The Journal of Marine Research is an online peer-reviewed journal that publishes original
research on a broad array of topics in physical, biological, and chemical oceanography.
In publication since 1937, it is one of the oldest journals in American marine science and
occupies a unique niche within the ocean sciences, with a rich tradition and distinguished
history as part of the Sears Foundation for Marine Research at Yale University.
Past and current issues are available at journalofmarineresearch.org.

Yale University provides access to these materials for educational and research purposes only.
Copyright or other proprietary rights to content contained in this document may be held by
individuals or entities other than, or in addition to, Yale University. You are solely responsible for
determining the ownership of the copyright, and for obtaining permission for your intended use.
Yale University makes no warranty that your distribution, reproduction, or other use of these
materials will not infringe the rights of third parties.
This work is licensed under the Creative Commons AttributionNonCommercial-ShareAlike 4.0 International License. To view a copy of this
license, visit http://creativecommons.org/licenses/by-nc-sa/4.0/

or send a letter to Creative Commons, PO Box 1866, Mountain View, CA 94042, USA.

Journal of Marine Research, Sears Foundation for Marine Research, Yale University
PO Box 208118, New Haven, CT 06520-8118 USA
(203) 432-3154 fax (203) 432-5872 jmr@yale.edu www.journalofmarineresearch.org

INTERNAL WAVES IN THE GULF OF CALIFORNIA*

W.H.MUNK
California lnslilule of T echnology
and
S,cripps I nstitution of Oceanography

Between February 13 and March 19, 1939 the "E. W. Scripps," research vessel of the Scripps Institution of Oceanography occupied
fifty-three oceanographic stations in the Gulf of California. On the
basis of observations of temperature and salinity which were taken
at every station at a series of depths a chart of the dynamic topography of the surface relative to the 1500-decibar surface was derived,
but this chart does not indicate any regular exchange of water between the Gulf and the adjacent part of the Pacific. It shows a
sequence of separate highs and lows which are associated with alternating downward and upward displacements of the isopycnic surfaces and suggests the existence of internal waves with amplitudes
as one-tenth the depth of the Gulf.
Let p be the density, depending upon the temperature and salinity
of the water. The vertical displacements, as represented by <r t curves
1) are clearly seen in a longtitudinal section (Figure
( <rt = 103 (p 7) based on data from stations along the center line of the Gulf, as
shown on the small map to the left in the figures. It should be observed ,that the vertical scale is greatly exaggerated relative to the
horizontal, the ratio between vertical and horizontal scales being
equal to 1/ 800. The profiles of a series of isobaric surfaces relative
to the 1500-decibar surface are shown to the right in the figure.
These observations have been discussed by H. U. Sverdrup (1940;
in press) who concludes that the wavy character of the isobaric surfaces might be due to the presence of a standing internal wave, the
period of which would lie between 6.3 days and 7.65 days, probably
closer to the former value. This explanation is consistent with
boundary conditions. The wave would be of first (fundamental)
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order with respect to the vertical axis, the vertical displacement
vanishing at surface and bottom only, and three nodes inside the
Gulf make it of fourth order with respect to the horizontal axis. A
node at the mouth of the Gulf indicates that one has to deal with a
free oscillation. The wave length of 1000 kilometers near the mouth
of the Gulf indicates that the two progressive waves which combine
to the standing wave there . have velocities of propagation of 175
cm/sec which decrease towards the closed end of the Gulf. For
further description of these waves and internal waves generally refero OArS

~
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Figure 7. Verti cal distribution of d ensity (a, ) a nd profil es of isobaric surfaces referred t o the
1500-decibar surface along a section in the Gulf of California, as shown on the map at the left
in the figure. (After H. U. Sverdrup.)

