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POTENTIAL VORTICITY AS A CONSERVATIVE 
PROPERTY 

BY 

V. P . STARR AND M. NEIBURGER 

The problem of tracing actual trajectories of air particles in the free 
atmosphere, and of water particles in the ocean, h~s been a~tacked for 
many years without a definitive solution. The mtroduct10n of the 
isentropic chart in meteorology a few years ago was a great forward 
step. Corresponding methods have also been applied to oceanogra-
phy, and it is evident that any advancement made towards the solu-
tion of the problem of actual trajectories in either branch of the geo-
physical sciences must also contribute to its solution in the other field. 
In its general aspects the problem is therefore common to both meteor-
ological and marine research. In the present article it will be dis-
cussed on the basis of its meteorological phase. 

In its application to meteorological studies the method of the isen-
tropic charts makes use of the fact that atmospheric motions over short 
time intervals are essentially adiabatic, i.e., conservative of potential 
temperature. The use of a second conservative element, the specific 
humidity or some function thereof, as a further identifying index, has 
made it possible to follow air currents in a general way, since a curve 
drawn for equal values of the specific humidity on a surface of con-
stant potential temperature will remain an equisubstantial curve 
during processes for which these two elements are conserved. This 
means that if there is no change in heat or water vapor content by 
radiation, condensation or evaporation, and if there is no mixing, a 
particle which is on a line defined by a particular value of specific 
humidity on a given isentropic surface will be found somewhere on the 
line representing that specific humidity on the chart drawn for the 
same isentropic surface at a later time. If there were some means of 
selecting the particle along the line on the second chart which cor-
responds to a certain point on the first, the trajectories of the air par-
ticles could be traced, in so far as the motion satisfies the conditions 
under which the identifying elements are conserved. 

The one means of discriminating between the elements of such an 
equisubstantial line is to have a third independent identifying element 
which is con~erved by the air particle from time to time. Using it, it 
':ould be a simple matter to follow an air particle in a synoptic situa-
t10n by constructing the isentropic charts for a particular potential 
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temperature, drawing the lines for constant values of specific humidity 
and our new identifying element, and finding the points on the succes-
sive charts representing the intersections of a particular specific hu-
midity line with the line representing a certain value of the third ele-
ment. In other words, the three conservative properties would con-
stitute a Lagrangean coordinate system by which the motions of air 
particles could be followed. 

Thus, our problem is reduced to that of finding a third conservative 
property of a parcel of air, independent of potential temperature and 
specific humidity, so that its isopleths will intersect the lines of con-
stant specific humidity on an isentropic surface. To find such a prop-
erty we must take stock of the quantities measured or measurable in 
the free atmosphere. By means of our radio soundings we measure 
pressure, temperature and relative humidity. By means of pilot bal-
loons followed by theodolites we obtain the wind velocity at various 
heights. Regarding the pressure as an independent variable cor-
responding to height, we obtain the space-fields of temperature, rela-
tive humidity, and wind velocity by means of direct observation. It 
is obvious that none of these elements is conservative. We have al-
ready seen, however, that from the temperature and humidity observa-
tions may be derived quantities which are conservative, namely, poten-
tial temperature and specific humidity. Since no more than two inde-
pepdent functions of two variables exist, for a third function we must 
turn to the wind field as an additional variable. · 

Professor C. G. Rossby demonstrated some time ago a theorem which 
presents us with a function of the field of motion of certain types 01 
fluids which is conserved. This theorem, which is an application of 
the equations of motion or the circulation theorem, has been published 
recently (1). The theorem is summarized by the equation 

f+t 
----= constant, 

D 

where f = 20 sin L is the absolute vorticity of the earth's surface about 
a vertical axis at latitude L, { is the vertical component of the vorticity 
of the fluid relative to the earth's surface, and D is the depth of the 
fluid at the point. The theorem holds strictly either for a homogeneous 
incompressible fluid, or for an adiabatic layer of a compressible fluid. 
In the latter case D represents not the geometric depth, but the differ-
ence in pressure between the bottom and the top of the layer. Since a 
very thin layer in the free atmosphere may be considered to be char-
acterized by a constant potential temperature, the theorem may be 
considered to hold approximately for such a layer. 
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Thus we have found a property of the field of motion which is ap-
proxim~tely conserved under certain r_estricted typ~s of m~ti?n, the 
restrictions being exactly those for which both specific hum1d1ty and 

