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ABSTRACT 
Dimensional analysis, combined with statistical examination of data, leads to the 

development of an equation for eddy diffusivity that is expreBSed in terms of readily 
measurable physical parameters-mean current speed, the distance between points 
of observation, the density of the water, and the dynamic molecular viscosity. The 
equation is applicable to both vertical and horizontal diffusion in water of indifferent 
stability. A further development which incorporates a stability term makes it 
applicable also to horizontal eddy diffusion in stable water. Study of problems of 
vertical diffusivity and conductivity in stable water fails to reveal a satisfactory 
method of utilizing the basic equation. An empirical relationship of the vertical 
coefficients with mean current speed and stability is described and discUBBed from 
the standpoint of its poBSible physical meaning. The character of the relationship 
leaves little doubt that vertical diffusivity and conductivity in stable water are 
fundamentally different from the other varieties of turbulent exchanges that have 
been examined. 

INTRODUCTION 

In recent years the writer and his associates (Riley, Stommel, and 
Bumpus, 1949; Riley, 1951; and Riley, 1952) have computed coef-
ficients of eddy diffusivity and conductivity in a variety of oceano-
graphic situations. Comparison of these coefficients with their physi-
cal environment reveals relationships that warrant further exa.mine.-

1 Contribution No. 577 from the Woods Hole Oceanographic Institution. 
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tion. Data in the second and third papers cited indicate that both 
vertical and horizontal coefficients are proportional, other things being 
equal, to the square of the mean current speed. Since it is recognized 
that turbulence must be generated by shearing stress, this result pos-
sibly means that the mean square of the deviation in velocity in the 
sea2 is proportional to the square of the mean velocity within wide 
limits. 

In carrying the analysis further, it is therefore proposed as a first 
assumption that the average coeffi cient of eddy diff usivity A between 
two points x distance apart on any one of the three coordinate axes 
is a function of the square of the mean current speed v between the 
points. Second, certain other readily determinable quantities are 
proposed for inclusion in the examination, namely x, the density p, the 
dynamic molecular viscosity µ, and the stability of the water E. 

EDDY COEFFICI ENTS IN WATER OF 
INDIFFERENT STABILITY 

When the stability factor is omitted, and when the current speed is 
required to appear as v2, dimensional analysis shows that the remainder 
of the factors that have been li sted are necessary for a satisfactory 
expression for eddy diffusivity, and the equation is 

a (pvx)2 

A= -- (1) 
µ 

where a is a dimensionless proportionality constant. It is perhaps 
worth mentioning that upon dividing through by µ, equation (1) 
becomes 

A 
= aR2 , 

µ 

where R is the Reynolds number for the distance x. 
In the absence of theoretical understanding or of assurance that all 

of the significant physical parameters are included in the equation, its 
validity can be tested only by empirical methods. A in the APPENDIX 
lists calculated eddy coefficients from the papers cited above, together 
with other necessary information. These coefficients are plotted in 
Fig. IA against values computed from equation (1), using a value of 
6 x 10- 12 for a. This is statisti cally a good fit for the horizontal eddy 
coefficients. A larger value would be better for the vertical coeffi-
cients, and some of the estimates are in error by nearly an order of 

2 The postulated relationship apparently does not hold precisely in small-scale 
hydrodynamic experiments; for example, see McEwen (1950: 41). 
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magnitude. However, the results verify the essential correctness of 
the application of the terms v and x, both of which vary by several 
orders of magnitude in the appended data. 

COEFFICIENTS OF LATERAL EDDY DIFFUSIVITY 
IN STABLE WATERS 

Parr (1936) postulated that lateral3 eddy diffusion is increased by 
stability and suggested that this is essentially a large-scale phenome-
non. Both of these hypotheses are supported by the present investi-
gation. Examination of the data on mid-depths in the Atlantic 
Ocean (B in APPENDIX) shows that the eddy coefficients are larger 
than those indicated by values computed from equation (1). How-
ever, evidence of a stability influence is lacking in Long Island Sound 
and is only slightly apparent in the data for the California offing, even 
though the stability exceeds the values for Atlantic Ocean mid-depths. 
The only obvious explanation of the apparent differences in the sta-
bility influence is that the latter may increase with distance x. 

It is therefore assumed as a working hypothesis that the coefficient 
of lateral eddy diffusivity increases with stability and with distance. 
This relationship may be expressed in several forms that are dimen-
sionally correct. A version that is empirically satisfactory except 
for one aberrant point is 

a(pvx)2 
( 3agEx2) 

A=---1+--, 
µ, v2 

(2) 

where g is the a.cceleration of gravity. Fig. lB compares the coef-
ficients in B of the APPENDIX with values computed from equation (2). 

