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ABSTRACT 

An efficient technique for long-distance swimming by fish with negative buoyancy is 
suggested and described. This includes a phase of powerless gliding with a gradual increase 
of depth followed by active upward swimming at an angle to the original height. A saving 
in energy of over 50°/0 has been calculated for a given horizontal distance; alternatively, 
increases of over 90°/0 in range for given energy expenditure have been obtained. This may 
be the reason why many rapid-swimming marine fishes, such as scombroids, sharks, and 
rays, have negative buoyancy. A possible future experiment to verify such two-phase swim-
ming in these fish is suggested. 

I. Introduction. It has usually been tacitly assumed that the most efficient 
way of traversing a given horizontal distance by swimming is at some constant 
horizontal velocity. As a result, studies of the hydrodynamics of swimming (see 
reviews by Lighthill 1969 and Wu 1971) do not take into account the effects 
of buoyancy on the range and efficiency of movement of fish, because this has 
no effect on the horizontal movement. 

Fishes with neutral buoyancy have an advantage over those without it in 
being able to hover without motion and to use all their muscular energy for 
propulsion. Thus there has been a great evolutionary development to approach 
this state by lessening the average density of the ti ssues in paring down the 
bone and muscle substance (Marshall 1965), by increasing the fat content, as 
in Ruvettus pretiosus (Bone 1972) or, as in most Teleosts, by employing a 
swimbladder. However, many of the most active and efficient marine swim-
mers are found to be out of hydrostatic equilibrium with their surrounding 
medium; i.e. they are negatively buoyant. These include Scombroidae, such as 
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mackerel (Scomber scombrus), skipjacks (Katsuwonis pelamis), bonito (Sarda 
chiliensis), and others; Selachii, such as mako (Isuridae), mackerel sharks, and 
white sharks (Carcharodon); and free-swimming rays, such as eagle rays (Mylio-
batidae) and devil rays (Mobulidae). 

Therefore there may be some advantages in negative buoyancy to compen-
sate for the requirement of continuous movement to produce lift (Harris 1936, 
Magnuson 1970 ). One such possibility exists in the increase in the vertical 
range available to such fish, which are released from the limit ations on vertical 
velocity imposed by the slowly inflating or deflating swimbladder (Marshall 
l 965). A different hydromechanical explanation is suggested in the present 
paper. With negative buoyancy, a fish can glide at a constant speed or even 
with increasing speed at an angle to the horizontal. Then, to return to its orig-
inal depth the fish swims upward at some other angle. Such techniques of alter-
nate glid ing and swimming phases are quantitatively examined and are shown 
to provide significant gains in range over steady horizontal swimming. 

This range increase, combined with the possibility of rapid changes in 
depth, increase the sea-space available for feeding ( or for shelter from pre-
dators) for negatively buoyant fish, compensating for the disadvantages of being 
heavier than the surrounding medium. These two effects depend strongly upon 
the total depth, which makes negative buoyancy important mainly for marine 
free-swimming species. 

Other marine fish, such as flatfi sh (Heterosomata) and skates, need no neutral 
buoyancy because of their adaptation to bottom living. Even so, they may make 
use of such alternate swimming-gliding techniques in migrating or in other 
long-distance movements. 

2. Analysis. Consider a fish with a given constant density moving in water 
of a constant (but smaller) density so that the fish has a submerged weight, W. 
When a fish swims at a constant speed in a horizontal plane, this excess weight, 
W, is counteracted by lift forces produced by outstretched pectoral fins (Harris 
1936, Magnuson 1970), by heterocercal caudal fins (Alexander 1965), or by 
curvature of the body in a vertical plane, as in Acipenser. The drag forces that 
tend to slow the fish are balanced by the thrust forces obtained by lateral 
oscillations of the body and fins. 

An important feature of these propulsive oscillations is that they apparently 
increase the drag on the fish at a given speed. Lighthill ( l 971) calculated the 
drag by comparing it with the thrust derived from the oscillating movements 
of a dace ( Leuciscus). The drag when swimming was approximately four times 
greater than the drag from gliding, calculated from the same fish. For trout 
(Webb 1971 ), similar calculations produced a factor of about 3. It is probable 
that, for fi sh swimming with anguilliform motions of the whole body, as in 
the case of sharks, rays, flatfi sh, and those mentioned above, the value of this 
ratio, k, between swimming drag and gliding drag will be larger than that for 
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scombroids, which swim by means of tail oscillations while keeping most of 
their body almost rigid. 

