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ON DYNAMIC STABILITY OF ZONAL CURRENTS1 

BY 

JORGEN HOLMBOE 
University of California, Los Angeles 

The problem of the dynamic stability of atmospheric currents has 
been investigated by many authors during the past 20 years. The 
present paper deals with certain aspects of this problem which was 
first treated by Solberg [l], H~iland [2], and Kleinschmidt [3], and 
more recently by Van Mieghem [4], and Fj~rtoft [5]. 

The system under consideration is a steady zonal current. The 
zonal wind varies arbitrarily with latitude and height and is balanced 
by the proper baroclinic field of solenoids. The effects of friction are 
neglected. This system is known as a steady circular vortex and 
satisfies the following equation of (absolute) motion: 

(1) - w2R = g - aVp, 
where w is the absolute angular speed. The equation states that the 
centripetal acceleration in the steady circular motion, - w2R, is the 
resultant of the force of gravitation, g, and the pressure force, - aVp 
The resultant of the force of gravitation and the centrifugal force will 
be called the apparent gravity and will be denoted by g*; 

(2) g* = g + w2R = aVp. 
The steady circular vortex is then subjected to a small vortex ring 

perturbation, such that the meridional displacements are the same in 
all meridional planes. This perturbation will not I destroy the axial 
symmetry of the field of solenoids, so the circulation of the expanding 
and contracting circles will remain unchanged. The physical changes 
of the fluid particles are assumed adiabatic, so the potential tempera-
ture will be individually conserved. Thus, if c denotes the velocity 
circulation per radian, and 8 denotes the potential temperature, we 
have the two conservation laws, 

de dfJ 
(3) - = 0 · - = 0 . 

dt ' dt 

The perturbed motion must satisfy the following equation: 
av _ 

(4) - - (w2 + w2) R = g - (a + a) V (p + p) , 
at 

1 U. C. L.A. Department of Meteorology, Papers in Meteorology, No. 10. 
(163) 
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where the bar over each symbol denotes the local variation of the 
corresponding quantity. (The radius vector R and the force of 
gravitation g have no local variation.) When the last term on the 
right in (4) is developed, and the second order term a.Vfi is neglected, 
we find from (1) and ( 4) the perturbation equation: 

av _ 
- - w2R = - a.Vp - aVp. 
at 

Introducing from (2) the apparent gravity in the first term on the 
right, the perturbation equation becomes 

av _ a 
(5) - = w2RVR - - g* - aVp. 

at a 

The physical meaning of this equation becomes clear when the local 
variations of w2 and a are expressed in terms of the local variations of 
the conservative quantities c and 8. If r denotes the meridional 
displacement, the local variations of these latter quantities are from 
(3) given by 

(6) c = - r · Ve ; o = - r · VO • 

The local variation of w2 is obtained by performing local differentia-
tion of the expression 

which gives 
w2 R4 = 2cc = 2wR2c , 

or, when the expression for c is substituted from (6): 

(7) w2R = - 2w ;c. r = - 2wq c::I . ,) , 
where q is the magnitude of the vorticity.2 

The local variation of a is obtained by performing differentiation 
of the expression 

which gives 

RO ( p )K-i 
a = 100 100 ; ,c = Cp/ R ' 

a o fi 
- = -+ (,c - 1)-
a 8 p' 

s If ,ft denotes the zonal angle we have: 

q = V )( V = V )( vRV,{, = Ve )( V,f, ; 

therefore, q = IVcliVfl = IVcl/R . 
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or, when the expression for 0 is substituted from (6): 

a VO p 
- = - - • f + (K - 1) - . 
a 8 p 

(8) 

When (7) and (8) are introduced in the perturbation equation (5), it 
becomes 

(9) av ( Ve ) IVOI ( vo ) at = - 2wqVR Ivel · r + 8 g* Ivel · r 

- a { Vp + (K - 1) p V In p I . 

To facilitate the further discussion of this equation we introduce the 
following abbreviations: 

(10) 

(11) 

(12) 

(13) 

(14) 

a = 2wqVR, 

a' = Vc/lVcl , 
lvol g* ao vp 

b = - -g* = - ---
8 o an9 lvPI' 
b' = VO/IVOI ' 

F(p) = a { Vp + (K - 1) p V In p I . 

With these notations introduced in the perturbation equation (9), it 
takes the final form 

av 
(15) at = - a (a' • r) - b (b' • r) - F(p) . 

The equation gives the meridional acceleration in the disturbed 
motion as a resultant of three forces, each of which has a simple 
physical interpretation; see Fig. 1. 