VERTICAL EDDY COEFFICIENTS IN STABLE WATERS 

Examination of coefficients of vertical eddy diffusivity in mid-depths 
of the Atlantic Ocean (C in APPENDIX) shows that equation (1) is 
applicable within reasonable limits of error. These coefficients were 
determined as average values between successive and equal intervals 
of <r1• Therefore, the method of calculation incorporates a stabiljty 
effect. 

The examination of coefficients of vertical eddy conductivity is 
h11mpered by the fact that their computation did not involve a dis-
tance factor (cf. APPENDIX). This might not be a serious deterrent if, 
as indicated by the mid-depth eddy diffusivities, x in the equation 
might be replaced by a mixing length determined from some of the 

• In Parr's discll88ion and in B of the APPENDIX, this term refers to quasihorizontal 
diffusion along surfaces of equal density. 
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OBSERVED A 
Figure 1. A. "Observed" eddy coeffici ents in wa ter of slight stabilit y (i. e., values in A 

of the APPENDIX derived from observed distributions of temperature or salinit y) p lotted 
against coefficients computed from equation (1). A logarithmic scale is used in order to 
show the entire range of values. B. Comparison of "observed" coeffici ents of lateral eddy 
diffusivity in stable water with computed values from equation (2). Atl antic Ocean mld-
depths, circles; deep water. squares; Californi a offing, x's; Long I sland Sound, triangles; 
Georges Bank, dot,s. 

physical parameters under consideration. However, none of the pos-
sibilities examined leads to realistic results. Conversely, the only 
reasonably accurate empirical proportionality that has been discovered 
(Fig. 2) cannot be incorporated with the other postulated parameters 
into a dimensionally correct expression for eddy conductivity. 

DISCUSSION 
Observations have shown that eddy diffusivity and conductivity in 

stable water are much smaller than eddy viscosity (Sverdrup, et al. , 
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Figure 2. "Observed" coefficients of vertical eddy diffusivity and conductivity µi stable 
water plotted against a function of the mean current speed and the stability. Symbols as 
in Fig. 1. 
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1942: 4 77). This is ordinarily explained on the grounds that momen-
tum is given up relatively quickly and that the larger turbulent masses 
are then returned toward their point of origin without effectmg com-
plete exchange of heat and salt. A time factor is involved in the 
exchange, which is absent in water of indifferent stability. There, 
masses of various sizes and turbulent velocities presumably can ex-
change momentum and then remain in their new surroundings while 
they exchange other properties. This seems to be the essential dif-
ference between the eddy diffusivities that conform to equation (1) 
and the vertical conductivities in stable water which do not conform. 

In stable water, the coefficients of vertical eddy diffusivity A, and 
conductivity AT may be written 

A. = p v.' l,; 
AT = p VT1 lT. 

This is similar to Prandtl's concept of eddy viscosity (Sverdrup, et al., 
1942: 472-3) except that v.', v/ refer specifically to the mean vertical 
velocity of water masses that are able to effect complete exchange of 
salt and heat, respectively, at the limits of the mixing lengths Z,, lT. 

Consideration of the time factor of exchange imposes certain restric-
tions on the character of the movements described by these equations. 
The size of water masses that effectively exchange heat and salt at the 
limit of a given mixing length must constitute only a small part of the 
total spectrum of turbulent sizes. Variability of the vertical com-
ponent of momentum, and hence of velocity, must be similarly limited. 
In other words, for any given mixing length, the mean vertical turbu-
lent velocity depends upon the initial velocity spectrum, the negative 
acceleration due to stability, and a proportionality factor which de-
termines the relation between the total movement of water and the 
heat or salt exchange that occurs at the limit of the mixing length. 
Alternatively, it might be expedient in comparing different kinds of 
oceanographic situations to express the mixing length dynamically in 
terms of the turbulent velocity spectrum and stability; v.', vT' would 
then be in essence proportionality factors. 

Both of these problems are undoubtedly difficult to solve quanti-
tatively, but it is possible that Fig. 2 represents an empirical approxi-
mation to the solution of the second one. It will be noted that the 
eddy coefficients are correlated with a quantity that has the dimensions 
of a length. The equation 

A = P v' v (g E)-½ 

is empirically valid if v' is constant within the limits of observational 
error. 
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The coefficients cited in the APPENDIX were derived in order to apply 
the results to problems of distribution of plankton and minor chemical 
elements in the sea. This is mentioned to emphasize the fact that a 
knowledge of turbulence is becoming important in many aspects of 
oceanography. Therefore, it is unfortunate that the computation of 
turbulence coefficients from the observed distribution of oceanographic 
properties is laborious and subject to various errors of over-simplifi-
cation. 

