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ABSTRACT 

The two-dimensional modes of oscillati on of a fluid in a rectangular basin are found from 
the linearized equations of motion in terms of transport variables by employing an extension 
of Galerkin 's method. The depth functi on is arbitrary in so far as the verti cal accelerations 
remain negli gi ble and is herein chosen as a fir st-degree functi on of the space variables to 
illu strate the technique. An alternative approach, using wave height as the dependent vari-
able, is also given. Comparison made with one-dimensional-fl ow theory and shows errors in 
that theory of up to I 7 °/0 or more when the depth varies within the region . 

I. Introduction. Two-dimensional seiche moti ons have been investi gated 
in only special cases. Examples of these may be found in Lamb (1932: 
282-293), J effr eys (1924), and Hidaka (1932). Lamb has discussed oscill a-
ti ons in rectangular and circular basins of uniform depth as well as oscill ati ons 
in a circular basin in which the bottom profil e is a paraboloid of revoluti on. 
J effr eys has examined oscill ations in an ellipti cal basin of uniform depth. Hidaka 

1. Accepted for publi cation and submitted to press 1 2 October 1 9 70. 
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has treated the rectangular basin whose depth is constant parallel to one axis, 
with the cross-section parallel to the other axis parabolic. 

The Galerkin method (Kantorovich and Krylov 1958: 258-262) has been 
applied by Clarke (1968) to the one-dimensional-fl.ow problem. The purpose 
of this paper is to extend the Galerkin method in order to treat the two-
dimensional-fl.ow problem in a basin whose surface is rectangular and whose 
depth is arbitrary to the extent that vertical accelerations remain negligible. 

2. Formulation of the General Problem using Transport f/ariables. In the 
paper by Clarke ( 1968), the one-dimensional-fl.ow problem was treated by 
using a transport variable in the direction of fl.ow. In this paper, initially, this 
technique will be extended to the two-dimensional problem by using two 
transport variables. Then an alternative approach, using only one variable 
(wave height), will be discussed. 

Let horizontal axes Ox, Oy and a vertical axis Oz, upward, be chosen with 
origin in the free undisturbed surface. Then (x,y, z) are the cartesian co-
ordinates of a particular point in the fl.uid where a particle has velocities (u, v,w). 
Suppose that and 'Y/ are the horizontal displacements of a fl.uid particle from 
its mean position and that C is the vertical displacement of a particle in the 
surface above the free surface. 

If the depth is h = h(x,y), and if it is assumed that the vertical accelerations 
are negligible and that the wave heights, C, are very much smaller than h, the 
vertically integrated equations of motion are 

. aC 
u = -g ax 

. aC 
V=-gay' l (1) 

where g is the acceleration due to gravity. The equation of continuity for an 
incompressible fl.uid has the form 

a a . 
0 )uh) + 0 /vh) = - C. (2) 

Since and 'Y/ are the x and y displacements of a fl.uid particle, it follows that 

u = and v = ry. (3) 

After substituting from (3) and integrating with respect to time, eq. (2) becomes 

a a 
ax(~h)+ a/rJh) = -C, (4) 

with the assumption that h is independent oft; the constant of integration is 
zero from initial conditions. 
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By replacing C in (1), we obtain 

.. a {a a } ~=gax ax(~h)+ay('YJh) 

ij = g~ {~ (~h) + (rJh)}-ay ax ay 

Introducing two transport variables, 

ex= h~ and fJ = h'YJ, 
and letting 

ex = ex*eiat and fJ = fJ*etat 

l 
49 

(5) 

(6) 

(7) 

in order to find the frequencies, a, of the normal modes of oscillation, eqs. (5) 
become 

h !_ {a ex* + a (J*} + a
2 

ex* = 0 
ax ax ay g 

a {a ex* a fJ*} a• 
hay ax+ ay +g(J*=o, 

with boundary conditions appropriate to the shape of the boundaries. 
The boundary condition is that the normal transport across a vertical bound-

ary must be zero for all time, t. Thus, if '1/J is the angle made by the tangent to 
the surface perimeter with Ox, then 

ex* sin '1/J - (J* cos '1/J = o (9) 

on the perimeter. From this point on, the asterisk on the variables will be 
omitted for convenience. 