. J+ 
potential temperature are conserved. The quantity D , however, 

has no immediate physical significance, and unusual dimensions. On 
the other hand, consider the quantity (0 , defined as that vorticity which 
a fluid column having an observed vorticity ( and thickness D at a 
latitude where the Coriolis parameter has the value f, would obtain if 
it were brought to an arbitrary "standard" latitude where the Coriolis 
parameter is f 0, and then stretched or shrunk to the arbitrary "stand-
ard" thickness D 0 . Then, if the motion is adiabatic and does not 
involve mixing, 

Jo+ ~o J+~ 
= 

Do D 
and 

J+~ 
~o = D/Do -Jo 

h. h f + The quantity (0 thus is constant for all processes for w 1c --
D 

is constant, and represents the vorticity which the column in question 
would have if brought to a standard latitude and thickness, just as the 
potential temperature is that temperature which an air parcel would 
attain if it were brought adiabatically to a standard pressure. By 
analogy we can call (0 the potential vorticity . 

. For synoptic use it is desirable to obtain (0 not merely for certain 
selected points, but to evaluate it over the entire isentropic chart, and 
represent it by isopleths in the same way as the specific humidity is 
represented. 

Unfortunately the potential vorticity cannot be directly observed, 
nor is it a simple, easily computed function of directly observed quan-
tities. In its evaluation enter the quantities f, D , and(. The Coriolis 
parameter f is, of course, constant for each particular latitude. The 
depth of the layer between two isentropic surfaces is measured at the 
radiosonde stations, and by careful construction of lines of equal depths 
the entire field may be closely approximated. The actual vorticity t 
however, requires differentiation of the components of the wind ve-
locity. It will be remembered that 

av au 
=---

ax ay 
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where u and v are the components of velocity along the x and y 
(horizontal) axes. Actually, because of the convergence of the merid-
ians, if the y axis is taken toward the north there is another term, 
and the complete expression is 

av au u 
= - - - + - tan L 

ax ay a 

where a is the radius of the earth, and L is the latitude. It is readily 
seen that the last term is small except in the polar regions, for below 

u 10 
60° tan L<2, and for u = 10 m.p.s., ---- = 3 . 10-s, 

u a 3.18 • 106 

and - tan L~6 · 10-6. The values oft vary from 5 · 10-5 to - 5 · 10-5, 
a 

so that the neglect of the last term introduces no error of consequence 
in the region with which we are concerned. 

In arriving at the field of actual vorticity, t, lines of equal values 
of u and v are drawn on separate Mercator charts on the basis of the 
observed winds at the level of the selected isentropic surface. The 
differentiation is performed by means of scales giving the shear in 
mps/ 100 km corresponding to various separations of the u-lines along 
the meridians and the v-lines along the parallels, respectively, different 
scales being necessary for each five degree zone because of the change 
of linear scale with latitude on the Mercator projection. Lines of equal 

au av 
values of - and - are drawn on the separate charts, and graphical 

ay ax 
subtraction of the first set of lines from the second gives {, the vorticity 
of the wind field. 

To reduce this actual vorticity field to "standard" conditions, i.e., to 
obtain to, it is now necessary to add f, the field of which is represented 
by the parallels of latitudes L corresponding to unit values of 2n sin L 
expressed in the units 10-5 sec-1, and then to divide by the field of 
D/ D 0 . These operations may be performed graphically with the aid 
of an illuminated drawing board. The subtraction of / 0 corresponds 
merely to a relabelling of the lines resulting from the division, resulting 
finally in the lines of constant potential vorticity for the entire chart. 

The computations involved are rather long although it is not in-
conceivable that the routine can be developed to the point where poten-
tial vorticity lines on the basis of the early morning aerological data 
may be included in the isentropic chart used in the morning forecast. 

Theoretically, there is another method of obtaining the vorticity t. 
For strictly two dimensional flow there exists a stream function if!, 
such that 
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u= 
ay ' 

a(ji 
V = + -

ax 

[III, 3 

If the stream lines defined by this function are plotted, t may be ob-
tained very simply, for we have, by differentiating 

a2 41 a241 
½= - + -

ax2 ay2 

To obtain the vortici ty at the point (x, y), we choose any convenient 
unit of length, and then, by fin ite differentiation we obtain the ex-
press10n 

½ = (ji(x + 1, y) + (ji(x - 1, y) + (ji(x, y + l ) + (ji(x, y - 1) - 4(jl (x, y) 

Montgomery (2) has given an equation for what he calls the "isen-
tropic geostrophic potential," namely 

411 = cpT + gz 
such that 

where u1 and v1 are the components of the geostrophic wind. Using 
these expressions and neglecting the variations in f, 

½ = (a2411 + a2411) 
f ax2 ay2 

A good approximation of the vorticity may be obtained by using this 
function, and it is desirable to use it in those regions where cloudiness 
prevents the observation of the actual winds. 