There is obvious need for a method that will estimate turbulence 
with a degree of ease and accuracy comparable to the determination of 
advection. Theoretical studies thus far have failed to reveal such a 
method. It remains to be seen whether further theoretical work will 
verify the empirical equations that have been proposed above and 
whether observations will substantiate the initial assumption of a 
precise relationship between turbulent velocities and mean velocity. 

However, from a practical standpoint, the results are more precise 
than might have been expected. Fig. 1, which compares coefficients 
computed from equations (1) and (2) with values derived from the 
observed salinity distribution, reveals a few differences of approxi-
mately an order of magnitude, but the average difference between the 
two methods in all of the estimates of lateral eddy coefficients is only 
38%. At present there is no way of knowing whether the observed 
differences are due to observational errors or to imperfections in the 
equations that have been proposed. One can only say that no ocea-
nographer has claimed, nor probably believed, that he could determine 
diffusion coefficients with an accuracy equal to the agreement between 
the two methods. 

Thus the equations provide a possible means of simplifying the 
solution of various oceanographic problems. Computations of flux 
or of the local time change of oceanographic properties, which hereto-
fore have required estimates of both advection and diffusion, can be 
transformed with the aid of the empirical equations into simple advec-
tion problems. 

REFERENCES 

McEWEN, G. F. 
1950. A statistical model of instantaneous point and disk sources with applica-

tions to oceanographic observations. Trans. Amer. geophys. Un., 31: 
35-46. 

PARR, A. E. 
1936. On the probable relationship.between vertical stability and lateral mixing 

processes. J. Cons. int. Explor. Mer, 11: ;mB-313. 
RILEY, G. A. 

1951. Oxygen, phosphate, and nitrate in the Atlantic Ocean. Bull. Bingham 
oceanogr. Coll., 13 (1): 1-126. 



254 Journal of Marine Research [X, 3 

1952. Hydrography of the Long Island and Block Island Sounds. Bull. 
Bingham oceanogr. Coll., 13 (3). 

RILEY, G. A., HENRY STOMMEL, AND D. F . BUMPUS 

1949. Quantitative ecology of the planktop of the western North Atlantic. Bull. 
Bingham oceanogr. Coll., 12 (3): 1-169. 

SVERDRUP, H . u., M . w. JOHNSON, AND R. H. FLEMIN G 

1942. The oceans. Prentice-Hall, Inc., New York. 1087 pp. 

APPENDIX 
General Explanation of Tabular Material 

The sources of data are as follows: 
1. Atlantic Ocean mid-depths and deep water (Riley, 1951). Coef-

ficients of lateral (Az) and vertical (A, ) eddy diffusivity are average 
values for a series of u, surfaces in mid-depths and level surfaces in 
deep water. They were computed statistically from the observe.cl 
salinity distribution, the distance between points of observation x and 
z in cm; the current velocity is determined by dynamic computation. 
The current speeds v in cm/sec are the arithmetic average of the north-
south and east-west velocities on each surface (for present purposes, a 
more accurate estimate would be the square root of the mean-squared 
vectorially-added velocities, but the general quality of the data hardly 
warrants this refinement). The t ables herewith also include estimates 
of the dynamic molecular viscosity µ and the stability E, the latter ap-
proximated throughout as 10-3 l!t,.r,,fm. 

2. Hitherto unpublished estimates of eddy diffusion on two "1 
surfaces off the California Coast have been obtained by the same 
methods described above. This work was done while the writer was 
visiting Scripps Institution of Oceanography; grateful acknowledg-
ment is made for the use of data from their Marine Life Research 
Program for this purpose. 

3. Long Island Sound (Riley, 1952). Lateral eddy coefficients 
were determined from the distribution of salinity along the main axis 
of the Sound. Coefficients of vertical eddy conductivity were based 
on the vertical temperature gradients at a series of depths and on the 
seasonal rate of change of calories below each depth. v is the mean 
speed of the tidal current, computed from data on the height of the 
tide in the Sound and averaged for a complete tidal cycle. z is the 
total depth of water in cm. 

4. Georges Bank (Riley, Stommel, and Bumpus, 1949). Coef-
ficients of vertical eddy conductivity, as in Long Island Sound, are 
computed from average temperature-depth curves for the central part 
of the Dank. Only the upper 40 m are used for computation. Values 
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in deeper water appear to be reduced by proximity to the bottom. z 
is the mean depth of water; v is an approximation of the speed of the 
tidal current. 

A 

Water of slight stability (E is less than 50 x 10-8) . Eddy coeffi-
cients in Long Island Sound are averages for the whole autumn-winter 
period of minimum stability in five different areas; the Georges Bank 
estimate is an average for the upper 40 m. 