3. Approximate Solution of the Problem. The Galerkin method is extended 
to solve the two-dimensional-Row problem represented by eqs. (8) and (9). 
To solve the operator equations 

Lr(a,(J) = o and L,(ex,(J) = o 

under appropriate boundary conditions, where L, and L, are the operators in 
(8), approximate solutions are developed in the form 

l (,o) 
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I (rn) 

where f(x,y) and g(x,y) are functions that satisfy the boundary conditions; 
and the <p functions are continuous throughout the surface, with the orthogo-
nality conditions 

ff /r(ocn,/Jn)<p,idS = o, i = 1,2, .. . ,n, 

ff /2(ocn,/Jn)<p21 dS = o, j = 1,2, . . . ,n, 
} (") 

where S is the surface of the fluid. 

4 . .Application to a Basin of Rectangular Plan. For the rectangular basin, 
choose 

f(x,y) = x(l-x) 

g(x,y) =y(h-y), 
} ( I 2) 

where I and h are the length and breadth of the surface so that the <p functions 
satisfy the boundary conditions (9). 

It is convenient to denote the approximations with N = o, 1,2, ... , 
where N is the degree of the polynomials that appear in ( 1 o) as the multipliers 
off(x,y) and g(x,y). Then the functions approximating the transport are 

n k 
oc ~ x(l-x) 2 2 arxk-ryr 

k=or~o 
n k 

/J~y(h-y) 2 2 hryk-rxr, 
k=or=o 

where n = 1/2k(k + 1)+r+1. 

} (, 3) 

After substituting from ( 1 3), the orthogonality conditions ( 11) become 

J J 8 ( h { - 2EE arxk-ryr + 2 (l-2x)EE ar(k-r)xk-r-,yr 

+ x (l-x)EE ar(k-r) (k-r-1) xk-r-zyr + (h-2y) EE hrryk-r xr-, 

az 
+ y(h-y)EE hrr(k-r)xr-ryk-r-,} + x(l-x) g EE arxk-ryr) 

.x(l-x)xs-tytdS = o, 
t=o,1, . .. ,s, 

s=o,1, ... ,N, 

together with a similar system of equations for the operator L 2 • 
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Table I. Eigen-values A = a2 r /ghe for square basin of side I, constant depth. 

NMod.e (1,0) (0,1) (2,0) (I ,I) (0,2) (3,0) (2,1) (1,2) (0,3) 

I 10 10 42 20 42 
2 9.8697 9.8697 42 20 42 102.13 52 52 102.13 
3 9.8697 9.8697 39.50 19.743 39.50 102.13 52 52 102.13 

Analytic 9.8696 9.8696 39.48 19.739 39.48 88.83 49.35 49.35 88.83 

The coefficients of the ai and h1 are computed for each sand t value and 
are of the form µiJ + AVtJ, where A= a' 12/gh, as in the one-dimensional treat-
ment (Clarke 1968). 

Matrices A and Bare defined by A= (µiJ) and B = (vt1), and the system of 
equations takes the form ( A - AB) X = o, where X is the column vector of the 
ai and h1, and A and X are found as the eigen-values and eigen-vectors or 
B-,A. 

For N = o, ex: and (J are approximated by polynomials of degree 2. Then n 
= 1 and the matrices A and B are second order. There are two eigen-values 
and their associated eigen-vector, and each corresponds to the first approxima-
tion for the fundamental modes of oscillation. The eigen-values determine A, 
and hence a; the eigen-vectors determine ex: and (J to within an arbitrary multi-
plying factor. Wave height may then be calculated from (4). 

As N increases, the number of modes approximated also increases, and pre-
vious modes are determined to a higher precision. 

5. Numerical Discussion. A very simple basin shape, that of a square plan 
with constant depth, is chosen as an illustration of the procedure. Due to the 
symmetry of the basin, the polynomial approximations to the transports need 
to be increased by 2 in the value of N in order to find the eigen-values and 
eigen-vectors to a higher precision. Table I shows the approximations to the 
various modes as N increases; it also compares them with the analytic solution 
(Lamb 1932: 284). Modes are represented by (p,q), where pis the number of 
nodal lines perpendicular to Ox, and q is the number perpendicular to Oy. 

A more interesting example is now considered. The basin shape has a square 
plan and the depth is a linear function of x and y, corresponding to equal gra-
dients in the x and y directions. The gradient parallel to Ox and to Oy is 

o. 2 he/I, 

where he is the depth at the center of the basin and / is the length of the 
basin. 

Table II shows the eigen-values for this basin as N is increased from 
1 to 3. As the nodal lines are not generally parallel to the sides, the eigen-
values are denoted by At, i = 1, ... , 9 and correspond directly to the order 
in Table I. 
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Figure r. Nodal lines for approximation N = 3 to oscillations in a square basin having slopes 0.2 he/I 
parallel to the axes Ox and Oy. Dotted lines for clarity only. 

