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STREAMLINES FROM A DISCRETE VECTOR FIELD: 
WITH APPLICATION TO OCEAN CURRENTS 1 

BY 
DONALD W. PRITCHARD2 

Scripps I nstitutian of Oceanography 
University of California 

La Jolla, California 

INTRODUCTION 

The problem of presenting a scalar field on the surface of the earth 
or sea can be solved by drawing the contour lines or isopleths of the 
field. If the values of the scalar are measured at points of a grid, it is 
necessary to interpolate between the points in constructing the con-
tours. The resulting curves are therefore somewhat subjective; how-
ever, if the data are reasonably accurate and closely spaced, experi-
enced workers can reduce this subjectiveness to a minimum. 

The cartographic problem of representing a vector field, such as of 
surface currents or of winds, can be solved by drawing the streamlines. 
The art of interpolating between grid points and of drawing the stream-
lines is considerably more difficult than that of constructing the iso-
pleths of a scalar field. The subjective element is stronger, especially 
when the data are widely spread and only moderately accurate. If 
the streamline problem could be reduced to one of contouring a scalar 
field, then much of the subjective nature of the problem would be 
removed. Also inherent in this problem is the necessity of developing 
an objective method of smoothing the data to reduce the effect of 
random observational errors. 

In this paper a method is derived whereby the problem of drawing 
streamlines is reduced to one of contouring a scalar distribution; this 
method applies to the special case of an ocean without horizontal 
divergence. An indication of the method of attacking the more 
general case is given towards the end of the paper. The application 
of the special solution to the real ocean is discussed, and an example 

1 Contributions from the Scripps Institution of Oceanography, New Series, No. 384. 
This work represents results of research carried out for the Hydrographic Office, the 
Office of Naval Research, and the Bureau of Ships of the United States Navy De-
partment under contract with the University of California. 

2 Now with the Oceanographic Studies Branch, United States Navy Electronics 
Laboratory, San Diego, California. 
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is given. The scalar quantity to be contoured in the special case of 
horizontal nondivergent flow is called the stream function. In con-
touring the stream function one has an advantage not encountered in 
contouring the usual scalar field, for the isopleths, or streamlines, 
should be parallel to the velocity vectors; and hence, besides using the 
numerical values of the stream function, certain details of the stream-
lines may be brought out by using the vectors themselves as direc-
tional guides. The contours of the stream function, however, give 
the general flow pattern which is frequently lost when only the direc-
tional qualities of the vectors are used directly. 

STREAMLINES FOR A TWO-DIMENSIONAL 
NONDIVERGENT VELOCITY FIELD 

In this special case the streamlines are contours of the so-called 
stream function. In the following discussion,· consider a velocity 
vector field, with the vectors given at the points of a grid. The x and 
y components of the velocity are u(x, y) and v(x, y) respectively. 
With this notation, it can be shown (see Sokolnikoff, et al., 1941: 221) 
that the stream function W(x, y) is related to the velocity field by 

aw aw 
(1) - = - V - = + U • 

ax ' ay 
Solving these equations for the stream function, 

"·" 
(2) qr (x, y) = f ( - vdx + udy) . 

a, b 

The problem of finding the scalar function, the contours of which are 
streamlines, is thus reduced to the problem of numerical int_egration of 
equation (2). Consider the grid of velocity vectors described above 
to extend to n in the x-direction and to m in the y-direction. For 
every point in the field defined by an integer combination ·Of the co-
ordinates x and y, there exists a value of u and of v. Let u;,; and v,,i 
be the values of the components found at the intersection of the i 1

h 

column and the j'h row. For the purposes of the numerical integra-
tion, the following sums are introduced: 

(3) 
k 

(a) (1/1~)1, i+ 112 = Luz, ;Ay 
j=O 

l 

(b) (V1:z),+112," = - L v,, "Ax 
i=O 

(For each Z, k takes on successive 
values from 1 tom) 