The first force on the right in (15) represents the centrifugal buoy-
ancy. It is directed opposite to the vector a (10) which has the 
direction of the centrifugal force and the magnitude 2wq. This 
magnitude measures the inertial stability of the vortex. It is equal 
to the square of the frequency of pure inertial oscillations [6]. The 
vector a' (11) is a unit vector perpendicular to the vorticity surfaces. 
Accordingly, only displacements perpendicular to these surfaces are 
active in the generation of centrifugal buoyancy. If the vortex is 
irrotational (q = O), the vector a is zero, and the vector a' becomes 
indeterminate. All centrifugal buoyancy vanishes in the irrotational 
vortex. 
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. . (l 5) nts the gravitational 
The second force on the nght m represe 12) hi h has the 

buoyancy. It is directed opposite to the vector b ( 1 
;. ;

8 
• 

direction of the pressure gradient and the magnitude 8 an6 • This 

· · · l t bT ty of the vortex. It is magmtude measures the graV1tat10na s a 11 . . .11 t" 
equal to the square of the frequency of pure graV1tat10nal os~l a wn~. 
The vector b' (13) is a unit vector perpendicular t~ the isentroplc 
surfaces. Accordingly, only displacements perl?end1cular to these 
surfaces are active in the generation of graV1tat1onal buoyancy. If 
the vortex is isentropic (8 = const), the vector bis zero and th~ vect?r 
b' becomes indeterminate. All gravitational buoyancy vamshes m 
the isentropic vortex. 

.,,ve 

, ,--,'ye 

Figure 1. 

The third force on the right in (15) represents the buoyancy caused 
by the local pressure variations. This term will not be discussed 
further in this paper. 

The stability of the circular vortex is determined by the direction of 
the meridional acceleration (the resultant buoyancy) with reference to 
the meridional displacement. The stability criterion may be formu-
lated as follows: 

If for all displacements the corresponding resultant buoyancy has a 
component opposite to the displacement, the vortex is stable. If, on 
the other hand, there exist displacements for which the resultant 
buoyan~y has a component in the direction of the displacement, the 
vortex 1s unstable. The problem of stability is therefore equivalent 
to that of finding the geometric distribution of the resultant buoyancy 
as a function of the meridional displacement. 
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When the problem is confined to the determination of the stability 
criterion only, it is customary to neglect the buoyancy caused by the 
local pressure variations. This is equivalent to using the so-called 
parcel method in the investigation of hydrostatic (gravitational) 
stability of a resting atmosphere. The physical justification for this 
simplification is probably that the local pressure variation merely 
weakens the action of the dynamic buoyancies without altering their 
direction or sign. 

We shall accordingly, for the purpose of investigating the stability 
of the vortex, neglect the last term on the right in the perturbation 
equation (15). The remaining two terms on the right can then be 
written in the following compact form: 

av 
(16) - = - (aa' + bb') • r . 

at 
Mathematically, the resultant buoyant force appears here as a linear 
two-dimensional vector function of the displacement r. The four 
vectors a, a' , b, b', which define the vector function, are not inde-
pendent: In the undisturbed vortex the baroclinic field of solenoids is 
balanced by the proper shear in the windfield. The mathematical 
expression for this balance of the mass field by the so-called thermal 
wind is obtained by applying curl-differentiation to equation (1). 
Doing this, and using substitutions similar to those in equations (7) 
and (8), we find, after a simple calculation, 

(17) a x a' + b x b' = 0 . 

Thus the rotation a - a' is opposite to the rotation b - b', and the 
component of a perpendicular to a' is equal to the component of b 
perpendicular to b'. The vectors in Fig. 1 have been drawn so that 
the condition (17) is satisfied. 

But equation (17) is the condition which makes the linear vector 
function in (16) symmetric. This means that the vector set a, band 
the set a', b' can be interchanged, so the linear vector function (16) 
can also be written in the form: 

(18) 
av 
at 

= - (a'a + b'b) • r. 

It is found, by applying curl-differentiation, that the symmetric 
vector function (16, 18) is irrotational. Therefore, it can be repre-
sented as the ascendant of a potential cf,: 

(19) 
av 
- = - Vcf, . 
at 
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It is easy to see that the potential is given by the expression 

(20) 2¢ = r . (aa' + bb') · r . 

v-differentiation of (20) gives the sum of (16) and (18). The expres-
sion on the right in (20) is a homogeneous quadratic in r, and the lines 
of constant <f, are therefore a family of coaxial conics. The resultant 
buoyancy is the gradient to these conics. 

2A 
Figure 2. 

The stability criterion can now be formulated very simply as follows. 
We have stability for displacements in every direction when the conics 
are ellipses; see Fig. 2a. And we have instability for displacements 
in the sectors of negative potential when the conics are hyperbolas; 
see Fig. 2b. The principal axes of the conics are the directions of 
maximum and minimum stability. It remains to find the orientation 
and sign of the principal axes for given values of the four vectors 
a, a', b, b'. 