ence should be made also to Defant (1929) , Sverdrup, Jolmwn and
Fleming (in press), and W. H. Munk (in press) .
Internal waves are accompanied by large horizontal velocity components at the bottom. It will be shown later (Figure 9) that the
horizontal velocity at the bottom of the Gulf attains a maximum
value of 20 cm/ sec which is sufficiently large to exert a pronounced
influence upon the processes of sedimentation. Vi' ithin a standing
wave the horizontal velocity component reaches a maximum near
the location of nodes and one may expect that only large-sized particles settle in their vicinity. On the other hand, anti-nodes are
characterized by very small horizontal currents which would permit
small particles to be deposited at the bottom.
Such an influence. of internal waves upon the distribution of sediments was pointed out by R. R. Revelle (1939) who found the aver-
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age median diameters of bottom samples in the Gulf to vary in a
~-egular manner ~long a north-south direction, corresponding to an
mternal wave with three nodes. This evidence is not conclusive
but .it suggests that the particular wave-form of fourth order with'
respect to the horizontal axis does not constitute an isolated phenomenon but appears to be of common occurrence. The evidence would
be greatly strengthened if it could be shown by means of theoretical
considerations that the observed oscillation represents one of the possible natural oscillations in the Gulf.
Such a wave might be caused by an outside periodic disturbance
the period of which would have to be closely related to one of the
free periods of oscillation in the Gulf. The lunar-fortnightly tide
has a period of 13.6 days and a theoretical amplitude which is one
sixth the amplitude of the principle semi-diurnal lunar tide. If the
length of one of the natural periods of the Gulf would correspond
closely to 13.6 days an oscillation with this period would be dominant,
but if a natural period close to 13.6 days does not exist, the lunarfortnightly tide may cause an oscillation of approximately half this
length, 6.8 days, corresponding to the observed period of oscillation
of the Gulf.
Hence, it will be necessary to investigate theoretically the question
whether the picture which has been derived from observations is in
agreement with theoretical considerations and whether lunar forces
may be responsible for the formation and maintenance of an internal
wave of the observed type.
A body, defined by its distribution of mass and its dimensions, has
a definite set of natural frequencies. These frequencies can be
easily calculated in the case of uniform bodies of simple geometrical
shape but the corresponding calculation becomes very complicated
when applied to the waters of the Gulf of California within which
the distribution of density is a function of depth (Figure 9) and
the boundaries of which are determined by the topographic features
of the Gulf (Figure 8). J. E. Fjeldstad (1933) has developed the
theory of progressive internal waves in a channel of constant depth,
provided that the density distribution does not change in a horizontal
direction. W. H. Munk (in press) has treated the cases of progressive or standing waves, assuming constant depth and appreciable
horizontal density gradient and of standing waves, assuming variable
depth but negligible horizontal density gradient. For. rigo_rous derivations reference is made to these papers, and here it will be attempted only to outline the latter theory, to explain its application,
and to discuss the results pertaining to the Gulf.
Previous investigations of wave phenomena (Defant, 1929) have
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shown that in a long narrow channel the earth's rotation will tend
to produce oscillations in a plane perpendicular to the length of the
channel, but its effect upon the chief wave motion along the channel will be small and can in first approximation be neglected. For
that reason the problem reduces to a two-dimensional analysis.
We shall assume the x-axis along the direction of propagation of
the wave, the z-axis perpendicular to the surface, where z 0
represents the undisturbed surface, z H the bottom. (Figure 8.)
Let u and w represent the components of the velocity of the water
along the x and z axes respectively, p the density, p, the pressure,
and 71 the vertical displacement. Let po (z) denote the density in
equilibrium condition and define p1 by

=

=

p

= po(z) + p1 (x, z, t)

Let
Pi= g fz p1(x, z, t)
0

Neglecting second-order terms, the fundamental equations of hydrodynamics take the form
(la)
(1 b)

(le)
(Id)

To investigate a progressive or standing wave with period
2'lt

T =-,we assume:
O"

Progressive wave
it

Standing wave

(xzt) = U (xz) sin (kx - o-t)

w (xzt)

= W (xz) cos (kx - o-t)

(xzt)

= U (xz) cos (o-t)

, w (xzt)

= W (xz) cos (o-t)

,

+ o-t),
kx + o-t),

it

Pi (xzt) = Pi (xz) sin (- kx

Pi (xzt) = P 1 (xz) sin (o-t)

P1 (xzt) = R1 (xz) sin (-

P1 (xzt) = Ri (xz) sin (o-t)

l

(2)
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Substitution of either set of assumptions into equation (1) eliminates the function of time, and the remaining four equations in four
unknowns can be solved for W(x z):

a2 W(xz) az 2

q,(z) a2 W(xz)
g-------'-------'-= 0

ax 2

a2

(3)

where
1 apo
q, = - - Po

az

(3b)

The substitution W(x z) = W(z) sin (k x) reduces the partial differential equation (3) to the total differential equation:

(!)2

d2 W(z ) +
dz 2
c

g q,

W( ) = O
z

(4)

t

where the wave length>..= 2 and the velocity of propagation, c =~.
This is the differential equation derived by Fjeldstad for the case
of constant depth. It can be shown, however (Munk, in press), that
this substitution W(x z) = f(z) ·F(x) is inconsistent with the general
problem and consistent only for a basin of constant depth, wherefore, assumptions (2) leading to equation (3) must be used when
treating the case of variable depth.
Assumptions (2) referring both to standing and progressive waves,
satisfy the basic laws of hydrodynamics and lead to differential equation (3). This is true because the standing wave may be considered
a superposition of two progressive waves of equal amplitude but opposite direction, and both progressive waves are proper solutions,
hence their sum, the standing wave, must also be a solution. On
the other hand, the two wave-forms behave in a very different manner with regard to boundary conditions and it can be shown (Munk,
in press) that the solution referring to progressive waves cannot be
applied to a basin of variable depth. This indicates that a standing
wave can exist in a basin in which neither of the two progressive
waves can exist, which may be considered as making up the sta.n dmg wave.
In order to obtain values for the periods of natural frequency, u
must be computed from the differential equation (3), subject to
boundary conditions:
(5)
W=O atx=0
since a node is located at the mouth of the Gulf (Figure 7), and
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TV= 0 at z

=0

(6)

since the vertical motion caused by an internal wave at the surface is always small enough to be neglected. Finally, the kinematic
boundary condition at the bottom, namely, that all flow must take
place along the boundary, is expressed by

W

= mU along the bottom, where m

denotes the slope.

(7)

Let W be expanded in a Fourier series :
n

W (xz) =

L

•

W ;(z):sin:( k;x)C;(o)

(8)

i =l

where ki

= i1r/ 2L,

L , the length of the basin, and C. (o ) a constant

so chosen that w.(o) = I

(w.(z) = dZ;)

With these substitutions we obtain for equation (3)
d2W;(z )
dz2

+

g rp (z)k;2 W ,·( z) = 0 (i . = 1, 2 ,
o-2

Boundary condition (5) is already satisfied.
(6) gives
W,(o)

...

n)

(!))

Boundary condition

=0

(10)

Boundary condition (7), with the aid of the equation of continuity,
yields

"t,

1

[

TVi(z) sin (k;x)

+ W ;(z) m(x) cz:

(k;x) ] C;(o) = O

(11 )

In the Fourier summation (8), n must be at least equal to two
in order to satisfy all boundary conditions of a basin of variable
depth and must be larger than two to give a good approximation.
By making n sufficiently large we can approximate as closely as we
wish any velocity distribution corresponding to an observed wave.
We note that equation (9) represents n equations of the same type
as equation (4) , which Fj eldstad has developed for the case of constant depth . E ach of these equations describes on internal wave of
4~ and can be integrated numerically according
wave length Ai

=

'1,

to the method used by Fjeldstad (1933). In this manner we obtain
values for Wi (z) and W.( z) at all depths. The internal wave can
then be considered as the result of n internal waves of equal period
but different wave lengths, superimposed upon one another.
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In order to apply boundary condition (11) we shall divide the
leng~h L of the basin into r equidistant intervals with values of x
rangmg fr?m Xz . 0 to x,. = L (Figure 8). By means of an accurate
topo~raph1c sect10n of the basin one can find for all values of
X; (J = I, 2, 3 .. . r) th~ corresponding slope rn; and depth z1. Let
us then assurne a defimte value for the parameter u and obtain
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Figure 8. Schematic topography of the Gulf of California and notation used in numerical
integration.

W,(z) and W,(z). for all values of z; by means of numerical integrations. If we define

. (k )
K ii = W ;(zi) sm
;Xi

(k;Xi)
+ w·;(Zi) m (xi) cos
ki

(12)

boundary condition (11) becomes simply
r

n

LL

•

Ki;C; (0) = 0

(13)

j=li=l

Munk (in pr~ss) has devised a method to test how well boundary
condition (13) is satisfied. It calls for the evaluation of a determinant D which will vanish for every value of u which corresponds to
a natural frequency. This, however, is true only for an infinite
value of n, for otherwise a Fourier series will give an approximation
only to the actual velocity distribution, and D will not vanish completely but will reach a minimum.
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For n