The network formed by the potential vortici ty lines and the specific 
humidity lines forms a coordinate system by which each column in the 
isentropic layer is labell ed. If there is no mixing or non-adiabatic 
process during the period between two consecutive charts, on the sec-
ond chart each fluid column will be characterized by the same co-
ordinates as the first. While there may be more than one intersection 
of a particular potential vorticity line with a selected specific humidity 
line, the corresponding ones on successive maps may be determined 
easily from a consideration of the wind field. A fluid column having 
particular values of to and q on one map must be identifi ed not merely 
by the fact that it still has these values, but also that the wind in the 
interval between maps was that which would bring the fluid column 
into its new position. 
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By carefully identifying the columns on the successive maps using 
the six-hourly wind field in rapidly changing situations the 'actual 
trajectories of the fluid columns may be plotted througho~t a synoptic 
situation, except in so far as the motion is affected by non-adiabatic 
process~s and mixing. This procedure, it is hoped, will lead to an in-
crease m our knowledge of the behavior of the currents in the isen-

Figure 53. Potential vorticity lines (thin lines) and stream lines (thick lines with arrows), 
Nov. 21, 1939. 

tropic chart. Such questions as the conditions under which upslope 
motion of the currents of moist air occur may be investigated by this 
means. 

In addition to its value as a research tool in investigating past 
weather, the use of potential vorticity gives promise of being of prog-
nostic worth. The transport of potential vorticity affects the wind-
field, and may become useful in predicting changes in it. This aspect 
of the problem has only been speculated upon so far. It is hoped that 
a later study will establish definite results in this direction. 

Another use to which the concept of potential vorticity may be put 
is the investigation of non-isentropic processes. For instance, the 
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question of whether a given circulation is produced thermally or dy-
namically may be answered by considering whether or not (o has been 
conserved in the currents involved. 

In the various applications suggested it will be necessary ~o con-
struct charts for more than one thin layer in order that the entire ver-
tical extent of the atmosphere be considered. We have confined the 
present investigation primarily to developing the technique of con-

Figure 54. Potential vorticity lines (solid) and isentropic condensation isobars (broken), Nov. 
22, 1939. 

structing charts of potential vorticity and to testing whether the fluid 
columns appear to conserve this quantity in one isentropic layer. 

The potential vorticity field for the layer 0 = 299° to 0 = 303° on 
November 21, 1939 is represented, together with the stream lines, in 
Figure 53. It is seen that (0 has maxima in the Mississippi Valley and 
over the Great Basin, and a minimum just east of the Rockies. The 
distribution of (0 on the following day is shown by the solid lines in 
Figure 54. While the values of the maxima have changed, their 
positions have been displaced in a direction and with a velocity which 
is in complete accord with the lines of flow on Figure 53. The center 
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over Arkan~as has followed the stream lines to Georgia, and that east 
of the Rockies has moved with the current to Texas. Thus, the general 
movement of the field of vorticity appears to be that of the air currents 
of the layer. 

In Figure 55 the lines of potential vorticity and specific humidity for 
November 21 are shown together. The intersections of these lines 
should identify fluid particles. The origins of the arrows in Figure 54 
are the positions of three such intersections. The heads marked C are 
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Figure 55. Potential vorticity lines and isentropic condensation isobars. Nov. 21, 1939. 

obtained by projecting the wind velocity in the direction of flow for 24 
hours. Thus they indicate the positions the selected intersections 
would reach if they moved with the wind observed at the time for the 
next 24 hours. The heads marked O are the positions characterized 
by the intersections of the same q and Co lines 24 hours later. The 
observed positions in all three cases correspond very closely with those 
computed by simple extrapolation, and provide a remarkable check on 
the conservatism of potential vorticity, especially in view of the crude 
method of computation. 
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The apparent change in the magnitude of the maximum in the South-
east may be false, as the wind field was interpolated there. That over 
the Great Basin, on the other hand, is due to non-adiabatic proc-
esses, as the layer was close to the ground there. 

This preliminary investigation thus indicates that potential vorticity 
is a conservative property of air columns, and may be used to trace 
trajectories in the free atmosphere. Further studies concerning its 
usefulness in studying non-adiabatic processes, mixing, and prediction 
of the upper air winds are contemplated. 
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