The theoretical determination of the drag on an oscillating fish, based on 
its shape and its oscillation parameters, using hydrodynamic principles, is very 

difficult. So far there have 
water surface been no quantitative calcula-

tions of this type, but it seems 
logical that propulsive oscilla-
tions tend to increase the total 
drag on the fish. In the fol-
lowing analysis, therefore, the 
value of the ratio k will be 

Figure r. Schematic description of the two-phase mode. considered greater than unity. 
Now assume that our nega-

tively buoyant fish moves at a constant speed, U, and that the depth at which 
it swims varies (Fig. 1 ). The difference in height, h, between the shallowest 
and deepest points on the traveled trajectory is limited by physiological fac-
tors such as the maximum pressure the fish can tolerate; h, then, is known. 
U is taken to be at, or less than, the " endurance speed" as defined by Mag-
nuson (1970): the maximum continuous swimming speed that can be main-
tained for long peri ods. 

Assume that, when the fi sh reaches point A (Fig. 1) with speed U, it stops 
all propulsive action and starts to glide downward at an angle, ex,. The balance 
of forces acting on the fi sh in the direction of motion and perpendicular to it is, 
respectively, 

Wsincx. = D, 

Wcos ex, = L, 

for gliding at a constant speed and angle; here D is the drag force and L the 
lift force required to keep the trajectory straight. For simplicity, we limit the 
considerati ons here to straight-line trajectories at constant speed. Some more 
general classes of trajectori es are treated further on. 

W is a measurable quantity, here assumed given for any specific fi sh. D, 
obtainable (approximately) from the form of the gliding fi sh (Hoerner 1965), 
is constant fo r speed U. Eq. (1) then defines the " gliding angle", ex., which 
is a constant for a given fi sh and speed. The lift required can be obtained 
from (2). 

The hori zontal distance passed during the gliding stage is a, (Fig. 1 ), defin ed 
as the hori zontal line that connects two points at the same depth. When the 
fi sh reaches point B, it changes course and starts to swim upward at an angle (3. 
In this ideali zed model, the change in direction is assumed to be instantaneous. 

a, = h cot ex, 00< ex.< 9 00. (3) 
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In a real situation, this change would be effected within a finite time and would 
require a finite radius. This finite length is neglected here, because efficient 
swimmers can usually make a right-angle turn within less than one fi sh length3 
(Weihs 1972) while h is of the order of hundreds of fish lengths. 

The balance of forces for the active-swimming phase is 

T = kD + W sin f3, 
L = W cos /3, 

(4) 

(s) 

where T is the required thrust and k is the ratio between the drag when the 
fish swims and glides at the same speed. Using (1), eq. (4) can be rewritten 

T = kD ( 1 + ~k s'.n /3). 
Sin ex; 

(6) 

The thrust required at this stage is larger than the thrust needed for hori-
zontal swimming at the same speed by the factor in parentheses in (6). There-
fore U is taken to be much less than the maximum speed of the fish. 

The distance crossed during this second phase is 

az = h cot (3, Oo</3<900, (7) 

and the total horizontal distance passed is 

a = a,+ az = h ( cot ex; + cot (3). (8) 

The energy expended by the fish in crossing this distance, a, swimming in 
a horizontal line at constant speed, is 

l 
Ee= - kDa 

'Y/ 
(9) 

where 'Y/ is the efficiency of conversion of muscular energy into kinetic energy 
(o < 'YJ< 1). On the other hand, if the fish swims in the two-stage mode de-
scribed above, the energy required by it to cross the same horizontal distance is 

Ev=~ T (a~+ h2)1/2. 
'Y/ 

(10) 

(Energy is consumed only in the swimming stage.) After some manipulation, 
using (6) and (8), we obtain 

kDa tan ex; ( 1 sin /3) 1 

EV = n tan ex; + tan /3 l + k sin ex; cos f3. ( I I) 

3. The fish would have to roll over 90° (rotate around its longitudinal axis) just before point B in 
order to make use of its full turning capabilities. 
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We now have expressions for the energy required to cross a given distance in 
terms of the fish parameters 'Y/, k, D, ct, depending only upon the fish's shape 
and speed, and an unknown angle, {J. For a specific fish moving at a constant 
speed relative to the water, the four parameters are constant values. In the fol-
lowing section, eqs. (9) and (11) are used to obtain optimal trajectories in vari-
ous cases. 