The eigen-vectors of B- 1A determine the transports oi: and {3. From (4), the 
wave heights, (, have been calculated and plotted to illustrate the nodal lines. 
These appear for N = 3 in Fig. I; they show that, in general, nodal lines 
are shifted toward the shallow end when compared with those in a basin of 
uniform depth. 

6. The General Problem, using Wave Height as the /7ariable. By following 
the argument in § 2, by differentiating (2) with respect to time, and by re-
placing u and v in eg. (I), we obtain 

Table II. Eigen-values At = a;l 2 /ghc for square basin of side I, having slopes. 
0.2 he/I parallel to the axes Ox and Oy. 

N' 
I 
2 
3 

I 2 3 4 5 
9.9078 
9.7886 
9.7873 

9.9738 
9.8532 
9.8524 

42.026 
41.257 
39.009 

20.066 
19.934 
19.722 

42.026 
41.267 
39.022 

6 

102.35 
98.67 

7 

52.55 
51.57 

8 9 

52.67 102.35 
52.15 99.05 
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C=g - h - + - h - . .. { & ( & ' ) & ( & ')} 
&x &x & y &y 

The frequencies of normal modes may be found by letting 

C = C* etat_ 

Omitting the asterisk for convenience, ( I 5) becomes 

i_ (h & ') + i_ (h A ') + a• C = o 
&x &x &y &y g ' 

53 

with the boundary condition that the normal gradient of the wave height be 
zero at the vertical boundary, that is, if n denotes the normal direction to the 
boundary; then 

on the boundary. 

&c = o 
on 

7 . .Approximate Solution of the Problem. The boundary condition makes it 
difficult to find the <p functions that satisfy condition ( I 8). However, the fol-
lowing procedure suffices. Let C be approximated by a polynomial 

By imposing the boundary condition ( 1 8), we now force some of the ht to be 
inter-related, and a set of independent <p functions is obtained. 

So that the results in § 5 may be used for comparison, the <p functions are 
found here for a square basin except that the origin is chosen in the center for 
convenience. Assuming that the sides are two units in length, the independent 
<p functions that satisfy the boundary conditions are 

(Since the sides have been taken as two units in length, the eigen-values ob-
tained have been multiplied by 4 for the purpose of direct comparison with the 
results in § 5; they appear in Table II I). Thus 

n 
Cn = a,+a,(x3-3x)+a3(y3-3y)+ ... ton terms= L a,<pt (20) 

t= I 

is the nth approximation to C. By applying the orthogonality conditions, 

ff f (Cn)<pidS = o,i1, 2, ... , n (21) 
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Table III. Eigen-values A = a2 /2 jghc for square basin of side I, constant depth. 

nMode (1,0) (0,1) (2,0) (I, I) (0,2) (3,0) (2,1) (1,2) (0,3) 

3 9.8824 9.8824 
6 9.8824 9.8824 40.000 19.7648 40.000 

10 9.8696 9.8696 40.000 19.7648 40.000 92.59 49.88 49.88 92.59 

15 9.8696 9.8696 39.480 19.7392 39.480 92.59 49.88 49.88 92.59 

Table I 9.8697 9.8697 39.50 19.743 39.50 102.13 52 52 102.13 

Analytic 
solution 9.8696 9.8696 39.478 19.7392 39.478 88.83 49.35 49.35 88.83 

Table IV . Eigen-values At= a:/2/ghc for square basin of side I having slopes 
0.2 he/I parallel to the axes Ox and Oy. 

n Ni 2 3 4 5 6 7 8 9 

6 I 9.7989 9.8636 40.018 19.829 40.018 
10 2 9.7872 9.8524 39.377 19.733 39.378 92.74 50.45 50.41 92.74 
15 3 9.7870 9.8524 38.911 19.713 38.911 89.97 49.82 50.17 89.97 

Table II 9.7873 9.8524 39.009 19.722 39.022 98.67 51.57 52.15 99.05 

leads to terms of the form - µti+ AVtj as in § 4; and again, matrices .A and B 
are defined with (.A- AB)x = o. 

Table III illustrates the eigen-values obtained from the successive approx-
im:;i.tions n = 3, n = 6, n = 10, .. . (corresponding to N = 1, N = 2, N = 3, 
. . . used previously) for a square basin of constant depth. These values are com-
pared with those in Table I. 

Table IV, which shows the eigen-values obtained from (21) for the square 
basin with equal slopes in the x and y directions, has been considered in § 5. 
As in Table II, these values are denoted by At, i = I, ... , 9 and correspond 
directly to the eigen-values in Table III. 