= 3,
D=

r

r

r

L

Kj1Kj1

L

J=l

J=l

r

r

r

r

Kj1Kj2

L Ki1Ki3
J=l
r

L Ki2Ki3
L Ki2Ki2 j=l
L Kj1K12 j=l
j=l

(14)

r

L Ki3Ki3
L Ki2Ki3 j=l
L KitKi3 j=l
j=l
D can now be calculated for various values of a- and the natural
frequencies can be determined because the value of D must be at a
minimum when a- corresponds to a natural frequency.
The bottom topography of the Gulf of California is quite complicated but observations at the deepest stations indicate that to a
considerable distance from the mouth continuous communication between the various depressions is present above 2000 meters. It
seemed therefore justifiable to choose an "effective" depth which remains close to 1800 meters throughout the larger portion of the
Gulf, but decreases regularly in the inner part.
At about 29° latitude the channel becomes very shallow and two
islands, San Esteban and San Lorenzo, rise above the surface. Waves
will be reflected before they reach this point or lose their energy
by friction and interference. Hence we may consider this the inner
end of the Gulf, and may neglect the portion north of the islands,
although the Gulf deepens and widens again, and extends 350 kilometers further inland.
It is generally known that the "effective" length of a bay with
regard to a wave phenomenon is not identical with its actual length,
but depends upon its width at the open end. A correction formula
has been derived which, in this case, gives an "effective" length of
1000 kilometers, roughly 20 per cent longer than the actual length.
Fjeldstad's theory for basins of constant depth was applied to the
outer portion of the Gulf of California. Figure 9 illustrates the results obtained by this theory. They compare favorably with those
obtained from observations.
Theory
Observations

C

H

167 cm/ sec
175 cm/sec

675 m
500-600 m

where c represents the velocity of propagation, H the depth of maximum amplitude of oscillation.
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Figure 9. Left : Average vertical distribution of density and density gradient along the center
line of the Gulf of California.
Right : Horizontal and vertical velocity components and vertical displacement as functions of
depth in the outer portion of the Gulf of California.

T he calculation of D was carried out for three values of i only.
For investigating an approximately weekly period values of i = 4, 5,
and 7, corresponding to wave-lengths near the mouth of 1000 km,
800 km, and 570 km were chosen, whereas in the case of the fortnightly period values of i = 3, 4, and 5 were chosen corresponding
to wave-lengths of 1333 km, 1000 km, and 800 km. These particular
components were most satisfactory because they gave a low value
for D , as illustrated in the following tables:
4-5-7

Values of i

5-6-7

3-4-5

D X 10-21

130

123

Values of i

2-3-4

2-3-5

2-4-5

3-4-5

D X 10-•1

26

54

6.4

4.0

4-5-6

T = 6.4 days

63

25

T= 14 days

A further examination (Munk, in press) shows that in both cases
a wave dominates which near the mouth has a wave length of 1000
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km, decreasing toward the closed end. The nodal regions o~ both
waves must approximately coincide and the distribution of sediments
may be consistent with the presence of either wave.
In a vertical direction the weekly wave is primarily of the first
order whereas the fortnightly wave is of the second order. The observed distribution of density indicates that a first-order wave dominates but the presence of a second-order wave is not excluded and
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Figure 10. Results obtained by numerical integration indicating two periods in the Gulf of
California of natural frequencies of 7 days and 14.6 days, respectively, and their relations to the
1unar fortnightly tidal period.

may account for the fact that the observations appear to give a
smaller value of H, the depth of maximum vertical oscillation.
The main results of the numerical integrations are presented in
Figure 10 acoording to which minima correspond to periods of 7 days
and 14.8 days. The fact that one minimum falls at a period of 7
days is in good agreement with the conclusions based on observations,
particularly because the computed oscillation is, as already explained,
of a character similar to the observed one. Twice this period of
seven days comes closer to the lunar-fortnightly period of 13.6 days
than the minimum obtained near 14.8 days, indicating that resonance
is more likely to occur in the case of the seven-day period than in
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the case of the 14.8 days, and that the seven-day period, therefore,
may dominate. Thus, the theoretical examination fully confirms
Sverdrup's interpretation of the observations from the Gulf of
California.
The writer wishes to acknowledge the help of Dr. H. U. Sverdrup,
who suggested this investigation and without whose advice and encouragement it could not have been completed. The writer is also
indebted to Dr. H . Bateman for his help in finding a solution to the
general differential equation, and to Dr. L. Lek and Mr. F. Brunner
for having carried out many of the tedious calculations.
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