Depth A, A. z % II ,.. 
Atlantic 1500 0 .29 2.2 X 105 5 X 10' 1 X 101 0 .25 .017 
Ocean 2000 0 .21 2 .3 X 105 5 X 10' 1 X 101 0.29 .017 
Deep 2500 0 .34 6.4 X 101 5 X 10' 1 X 101 0 .35 .017 
Water 3000 0.43 8.1 X 105 5 X 10' 1 X 108 0 .44 .017 

3500 0.51 8 .6 X 105 5 X 10' 1 X 101 0.59 .017 
4000 0 .55 28.0 X 105 5 X 10' 1 X 108 0 .84 .017 

Georges Bank• 140.0 7 X 10' 100.0 .017 

Long 53.0 37 X 10' 60.0 .017 

Island 21.0 27 X 10' 55.0 .017 

Sound 18.0 23 X 10' 42.0 .017 
11.0 25 X 10' 30.0 .017 
9 .0 22 X 10' 23.0 .017 

38 X 101 3 .7xl01 30.0 .017 

• March 

B 

Lateral eddy coefficients in stable water. Long Island Sound coef-
ficient and stability are averages for the spring-summer period. 

O'I A. % II µ. E 

Atlantic Ocean 26.5 57.0 X 101 1 X 101 1.5 .012 290 X 10-a 

Mid-depths 26. 7 18.0 X 101 1 X 101 1.2 .013 270 X 10-a 

26. 9 14.0 X 101 1 X 108 0.88 .013 210 X 10-a 

27. 1 10. 5 X 101 1 X 101 0 .78 .014 110 X 10-a 

27.3 2 .5xl01 1 X 108 0 .39 .015 90 X 10-1 

27.5 2 .4 X 101 1 X 101 0 .15 .016 60 X 10-8 

Calif. 25.5 5 .5 X 101 3 .7 X 107 2 .0 .014 1040 X 10-I 

Offing 27.0 0 .5 X 101 3 . 7 X 107 0 .8 .017 120 X 10-9 

Long Island Sound 4 .9 X 101 3 . 7 X 101 30.0 .011 1020 X 10-I 
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C 
Vertical eddy coefficients in stable water. Values for Georges Bank 
are individual estimates for a series of depths. Long Island Sound 
coefficients are also individual estimates representing different depths 
and areas. 

<Tt A. z V µ E 

Atlantic Ocean 26.5 0 .30 70 X 102 1. 5 .012 290 X 10-s 

Mid-depths 26.7 0 .16 73 X 102 1.2 .013 270 X lQ-S 

(Diffusivity) 26.9 0.12 95 X 102 0 .88 .013 210 X 10-s 

27.1 0 .38 181 X 102 0 .78 .014 110 X lQ-S 

27.3 0.31 225 X 102 0 .39 .015 90 X lQ-S 

27.5 0 .13 350 X 102 0 .15 .016 60 X 10-s 

California Offing 25.5 0.20 48 X 1Q2 2 .0 .014 1040 X 10-s 

(Diffusivity) 27.0 6 .0 420 X 102 0.8 .017 120 X 10-s 

Long Island Sound 7 .2 60.0 .011 720 X IQ-
(Conductivity) 19.0 60.0 .011 430 X 10-s 

4.2 55.0 .011 1470 X lQ-S 
22.0 55.0 .011 300 X 10-s 
17.0 55.0 .011 150 X 10-s 
3 .8 42.0 .011 310 X 10-s 
3.2 30.0 .011 370 X 10-8 

1. 7 30.0 .011 400 X lQ-S 
2 .0 23.0 .011 290 X 10-s 
2.3 21.0 .011 630 X 10-s 
2.5 21.0 .011 460 X 10-s 

April May June 

µ = .017 µ = .016 µ = .014 

A. E A. E A. E 
Georges Bank 45 60 X lQ- B 9 .5 460 X lQ-B 35.0 720 X 10-s 
(Conductivity) 39 80 X lQ-S 6 .3 780 X lQ-B 20.0 430 X lQ-B 
v = 100 cm/sec 34 60 X 10-B 4.5 660 X lQ-S 5 .8 1120 X lQ-B 
throughout 31 40 X lQ-S 4 .5 540 X lQ-8 2 .1 2980 X lQ-B 

32 40 X lQ-B 4 .9 460 X IQ-8 2 .0 1980 X 10-s 
39 60 X lQ-B 7 .7 200 X lQ-S 2 .8 980 X lQ-S 
62 20 X lQ-B 12.5 80 X lQ-B 4 .1 560 X 10-s 
76 7 X lQ-B 15.0 80 X lQ-B 5 . 1 280 X IQ-B 