(For each k, l takes on successive 
values from 1 ton). 
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Equation (3a) signifies the summation of u along a particular (l) value 
of x. For each particular value of l, k takes on successive values from 
1 tom. Hence, for each value of l there are m equations of the form 
(3a), each one giving a value of f,r There are n columns along which 
these partial summations are performed; that is, l takes on successive 
values from 1 to n. Hence, there are as many values of ,J,,11 as there 
are grid points. These values are assumed to apply along the grid 
lines parallel to the y-axis, and at points midway between the grid 
points. Similarly, equation (3b) signifies the summation of v along a 
particular (k) value of y, and for each of these values of k, l takes on 
successive values from 1 to n. The resulting mn values of Vl:c are 
assumed to apply along the grid lines parallel to the x-axis, and at 
points midway between the grid points. Vl:c equals zero along the line 
x = ½, and y,,11 equals zero along the line y = ½-

The discrete values of Vlz and ,J,,11 thus found may be thought of as 
representing numerical values of a series of continuous functions, one 
such function of y,,11 applying for each of the columns of the grid, and 
one such function of Vl:c applying for each of the rows of the grid. 
These functions represent a sort of "line" stream function, applicable 
only for the particular velocity component summed, and for the line 
along which the summation is performed. We have at this point two 
fields of "line" stream functions; the numerical differentiation of one 
of these fields in they-direction yields the x component of the velocity, 
and the numerical differentiation of the other field in the x-direction 
yields the y component of the velocity. 

It is desired, however, to obtain one set of numbers in the field 
which represents one stream function, the differentiation of which in 
any particular direction yields the velocity component normal to that 
direction. Assume for the moment that the vector field being in-
vestigated is a true nondivergent field. In this case any particular 
row of values of Vl:c or column of values of ,J,,11 differs from the true values 
of the stream function along that particular row or column only by a 
constant of integration. This constant is different for each row and 
column. It is thus necessary to find the set of constants to be added 
to the rows of y,,/s and to the columns of ,J,,/s in order to make the two 
fields coincide. 

Before proceeding with the finding of these constants it is necessary 
to remember that the numerical values of Vl:c and y,,

11 
are not given at 

the same points in the field, for Vl:c is given along integer values of y 
but at half-integer points of x, while ,J,,11 is given along integer values 
of x but at half-integer values of y. The values of both "line" stream 
functions for each integer combination of the co-ordinates are there-
fore found by interpolation. 



30• 

T E X A s 

', '-, 

• 20 N. 

173 

...... /-

< 
172 172 173 

"' 

"' 

12~ 123 

125 

/4 

<l 
0 

a: 
0 
..J 

7 
85 . 83 -

84 si 83 

-1 
33 

£ 

NICARAGUA 
'<' L 

197 194 196 

203 
COSTA 
RICA 

11'1atn111 1. Numerical fllaea of the llt.rNm function, baaed on averace drift per 24 hours, are shown In the center of each square. Solid lines are the atreamllnes. 

A. 
32 

\" 
32 

t' 
33 

" 36 33 

31 

/l'- A 
11 Id 24 22 · 18 

\" t- '" 25 23 16 14 

I 

t-\ t' 
21 24 22 14 16 

" 29 21 26 19 

23 

0 

70 

aquare represent the average obaerved drift per -&8 

I' 5 t-

9"' 7 

L L 
8 9 

< 
9 8 

< t' L 
6 6 2 

2t--

,;:-
8 

A "t" 
8 5 . 

' 6 

I 

·, ··, . . : . , 

. '.·' 
. j .., ~ 

·' . 
. . . '.'· 1. 

. '• ,:,· I 

!·' :_· ', 

. .. / - r.• __ : . 

" . 
, _ _,· ·:·. ·.· 

' 

- ; .,. 





1948] Pri tchard: Streamlines from a Vector Field 299 

At every integer combination of the co-ordinates x and y there are 
now two numbers, representing the numerical values of the two line 
stream functions at these points. The symbols y;,. and y;11 represent 
these numerical values. To obtain from these two sets of numbers 
one set of numbers, having the numerical values of the complete 
stream function for the field, a constant a, is added to each row of 
y;,.'s and a constant b; is added to each column of y;/s, such that 

(4) 'fr.· . + a,=f11 . . + b; . ,,, .,, 
The value of a, may differ from row to row and b; may differ from 
column to column. 

