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The effect of mean flow during an upwelling event 
on the rays of internal waves 

by John Kroll1 

ABSTRACT 

Hayes and Halpern (1976) have calculated the rays associated with internal waves in the 
semidiurnal frequency range. This they do to show how the change of the trajectories of these 
rays, due to density changes occurring during an upwelling event, can explain the decrease of 
semidiumal activity observed at their mooring site. Here we consider the additional effect of 
the mean flow generated by an upwelling event. A quantitative estimate indicates that the mean 
flow can have a significant effect on the trajectories of the rays, though the particular rays of 
Hayes and Halpern may not be significantly changed. 

Hayes and Halpern (1976) have investigated internal waves during an upwelling 
event off the coast of Oregon. To interpret their results, they calculated the rays 
associated with the group velocities of internal waves and showed how these rays 
change trajectory as the upwelling event changes the density field. Moreover they 
show how this change in trajectory can explain the decrease in semidiurnal activity 
observed at their mooring site during upwelling, assuming that the waves are gen-
erated at the shelf break and travel inshore toward their mooring. However, the 
upwelling event also produced a significant mean flow which will change the tra-
jectory of the rays. We will consider here this unaccounted effect. 

We are interested in the change of slope of rays in the vertical (z) and inshore 
(x) plane. So we assume uniformity in the longshore direction. We assume a mean 
velocity field, V = (V,V,W), modifying propagating waves in an internal wave 
field, v = (u,v,w), similar to Mooers (1975). The field is a mean in the sense that 
it is slowly varying in (x,z,t) compared to the internal waves and hence assumed to 
be constant. We assume its magnitude is significantly larger than the internal field. 

The set of equations describing the modified internal wave field is then 

Ut - fv + Wuz + Vu,,= - 1T:,;, 

Vt+ fu + Wvz + Vv,, = 0, 

Wt -b = -1Tz, 

ht + N 2(z)w + Wbz + Vb,,= 0, 
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and 

where 
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U31 + Wz=O, 

b = ;: p, 1T = p/ Po, and N (z) = ;: ap;?) 

We have also assumed that the mean velocity field has no substantial shear and that 
the mean density field, p., varies only vertically. 

Following a method similar to Kroll (1975), we assume a solution to (1) of the 
form 

(u,v,W,7T,b) = (u0,Vo,W0,7T0,b0)eiB(a;,z.t) (2) 

where f is constant and derivatives of the eiconal part S(x,z,t) are much greater 
than those of the amplitude part. To first order, we obtain the eiconal equation 
from (1) which will describe the wave motion of the system: 

F(l,m,w,z) = m2[(w-Wm-Ul)2 - 12] - l2[N2(z) - w (w - Wm - Ul)] = 0, 
(3) 

where we have defined l = Sa:, m = Sz, wave numbers in x and z respectively, and 
w = - St the frequency. For our applications we have N 2(z) >> w (w - Wm - Ul) 
so approximately 

F (l,m,w,z) = m2 (P - / 2) - l2N2(z) = 0, 

where f = w - Wm - Ul. 
The characteristics or rays of (4) are given by 

(4) 

dx dz -dt -dm -dl dw 
Fi Fm = Fw = = Fa; = Fe (5) 

which imply land w are constants on a ray but m varies with z given by (4). The 
group velocity components are then 

Cg., = dx = U + f2 - 12 
dt If 

and 

dz P-!2 
Cgz=dt= W- mf 

And the slope of a ray is given by 

--3:!:._ _ + yw2 - 12 Q 
dx - - N(z) 

where Q is a correction factor given by 

P-f2 -mwr Q=--------cc------
yw2-f2 yf2-f2 [1 + ~] 

f2-f2 

For no mean motion, we have Q = 1 and the usual slope. 

(6) 

(7) 

(8) 

(9) 
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What we want to know is the magnitude of Q in the semidiurnal frequency range 
for a mean velocity field associated with an upwelling event. To make this calcula-

tion, we assume the following values: f = y 2 c.p.d. (l0-4 sec-1) , w = 2 c.p.d. 
and Nl f = 0(102

). Also, from Mooers (1970), we use U = O(l0°ml sec) and the 
horizontal phase velocity ("' I l) of the semi diurnal tide as 0(1 oocm I sec). 

Assuming the mean motion is scaled by topography, we let W h'U where h' 
is the bottom slope. For h' = 0(10-8), we obtain W = 0(10-2 cml sec). We can 
compare the magnitudes of the effects of convection (mW) and advection (lU). 
Using (4), we find 

mW= h'N(z)l f[(f l f)2-lp 
lU 

(10) 

This ratio will ordinarily be O(l0-1) except when r I f = (w - Wm - Ul) l f ap-
proaches unity. Assuming Wm and Ul much less than w, this exception cannot be 

realized for wl f = yL So the advection toward shore should be the more im-
portant. 

Assuming the phase velocity as 0(100 cmlsec) implies that the wavenumber l = 
0(10-6 cm-1). Then we have lUl f = 0(10-1) and, from (10), have mw I f = 
O(l0-2) which can be neglected. We can now evaluate Q from (9) and find Q = .7. 
Thus Q is significantly different from unity, implying that the mean motion should 
not be neglected. 

However, the rays as calculated by Hayes and Halpern may be essentially cor-
rect. Though the mean flow toward shore may be O(10°ml sec) at the mooring site 
at the 100 m. isobath, this velocity is much smaller at the shelf break where the 
rays are believed to originate. For instance, if U = l cml sec, we obtain Q = .96 
which is not a significant factor. So the slopes of these particular rays are probably 
changed little at their origin in deep water at the break. The value of Q becomes 
more and more changed by the mean flow as the rays approach shallower water. 
But because N(z) increases as the depth of the ray decreases, the slope becomes 
smaller (see eqn. (8)) and a change in Q has less effect on the trajectories. So the 
overall effect may not be substantial. But this would have to be more closely 
checked out using accurate data of the mean flow and stratification. 
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