3. Results and Discussion. (i) MINIMUM ENERGY REQUIRED TO CROSS A 
GIVEN HORIZONTAL DISTANCE. Eqs. (9) and (11) show that the energy re-
quired by a fish to cross a given horizontal distance when swimming at a 
constant speed and depth is different from that required when it alternately 
glides and swims at the same speed. We now look for the mode of motion that 
minimizes the energy required to cross a given horizontal distance while it 
moves at a constant speed. This problem is relevant to the heavier-than-water 
fishes that have to move constantly to produce lift in order to counteract un-
controlled sinking. 

Defining a nondimensional relative energy "saving" S as 

we have 

S _ Ee-Ev 
- Ee ' 

S = 1 _ tan ct ( 1 + sin {J) . 
sin fJ + tan ct cos fJ k sin ct ' 

(12) 

the angle {J, for which the energy saving is maximal, is obtained by differ-
entiation, and satisfying the condition 

dS tan ct cos {J- tan2 ct sin fJ I tan ct/sin2 fJ 
dfJ= (sinfJ+tanctcosfJ)2 -k (1+tanctcot{J)2=o, (i4) 

which, after some simplification, leads to 

I 
cos (ct+ fJ) = k' 

which defines the fJ for which the energy saving is the largest. 

I 
/Jmax = arc cos k - ct. 

Computing the second derivative shows that this value is a maximum of the 
function S({J). The problem, as defined above, permits fJ to be within the range 
0° < fJ < 90° only, so that when ct> arc cos 1 /k there is no optimal case. Next 
the relative saving in energy, S, is plotted for k = 3 and a series of variou; 
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Figure 2. Nondimensional energy saving, S, versus angle of active swimming fJ when k = 3, for 
various gliding angles, cc. Dotted line shows maximum saving. 

gliding angles (Fig. 2). This k value is reasonable for fish swimming in the 
anguilliform mode, and savings of more than 50°/o are obtainable. There is 
another important result: the larger the gliding angle, the smaller the largest 
possible saving in energy and the smaller the range of rising angles for which 
there is a saving in energy by employing the two-stage mode. (Negative S 
means that the two-stage mode requires more energy per unit distance traversed 
than swimming at constant depth). 

Here the problem of realistic values of ct arises. We have seen that 1 < k < 4, 
and in order to be able to give a specific value for the saving in energy, we need 
some estimate of the gliding angle, ct. Again, available data are l imited. The 
only case for which suffici ent data have been found is the skipjack tuna, 
Euthynnus a/finis (Magnuson 1970 ), a small scombroid for which tan ct increases 
from 0.2 at speeds of about 1.5 length/sec to about 0.25 at speeds greater than 
2 length/sec. Eestimates for some sharks and for plaice (Pleuronectes platessa L. ), 
for which only partial data are available, lead to the conclusion that tan ct is 
approximate! y o. 2. 

This value for ct was used in Fig. 3 where the nondimensional energy 
saving is shown for various values of k. For example, when k = 1.5, which is 
probably a reasonable value for scombroid fi sh, a maximum saving of 20°/o 
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Figure 3. Nondimensional energy saving, S, versus angle of active swimming {J for various values of 
k, when tan ex = 0.2. Dotted line shows maximum saving. (Note: /J should read /J0 .) 

is possible, and for all k larger than I, the fish can save energy by using the 
two-phase mode. 

Another interesting feature of Figs. 2 and 3 is the flatness of the curves for 
S near their maximum values. This indicates that the fish can obtain close to 
optimal savings, even when the angle of rise is appreciably different from the 
optimum. This is a useful feature, as accurate detection and control of the 
angle of ri se may be difficult for the fi sh. 