1 ¢ = consl. 

Figure 3. 

A principal axis is directed along a radius vector whi h · 
di 1 t h · F. 3 c 1s perpen-

cu ar o t e come; see 1g. . It is therefore defined b th t· y e equa ion 
(21) nr = Vq, = (aa' + bb' ) . r , 

wAhere_t~ is a s
1
calarffact_or ?fif proport~onality, characteristic of the axis 

pos1 1ve va ue o n s1gn1 es an axis of stability· a negativ · 
an axis of instability. ' en means 
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We assume that a and b are not parallel. Let c be a zonal unit 
vector, and let a*, b*, c be the reciprocal set of vectors to the set 
a, b, c. Then, according to a well known theorem, we have 

(22) r = (aa* + bb*) • r . 

Multiplication of (22) by n, and subsequent subtraction of (21), gives 

0 = {a (na* - a') + b (nb* - b') l • r. 
Since a and b are assumed nonparallel, the two vectors (na* - a'), 
(nb* - b') are both perpendicular tor, and therefore parallel. Thus: 

(na* - a') x (nb* - b') = 0. 

After performing the vector multiplication and subsequent scalar 
multiplication with the vector a x b, we find 

(23) n2 - (a • a' + b • b')n + (a x b) • (a' x b') = O . 

The two roots of this equation determine the two principal axes of the 
family of conics (20). A positive root means an axis of stability. 
Thus, if both roots are positive, the conics are ellipses, and the vortex 
is stable for all displacements in the corresponding region. 

The criterion for stability (two positive roots) is from (23) 

(24) B = n1 + ni = a • a' + b · b' > 0 , 
C = n1ni = (a x b) • (a' x b') > 0. 

This stability criterion was given in 1939 by HS'1iland [2a], who, in the 
same paper, also gave a clear interpretation of the physical significance 

, 
The case which has been primarily discussed earlier is the indifferent 

case where one of the roots is zero, i. e., C = 0. This happens in the 
following three cases: 

(a) a = 0, the vortex is irrotational, and the centrifugal buoyancy 
disappears. 

(b) b = 0, the vortex is isentropic, and the gravitational buoyancy 
disappears. 

(c) a' x b' = 0. The vorticity surfaces coincide with the isentropic 
surfaces. This is equivalent to the statement that the wind shear 
measured along the isentropic surface is equal and opposite to the 
Coriolis parameter. 

The indifferent case (c) is shown schematically in Fig. 4. It follows 
from the condition of balance (17) that, if the vectors a' and b' are 
parallel, they must lie along the diagonal of the parallelogram of the 
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vectors a and b. The axis of indifference lies along the coinciding 
isentropic and vorticity lines. Obviously, displacements in the direc-
tion of these lines give rise to neither gravitational nor centrifugal 
buoyancy. The axis of maximum stability coincides with the diag-
onal, and from (24) the root of maximum stability is equal to the 
length of this diagonal. 

In order to find the orientation of the axes of maximum and mini-
mum stability in the general case, we must find the roots of the quad-

4 
b ':,-. - . - . - . - . - . --,,-, 

' _ / I 
',, ,, / I 

' \ / 
)' 

I 

/ I 
/ 

/ 

I 

' ' I \ 

I 

I 

--------~' ia Mi::::::;. _____ -1..-1'0 
Figures 4 and 5. 

ratic equation (23). With the abbreviated notations of (24), equation 
(23) becomes 

(25) n2 - En + C = O . 

The solution of this equation is 

(26) 2n = B ± V B 2 - 4C 
' 

where, from (24) 

B2 = (a . a')2 + (b . b')2 + 2 (a . a') (b • b') . 

We substitute for the first and second term on th · h . 
equivalent expressions (Lagrangean identities): e ng t the followmg 

(a . a')2 = a2 - (a x a')2 
(b . b')2 = b2 - (b X b ')2 ', 

and subsequently we reduce with the aid of the sq f h 
in (17). We then find uare O t e expression 
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B 2 = a2 + b2 + 2 (a x a') . (b x b') + 2 (a • a') (b • b') . 

Again from (24) we have 

4C = 2 (a x b) • (a' x b') + 2 (a . a') (b . b') - 2 (a . b') (a' . b) . 

Combining these expressions for B2 and 4C we find: 

(27) B 2 
- 4C = a2 + b2 + 2 (a . b) (a' . b') - 2 (a x b) • (a' x b') . 

This expression is further simplified when the angles 

a - b = q, , a' - b' = q,' 

are introduced; see Fig. 5. We then finally have 

(28) B2 - 4C = a2 + b2 + 2 ab cos (,p + q,') = D. 

The discriminant, B2 - 4C in (26); is accordingly equal to the square 
of the magnitude of the diagonal D in a parallelogram whose sides are 
a and b, and whose side angle is q, + rp'. It is shown in Fig. 5 how this 
diagonal is found by a simple construction. 