The Galerkin procedure yields successive approximations to the eigen-
values. These approximations converge from above unless a numerical integra-
tion has been introduced or unless the build-up of round-off errors is excessive. 
Considerable care in truncation and the use of double-precision arithmetic in 
the computation of these data have ensured that the round-off error is not 
excessive. Thus it is assumed from Table IV that the eigen-values given by the 
wave-height equation are more accurate than those of Table II, which are 
obtained from transport equations. This is not a criticism of the use of the 
transport equations; it merely reflects the more fortunate choice of the <p func-
tions for approximating the solution of the wave-height equation. 

The eigen-vectors obtained from the two approaches to the solution bear 
consideration. For the eigen-values An A2 , • •. , As, the discrepancies in their 
values are very small and the corresponding eigen-vectors show close agreement 
in both nodal lines and wave-height except for the two pairs corresponding to 
A3 and A5. In the wave-height solution, these two eigen-values are the same 
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Figure 2. Alternative forms of Figs. I (c) and I (e) given by the degenerate eigen-values of the wave-
height solution. 

and are therefore degenerate, giving an infinite set of possibilities for their 
eigen-vectors. A possible member of this set for each of A3 and As is illustrated 
in Fig. 2. For the eigen-values A7 and As, the discrepancies are about 2°fo. 
Hence the nodal lines are in reasonable agreement, but the wave heights agree 
only in that they show the same general trend. The remaining eigen-values, A6 
and A9, differ markedly, indicating that their values in Table II are inaccurate 
and that a comparison of their nodal lines is inappropriate. In this case the value 
89.97 is also degenerate, which makes comparison of nodal lines out of the 
question. 

As a further illustration, modes were determined for square basins with plane 
sloping bottoms in the x direction; wave height was used as the variable; the 
results are in Tables V and VI. In the examples in Tables V and VI, he 
denotes the depth at the origin, which is in the center of the basin, and 2 I 
denotes the length of a side. The ordering of the eigen-values is the same as 
that used in Tables II and IV and conforms to the ordering in Tables I 
and III. 

In the examples in Tables V and VI, it is possible to find approximate solu-
tions in an easier manner, since the depth is a function of one variable only. 

8. Depth Relationship as a Function of One f?ariable only. When the depth is 
given by 

h = h(x), 

eq. ( 1 7) can be simplified by the separation of variables. 
Let 

C(x,y) = X(x)Y(y), 
then 

(22) 
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Table V. Eigen-values Ai= a't P/ghc for square basin of side 2 / with bottom 
slope o. I he/I parallel to Ox. 

ni 1 2 3 4 5 6 7 8 9 

3 2.4706 2.4706 
6 2.4659 2.4625 10.000 4.9493 10.005 
10 2.4631 2.4593 9.9686 4.9372 9.8732 23.184 12.483 12.597 23.148 
15 2.4631 2.4593 9.8486 4.9316 9.7508 23.042 12.434 12.534 22.569 

Table VI. Eigen-values Ai= aIP/ghc for square basin of side 21 with bottom 
slope 0.3 he/I parallel to Ox. 

ni 2 3 4 5 6 7 8 9 

3 2.4706 2.4706 
6 2.4286 2.3994 10.000 5.0124 10.042 
10 2.4281 2.3942 9.725 4.9070 9.116 23.462 12.578 13.354 23.148 
15 2.4280 2.3941 9.6688 4.9042 8.9604 22.254 12.151 12.887 20.211 

and 

h d
2 

X + dh dX + (az _ Kz h) X = 0 . 
dx2 dx dx g (25) 

For the square basin of side 2 I, with the origin in the center, the boundary 
conditions are 

dY 
y = ±I (26) -=0 at 

dy 
and 

dX 
X = ±I. (27) - =0 at 

dx 

Using the examples given at the end of § 7 as an illustration, 

for a basin whose bottom parameter ism in the x direction. Eq. (25) becomes 

(28) 

where A = a2 /ghc. 
The solution of (24) and (26) is 

r = c cos~~ (y + I), 
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Table VII. Eigen-values At= aU2 /ghe for square basin of side 2 /, with bot-
tom slope o. 1 he/I parallel to Ox. 

