.10) together provide estimates of all the 
parameters of F(w). If we denote estimated quantities by a circum­
flex, setting (A .9) in (A.10) we find that 

Co C1 Gp 
A - C1 Co · · · CP-1 
~p - ... . ... .. •. ..•... .. (A.11) 

Cp CP-1 Ca 

and setting (A.10) in (A.8) we have 

L = 1 + logil . (A.12) 

The importance of these formulae is in test theory. It has been s~own 
(Whittle, 1952a, c) that if , on fitting an~extra para~eter [e.g. addu~.g _a 
term aP+1x 1_P_1 to (A.6)], the quantity L becomes Li, then the stat1st1c 

,p = n[L - .Li] (A.13) 

is asymptotically distributed as 1..2 with one degree of freedom if the 
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unmodified scheme is the correct one. A substantial value of yr thus 
indicates that the extra parameter has definitely improved the fit 
and is probably necessary to the model, while a value in the neighbor­
hood of expectation indicates that the original scheme is satisfactory. 

So much for the purely continuous case. Let us now consider the 
case of a mixed spectrum. Let F(w) denote the continuous com­
ponent of the spectrum, and let us suppose that the series contains 
besides a sinusoidal term 

f [A, sin (w,t) + B, cos (w,t) ]. (A.14) 
,-1 

It has been shown (Whittle, 1952b), then, that the estimation equa­
tions for the different A's, B's and w's are as usual 

A, = : t x, sin (w,t) B, = _: t x, cos (w,t)] 
n 1 n 1 ' 

f(w) has a local maximum (J.t w, 

while the parameters of F(w) are estimated by minimising 

where 

1 f ( f) 2 f(w,) L = - log F + - dw - - L --
2,r F n , F(w,) 

,,.. 
=_!_flog Fdw + L c,C,: 

211' 
0 

2 
C.' = C, - - }:,J(w,) cos (w,s). 

n , 

(A.15) 

(A.16) 

(A .17) 

That is, the discrete components are estimated directly from the 
periodogram, the estimates of amplitude and frequency thus obtained 
are used to correct the autocovariances as in (A.17), and F(w) is 
estimated from the modified autocovariances as in the purely continu­
ous case. 

The test problem is more complicated, however. Most often one 
desires to answer in practice the question: " Is a certain peak on the 
periodogram evidence of a genuine harmonic term in the series, or does 
it correspond to a relatively broad band of frequencies such as would 
be generated by a model of type (A.6)?" 

We note that there are three types of test problem which correspond 
to a choice between 
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(a) including a parameter in F(w) or not, 
(b) including a certain harmonic term or not, and 
(c) including a parameter in F(w) or fitting a harmonic term, and 

we note also that the question put above corresponds to the third 
of these types of decision. It may be shown that the 1/t2 test, with L 
calculated from (A.16), will indicate the decision to be made in the 
first case. However, the ,p test is not applicable to the second case 
due to the rather peculiar nature of the parameter w,, hence this case 
must be treated by an extension of a Fisher test (1929). Suppose 
that the observed peak is at w, and that F(w,) is the estimate of F(w,) 
when we have not fitted this particular harmonic, Then, for large 
enough n, the probability of obtaining a value of 

2 f(w,) 
g =;; F'(w,) (A.18) 

greater than that observed is approximately 

P(g) = L (-)i+l (~) (1 _ }g)m-11 
i-1 J 

(A.19) 

where the summation is continued over all positive brackets and mis 
the nearest integer to n/2. If the observed f(w,) is so large that this 
probability is less than 0.05, say, then the harmonic must be admitted. 

Case (c) may be regarded as a combination of cases (a) and (b); 
if we have fitted all parameters of F(w) which are conceivably necessary 
and if we still find that a certain periodogram peak is significant by the 
Fisher test, then the existence of a harmonic term must be admitted. 
Similarly for the testing of a particular parameter of F(w) . 

The calculations in the section on ANALYSIS AND RESULTS provide 
an illustration of these techniques. The methods are directly general­
isable to the treatment of multiple series (Whittle, 1953, 1954), such 
as occur in oceanography. 
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