The condition represented by equation ( 4) can only be satisfied if 
the field is an ideal nondivergent field. In actual practice random 
errors in observation, even of a nominal nondivergent field, make it 
impossible to satisfy the equation (4) exactly. Instead, it is necessary 
to find statistically the set of constants which most nearly satisfies 
equation (4). This may be done by imposing the condition that the 
square of the difference 

(y;%i,J + a,) - (f11t:1 + b;) 

be minimized, both along rows and along columns. This condition 
yields the four equations: 

(i) r,{(y;,. .. + a,) - (y;11 •• + b1)}

2 

= 0 aa; j =l ,,, ,,, 

_a_ f {<f,. .. + a,) - (y;11 • . + b1)}

2 

= o 
ab1 j=l ' · ' ' · ' 

(5) (a) 

(ii) 

(i) 

(b) 

a m { }2 - '°"' (y;,. .. + a,) - (y;11 • • + b;) = 0 
a ,., ,., 

a; i=l 

(ii) a m { }2 - L (y;,, .. + a,) - (y;11 • • + b;) = 0 
ab1 i=1 '•' '•' 

which reduce to 
n n n 

(a) L y;,. . . + na, = L 'fu · . + L b; 
J=l '' 1 j=l ,,, J=l 

(6) 
m m m 

(b) '°"'f 11 •• +mb1 = L'fz,-+La, . 
f-='1 

1
'
1 

i=l
1 

'

1 
i=l 
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Since the stream function is contained as a differential in the field 
it may be changed by a constant amount without affecting the dif-
ferential properties which define the field. T~erefore, on~ of the con-
stants either for a row or a column, may be given an arbitrary value. 
Here l~t a1 = 0; i.e., for x = l, a = 0. Then from (6a), at i = 1, 

n n n 

(7) L bj = L Vlx 1 .i - V/111,j 
j=l j=l J=l 

and (6a) becomes 

(8) a, = { t V/11;,i - t Vlz; ,i + t Vl:l.i - t V/111,i } · 
n J=l J=l J=l J=l 

Once all of the a/s are found from (8), values of bi may be computed 
for each column from 

b1· =~{~YI:•. - V111· . +~a,}, L....J ,,, ,,1 1-,. 
m i=I i=l t=l 

(9) 

which follows from (6b). 
If the horizontal velocity field under consideration were ideally non-

divergent and free from observational error, then only one set of con-
stants would have to be found, since either of the two relations, 

(a) qr (x, y),.i = Yl"'t,J + a, 
(10) or 

(b) qr (x, y)',,i = V111i,J+ b; 

should define the same scalar field and represent the actual values of 
the stream function. In practice, however, it will be found that these 
two functions are not exactly the same, and the amount by which they 
differ is indicative of how much the actual field departs from the as-
sumed nondivergent field. If the function as defined by (10a) is 
partially differentiated in both the x- and y-directions, it would yield 
both the observed values of the velocity component v(x, y) , and the 
best fit to the observed field of the component u(x, y) that would 
result in a nondivergent field. Likewise, if the function as defined by 
(l0b) is partially differentiated with respect to x and y , then the ob-
served values of the component u(x, y) will be obtained, as well as a 
set of values for the component v(x, y), which is the best fit to the ob-
served set that would result in a nondivergent field . It is convenient 
to average these two values for qr and thus obtain one set of numbers 
at each point in the grid representing the numerical value of the 
"stream function" for the field. The stream function defined in this 
manner is only one type of " best fit " to the observed velocity field. 
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If, for some reason, it is felt that one component of the velocity is 
likely to be more representative than the other, then a weighted 
average of the two functions defined by equation (10) might be formed. 

STREAMLINES FOR A GENERAL TWO-DIMENSIONAL 
DIVERGENT VELOCITY FIELD 

It is theoretically possible to express the streamlines of any two-
dimensional velocity field by a mathematical equation of the form 

(11) 'Y(x, y) = constant, 

the various lines being distinguished by different values of the con-
stant. The existence of this stream integral, 'Y, makes it theoretically 
possible to reduce the streamline problem to one of contouring a 
scalar field. 