2 3 4 5 6 7 8 9 10 
;., 2.4631 2.4593 9.8468 4.9316 9.7440 22.153 12.311 12.410 21.645 39.38 

(1,0) (0,1) (2,0) (I , I) (0,2) (3,0) (2,1) (1,2) (0,3) (4,0) 

II 12 13 14 15 16 17 18 19 20 
;., 24.62 19.71 25.04 38.03 61.86 41.85 32.01 32.08 42.86 -

(3,1) (2,2) (1,3) (0,4) (5,0) (4,1) (3,2) (2,3) (1,4) 

Table VIII. Eigen-values At= aU2/ghe for square basin of side 2 /, with bot-
tom slope o. 3 he/I parallel to Ox. 

2 3 4 5 6 7 8 9 10 

Ai 2.4280 2.3941 9.6605 4.9040 8.9254 21. 724 12.095 12.789 19.008 38.71 
(1,0) (0,1) (2,0) (1,1) (0,2) (3,0) (2,1) (1,2) (0,3) (4,0) 

II 12 13 14 15 16 17 18 19 20 

;., 24.16 19.49 26.03 32.67 63.19 41.16 31.49 32.19 43.53 -
(3,1) (2,2) (1,3) (0,4) (5,0) (4,1) (3,2) (2,3) (1 ,4) 

where p = o, I, 2, ... , c is a constant, and 

n 
K = p 2/' 

The analytic solution for (28) may be found when K = o. By using the 
substitution u2 = 1 +m(x/1), the solution is 

{2/ ( ( mx)) 1

/

2

} {2/ ( ( mx)) 1

/

2

} X = .AJo m A I + T + Bro m A I + - ,- . 

Applying the boundary condition (27), we obtain 

X = .A { Y 1 (y) ] 0 { ( A ( I + ~x) r 2 } 

-J,(y)ro{~ (A(I + ~x))" 2

}}, 

where y = (2//m)(A[I + m]) 1i2 • 

The period equation is 

( ( 

1 
_ m) 1/

2

) ( ( 
1 

- m) 1/

2

) r,(y)J, y 1 + m -J,(y)YI y 1 + m =O. 

l 
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The values in Tables V and VI are in excess of the roots of (32) by I part in 
10000, 5000, 1 oo for the first, second, and third harmonics, respectively. 

For K :!a o, approximate solutions are obtained by a Galerkin procedure. 

Let 
n jn n 

x~Xn = 2 a1 cos 21 (x +I)= 2 a1<p1, 
j=o j~o 

(33) 

which satisfies the boundary condition (27). The orthogonality condition 
requires that 

+l 

J ( ( 1 + m 7) x: + 7 X~ + {A-K2 (I + m 1)} Xn) <p1dx = o, 
-l 

j=o,1,2, .. . ,n, 

} (34) 

which rapidly yields eigen-values and eigen-vectors representing frequencies 
and wave heights of the normal modes of oscillation for various slope para-
meters m in this basin. Tables VII and VI II show that a• 12 /ghc for m equals 
0.1 and 0.3, respectively; the first 
nine values of each may be compared 
with Tables V and VI. 

9. Comparison with One-Dimen-
sional Flow. Note that, if the oscil-

Table IX. Eigen-values At= a;P/ghc 
for the (o,n) modes in a square basin 
of side 2 I, constant depth together 
with errors that correspond to gradi-
ents in the x direction of m. 

lations parallel to Oy in the basins n 

discussed in § 8 were calculated as a Ai 

one-dimensional-flow problem, in Errors 

l 

2.4674 

2 
9.8696 

3 

22.21 

which the wave heights parallel to m = 0. l O.30/0 l.2So/0 2.So/0 
Ox are assumed constant, the analytic Errors 

solutions would yield the same fre- m = 0.3 30/0 
quencies as those in a basin of con-

4 

39.48 

stant depth throughout. The (o,n) eigen-values would be those shown in 
Table IX. 

Table IX also gives the percent deviations from the correct values for a 
gradient in the x direction of m = o. I, o. 3; these correct values were found in 
§ 8, where the problem was treated as 2-D flow. 

Io. Conclusion. Although only basin shapes of square plan were used as 
illustrations herein, rectangular plans could just as easily be analyzed. Variable 
depth has been depicted through plane sloping bottoms, and these in turn could 
be suitably varied. In particular, when the depth is a function of only one 
variable, then approximate solutions for the oscillations are generated very 
rapidly. 
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For a plane sloping bottom of gradient 0.3, an error of 17 % has been intro-
duced by the 1-D theory. 

Two different two-dimensional-flow approaches, one using transport vari-
ables and the other using wave height as the dependent variable, have been 
compared. It would seem that, from a numerical point of view, the latter is to 
be preferred; certainly, either is preferred over a method using only one-
dimensional-flow theory. 
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