The time required to traverse a given horizontal distance, using the two-
stage mode, is obviously longer than that needed for swimming at a constant 
depth, because the distance actually traversed by the fi sh is farther. The ratio 
between the time required in the two-stage mode and that for horizontal . . . 
swimming 1s 

tv a,/cos o: + a,/cos fJ sin o: + sin fJ 
i: =-= - -------'--- · 

tc a,+ a, - sin (o:+fJ) ' ( I 6) 

for example, when tan o: = 0.2(0: £,e I 1.2°) and k = 1.5 so that flmax = 37° 
from ( I 5), i; = I .07. Thus, for a typical scombroid, the time required to trav-
erse a given distance by means of the two-stage mode is 7 °/0 longer, but the 
energy expenditure shows a saving of 20°/o. For the sharks, rays, and flatfish; 
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which swim in anguilliform fashion (k = 3), the energy saving is 490/0 and the 
time penalty only 12°/0 • 

(ii) MAXIMUM DISTANCE REQUIRED FOR GIVEN AVAILABLE ENERGY. 

Now we examine the somewhat related problem of a fish trying to cover a 
great distance with a given amount of energy available, as when trying to reach 
feeding grounds and crossing poor feeding areas along its way. In trying to 
attain its objective, the fish will have to adopt a method of travel that will 
enable it to cross the longest possible distance on its internal energy supply. 

The horizontal distance traversed is, from (8), 

av = h (cot oc + cot fJ). 

The energy expenditure in the two-phase mode is, from eq. ( 1 o ), 

Ev =.:. T (a2 + h2
)'

12 =.:. Th -.-
1

- ; 
11 • 'Y/ Sin {J 

substituting in (17) 

av= 'Y/ E; (sin fJ cot oc + cos fJ). 

Recalling that Ev is a given constant in the present case and using (6), we 
obtain 

E sin (oc + fJ) 
av= 11 Dk sin oc + sin fJ" (20) 

For comparison, the distance traversed while swimming in a straight horizontal 
line at speed U, using energy E, is 

E 
ac = 11 kD' 

so that the relative change in range for the given energy E is 

I= av-ac = sin (oc+{J) _ 1 
ac sino:+ 1/ksinfJ · 

Since the trigonometric equati on for the optimal values of fJ as a function of 
oc and k is rather unwieldy, I has been plotted as a function of fJ for various 
values of k and oc (Figs. 4 and 5) and the optimum angles found by numerical 
means. The results are similar to those of the previous problem, producing 
even more striking gains. Thus, for k = 3 and oc = 12°, an increase in range 
of over 90°/0 has been obtained for the two-stage swimming technique. Here 
the time penalties are again of the same order as in the previous case. In this 
case also, it is seen that fish swimming in anguilliform motion can expect higher 
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Figure 4. Nondimensional range increase, /, versus swimming angle /3 for various values of k, with 
a,: = 12° . Dotted line shows maximum gain. (Note : /3 should read {3°.) 

gains as compared with fish having lower k, relative to horizontal swimming. 
The actual range, however, becomes smaller as the value of k increases, for 
given energy ( eqs. 20, 2 I). 

The discussion about energy expenditure can be somewhat improved by 
taking into consideration the internal energy requirements of the fish. If we 
define these as the energy-consuming processes that are unrelated to propulsion, 
then the rate of energy loss to the fish, w, as a result of these factors can be 
taken as constant if we assume that there are no significant changes in such 
processes during long-distance swimming. 

The total energy spent is 

which, for horizontal swimming, can be written as 

for the two-stage mode, 

E = !_ Th +wh(_1_+_1_) 
ri sin f.J U sin IX sin f.J · 

We define Twas the equivalent drag force, which at speed U and conversion 
efficiency ri would produce work at the internal rate, w. 
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Figure 5. Nondimensional range increase, l, versus swimming angle {3 for various gliding angles, 
a, when k = 3. Dotted line shows maximum gain. (Note: {3 should read f3°.) 

The total horizontal distance traversed can now be written as 

71 E cot IX+ cot fJ 
av = D (k+T wfD) sin 1X+ (1 +Tw/D) sin /J' 

so that the relative increase in range for the available energy, E, is 

sin (1X + fJ) 
/= - - -~- - ~-- - I 

. (1+Tw/D). . 
sin IX+ (k + T wf D) sin fJ 

Fig. 6 shows the dependence of the maximum range increase and the angle, 
{]max, at which this increase is obtained on the ratio T w! D. When T w/ Dis less 
than 0.05, the differences are negligible; and even for the case T w/D = 1, 

there is still an appreciable increase in the range because of the use of the two-
stage mode. This ranges from 11 °/o to 50°/o , depending upon k. 