This cannot be accomplished, however, by direct measurements. 
The stream integral must be calculated from the velocity components. 
In order to do this, an integrating factor X(x, y) must be found for the 
equations 

a'F' 
(12) -= -Xv 

ax ' 

a'Y 
-=Xu . 
ay 

Such an integrating factor always exists, and can be found by solving 
the differential equation 

a a 
(13) - (Xu) + - (>.v) = 0. 

ax ay 
Since u and v are given only at discrete grid points, (13) must be solved 

numerically for X. The values for X are then inserted in (12), and 
these equations may be solved numerically for 'Y, the stream integral. 

Inseparable from the solution for X and ·'I" is the problem of smooth-
ing the data. The formal solution to this general problem has been 
indicated by Dr. Carl Eckart (personal communication). However, it 
does not appear likely that the equations can be solved in practice 
without the aid of modern electronic computing machines, and this is 
economically feasible only for large amounts of data. 

APPLICATION TO SHIP'S SURFACE 
CURRENT OBSERVATIONS 

Certain semiobjective aids in the construction of streamlines have 
been suggested (for example, see Bjerknes, 1911). In seeking a pro-
cedure whereby subprofessional personnel could prepare reproducible 
streamline charts, however, these methods do not suffice. The general 
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solution to the stream integral problem seems at present too difficult 
to place on an economical computation basis. The method developed 
for a nondivergent velocity field may be applied, however, to those 
parts of the ocean where the divergence term is small and of a random 
nature. 

It is the author's opinion that over certain large areas of the ocean 
the vertical shear of the vertical velocity component is a small and 
random term compared to the effects of the horizontal velocity field. 
Hence, in constructing streamlines for average velocity data, such as 
the monthly average surface currents for one-degree quadrangles 
prepared by the Hydrographic Office, the horizontal field may be 
assumed to be on the average a nondivergent field. This assumption 
would obviously fail in regions of known, large scale convergences or 
divergences. 

Equations (3), (8), (9), and (10) have been employed in constructing 
the streamlines for two areas, one a 20 by 30 degree area in the North-
west Pacific, the other a 20 by 40 degree area including the Caribbean, 
the Gulf of Mexico, and part of the Saragasso Sea. This second case 
is given here as an example. 

Hydrographic Current Chart Misc. No. 10,690-8 was used to obtain 
the basic data. It contains a velocity vector for every degree square. 
The grid of our model is in this case defined by the ½ degree lines of 
latitude and longitude. The l::.y and l::.x in equation (3) are each equal 
to one (degree). Fig. 1 is a chart of the area, and the vectors shown 
are the average of ships's surface current observations for the month 
of August. 

The method of obtaining values of the stream function for con-
touring, as presented above, was tried for the entire area at once, with 
fair success in the Caribbean and the Florida Straits. The spread of 
the two functions defined by (10) was, however, quite large in the 
Gulf of Mexico, in the area off the west coast of Mexico, and in the 
Saragasso Sea region. The region was then broken up into five over-
lapping subregions, each subregion encompassing as little land as 
possible. The Gulf of Mexico was not included in this determination. 
Equations (3), (8), (9) and (10) were employed for each of the sub-
regions. The areas were then fitted together, making use of the over-
lapping portions. The spread between the two functions defined by 
(10) was in almost all cases very small, and the subregions fitted to-
gether with but little break in continuity. The numbers in the center 
of each degree square in Fig. 1 represent the average of the two values 
of the stream function as given by (10a) and (10b). The streamlines, 
representing the contours of the average value of the stream function 
are also shown in Fig. 1. ' 
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This application of the method of constructing streamlines indicates 
that it is best to subdivide fairly large areas into overlapping regions 
about 10 or 15 degrees square. Little additional labor is involved in 
breaking up the area, and the checking of the computations is made 
easier. The method appears to present a procedure whereby sub-
professional personnel may prepare reproducible streamline charts of 
large ocean areas with but little professional supervision. 
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