Introducing (28) in (26), the solution of the quadratic equation 
becomes 

2n=B±D, 
or 

(29) B = n1 + ll2 ; D = n1 - ll2 . 

The diagonal in the parallelogram in Fig. 5 is accordingly equal to the 
difference between the two roots. The diagonal is also simply related 
to the magnitudes of the vectors a and b by the expression 

(30) D = a cos 'Y + b cos o • 
This relation will be used below to find the orientation of the principal 
axes. 

The principal axes are found by introducing the two roots n1 and n, 
in the equation (21). Let r 1, r2 denote the displacements along the 
two axes. We then have 

(31) n1r1 = (aa' + bb') · r1 , 
ll2r2 = (aa' + bb') • r2 • 

If scalar multiplication is performed in the first equation by r2, and 
in the second equation by r1, the right-hand sides of both equations 
are the same, and we find by subtraction 

(n1 - ll2) r1 • r2 = 0 . 
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This equation gives the well known result that the principal axes are 
orthogonal when the two roots are different. . . 

The equation for the conics, (20), becomes n~rin:alized m a systeI?-
of co-ordinates whose axes coincide with the pnnc1pal axes. In this 
system we have from (31) 

(32) 
n1i = (aa' + bb' ) · i , 
nd = (aa' + bb' ) · j . 

The magnitudes of these equations are 

(33) 
n1 = a,,a,,' + b,,b,,' = a cos a cos a' + b cos {3 cos {3' , 
n:i = auau' + bubu' = a sin a sin a' + b sin {3 sin {3' , 

where a, a', {3, {3' denote the angles between the x-axis and the four 
vectors a, a', b, b'; see Fig. 6: The diff erence between the two roots 
is from (29) and (33); 

(34) D = n1 - n:i = a cos (a + a') + b cos ({3 + {3' ) • 

This expression must be identical to (30). It follows that the principal 
axes have such an orientation that 

a + a' = 'Y ; {3 + {3 1 = o . 

Therefore it appears from Fig. 6 that the principal axis of maximum 
stability (the x-axis) bisects the angle between the diagonal D and 
the vector a'. 

The magnitude of the two roots can also be found graphically on 
the same diagram, as shown in Fig. 7. According to (33) each root is 
the sum of two terms. One of these terms depends upon the centrifu-
gal buoyancy and one term depends upon the gravitational buoyancy. 
The centrifugal term in the root of maximum stability is nia = a cos a 
cos a'. This term is found graphically by projecting the x-component 

7 b 

Figures 6 and 7. 
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of a on the a'-axis. The gravitational term of the same root, n1b, is 
found by performing the same construction with reference to the 
~vectors. The centrifugal term of the root of minimum stability, 
?½a = a sin a sin a', is the additional segment on the a'-axis, when the 
vector a is projected directly on this axis. The gravitational term of 
this root, 'T½b, is the corresponding segment on the b'-axis. 

The diagram in Figs. 6 and 7 contains in graphical form all the 
required information on the state of stability of the vortex. 

The normalized form of the equation for the family of conics is 
obtained by introducing the conditions (32) in the general equation 
(20). Writing here r = xi + yj, and reducing with the aid of (32), 
we find 

(35) 

Substituting this value of cf, in (19), the perturbation equation becomes 

av • . 
(36) - = - n1XI - 'T½YJ • 

at 
From this equation we can readily find the "free" oscillations which 
the particles (zonal rings) would perform under the joint action of 
centrifugal and gravitational buoyancy. It is found that the motion 
is the resultant of two harmonic oscillations, one along the axis of 
maximum stability with the frequency -vni and one along the axis of 
minimum stability with the frequency ,vri";. However, it is of little 
interest to study this motion, since the actual motion is governed by 
the kinematic constraint at the boundaries. The actual motion can 
be obtained only by including the effect of local pressure changes in 
the perturbation equation and using the complete set of equations and 
boundary conditions. 

The analysis which has been presented above for a zonal current 
applies as well to geostrophic currents of arbitrary orientation. The 
vectors b, b', which define the gravitational buoyancy, has exactly 
the same meaning as in the zonal case. The vectors a, a' have the 
same physical meaning but a somewhat different form, as they are 
expressed in terms of the wind relative to the earth. 

SUMMARY 

The dynamic stability of zonal currents is controlled by the joint 
action of centrifugal and gravitational buoyancy. The resultant of 
these two buoyancies is a symmetric linear vector function of the 
meridional displacement. With the aid of the theory of linear vector 
functions, the directions of maximum and minimum stability and the 
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magnitudes of these stabilities are obtained. The results are found 
graphically by a convenient elementary construction. 
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