Experimental data fo r the ratio T w! D were found for only fishes of neutral 
buoyancy. All of these have values of T w/D < I for cruising speeds (Brett 1964, 
Tytler 1 969, and others). 

The maximum gain in range decreases as a result of the presence of internal 
processes for two reasons. First, the available energy for swimming is less than 
for the former case, taking the total energy of the fi sh as constant, [ eq. ( 2 3)]. 
Al so, the internal processes, being time-independent, render the two-phase 
mode, which takes longer to complete, less advantageous. 

The angle at which the maximum range increase occurs becomes smaller 
as the ratio of the internal rate to the swimming rate of working becomes larger. 
This is unexpected, since, from the former arguments, the inclusion of internal 
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Figure 6. Maximum nondimensional range increase, / (solid line), and angle at which this gain is 
achieved (dotted line) versus ratio of "equivalent internal drag" [eq. (25)] to hydrodynamic 
resistance. (Note: {Jopt should read {J0 opt-) 

energy should bias the optimal case toward trajectories that involve a shorter 
total time (i.e., larger {3 at constant U and ix). The explanation lies in the fact 
that we are calculating the maximum relative gain by dividing by the horizontal 
swimming range, which is also affected by the internal processes. 

(iii) MAXIMUM RANGE WITH GIVEN ENERGY AND TIME-VARYING SPEED. 
We now consider the more general class of swimming modes, including changes 
in the speed. By relaxing the constraint of constant speed, we open up a wide 
new range of possible modes of motion; but we shall limit ourselves to just one 
mode to show the additional parameters and complexities introduced in the 
present case. 

Referring to (I), we see that, if the fish starts gliding at point A (Fig. I) and 
at speed U at an angle r that is larger than the "gliding angle", ix, the forces in 
the direction of motion will be larger than the opposing drag force. As a result, 
the fish is accelerated in the direction of gliding. The lift forces required 
become smaller ( 2) so that by partial retraction of the pectoral fins or by 
changes in their camber and angle of attack, equilibrium in the normal direc-
tion can be maintained. Thus, accelerated movement at a constant angle, r, 
is possible. 

When the fish arrives at point B, at a high speed, various options are avail-
able, some of which are now described. This fish can now: (i) glide at depth h 
for a while until its speed returns to U and then swim at angle {3 back to the 
original depth (Fig. 7a); (ii) glide upward at angle b till its speed returns to U 
and then swim at angle {3 (Fig. 7b); (iii) start swimming at angle {3 at point B, 
gradually losing speed because of insufficient thrust available to maintain the 
high initial speed (Fig. 7 c). Other situations can also be projected. 

In all the cases considered in this paper, the active swimming stage is carried 
out at speed U, enabling the energy conversion efficiency, 'Y/, to be taken con-
stant. The dependence of this efficiency on swimming speed is not yet known, 
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Figure 7. Schematic description of vari ous swimming modes with accelerated gliding; a, top; 
b, middle; c, bottom. 

but it would have a decisive influence on optimality calculations of the type 
appearing in this paper. 

N ow we shall examine case (i), again neglecting the internal-energy con-
suming processes for simplicity, having shown that these processes do not cause 
qualitati ve changes in the results. 

In the fir st stage, we have a gravitational force, w sin r, counteracted by the 
drag, D, but as r > o:, from ( 1 ), 

w sin r > D. 

The hydrodynamic resistance, R, to motion at the range of speeds at which 
fish usually swim is approximately proportional to the square of the swimming 
speed, i .e., 

R = cu2 • 

The balance of forces in the direction of moti on is 

du . 
m - + cu2 = w sin r, 

dt 

where m is the longitudinal added mass, which is approximately equal to the 
fi sh mass. This is a Riccati differential equati on, for which the soluti on (Davi s 
1962) shows that the velocit y reaches the terminal velocity, 

(
w sin r)'/2 

Uo = --- , 
C 



206 Journal of Marine Research [3 1,3 

whenever the length of the gliding stage exceeds a few fish lengths. The hori-
total distance traversed is 

h 
a,=-.-. 

Sin r 
(32) 

The second phase of horizontal gliding starts off at speed Uo and ends when 
the speed reaches the lower value, U. The balance of forces during this stage 
can be written 

integrating once gives 

du 
m - +cu2 = o; 

dt 

m 
Cut +C,, 

and C, is determined by the speed at t = o; i.e., u = Uo, so 

m c, =-u.. 
C o 

Another integration with respect to time gives the distance traversed 

It, m ( cUot2 ) 
a = 

0 

udt = ; In I + -;;;- . 

(33) 

(34) 

(35) 

(36) 

The time required for this stage can be obtained from (34) and (35), recalling 
that the end of stage 2 is reached when u = U. 

fz = ;( ;- ~J (37) 

az = '!!:in Uo = !!!_In s!n r. 
C U 2 C Sin IX 

The active swimming stage can be decoupled from the two gliding stages, as 
it is identical to that of page 197. The possible advantage of accelerated gliding 
can be found by comparing just the horizontal distances crossed during the 
gliding phases of the two cases. 

Thus, when 
m s1nr 

h cot r + - In -. - - h cot IX > o 
2 C Sin IX 

r > IX, (39) 

it is advantageous to use the varying speed technique. If a function, L, is now 
defined as 
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Figure 8. Range of gliding angles and m/zch for which accelerated gliding is more efficient than con-
stan t-speed gliding (shaded region). (Note: t should read t 0 . ) 

L (t) = cot t + mh In sin t, 
2C 

inequality (39) may be written 

L (r) - L (cx.) >O for r > cx.. 

Fig. 8 shows, in the shaded region, the range of angles for which L is an in-
creasing function oft versus the dimensionless parameter m/2eh. For (41) to 
be fulfilled, r has to be within the shaded region. There are angles r satisfying 
this condition only fo r values of m/2eh that are larger than 2. From the data for 
E. a/finis (Magnuson 1970) and taking h to be 150 m, the value of this para-
meter is approximately 0.025, so that accelerated gliding is seen to be less ef-
ficient than constant-speed gliding for such fi sh. The value of this parameter 
for fi sh of larger size can be estimated by taking m proportional to the fi sh 
length cubed (assuming that all other dimensions change with length). The 
coefficient c is proportional to the length squared, as (29a) 

(42) 

This estimate leads to the conclusion that, for the given depth, h, fi sh that are 
1 oo times the length of E. a/finis would be able to benefit from accelerated 
gliding. This impl ies that no existing fish would make use of such moti ons, as 
E. a/finis is approximately 0.5 m in length. 

A different possibility of increasing the value of m/2 ch is by decreasing h. 
This also would not be of much use, as the required reduction would result in 
h not being much larger than the fi sh length, causing the hitherto neglected 
course-changing processes to become significant. (This happens also for the very 
large fi sh postulated above.) 
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From the arguments, it seems that accelerated gliding of the type described 
in Fig. 7a will in no case be more advantageous than constant-speed gliding. 

4. Concluding Remarks. By employing a two-stage swimming mode con-
sisting of gliding at an oblique angle and swimming back to the original depth, 
a fish may achieve significant improvements in swimming performance. The 
cases considered here are only a rather limited part of the possible ways a fish 
can make use of its negative buoyancy. Thus we have not treated the case of 
angles of gliding or climbing that vary during these maneuvers. Swimming 
at time-dependent velocity and the effects of variable sea density were also not 
considered. Various other optimization problems may be projected, such as the 
most rapid way of reaching a point at a given distance when continuous hori-
zontal swimming would require more than the available energy. It seems some-
what premature to attempt these and more intricate formulations so long as 
no direct experimental evidence for two-phase modes is available. 

It is known that the fish discussed here ( see Introduction) are distributed 
over a wide range of depths. The absence of the swimbladder would enable 
rapid changes with depth. Such rapid diving and climbing would agree with 
the modes of locomotion suggested here, as a typical glide-swim cycle time is 
of the order of 5 minutes whereas bladder equilibration takes a few hours. 

Data on long-range swimming of heavier-than-water fish would therefore 
be of great interest. Experiments could include the tagging of individual fish 
with position transmitters and plotting their position (horizontal and vertical) 
versus time. 
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