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THE DYNAMIC STRUCTURE OF A 
COASTAL PLAIN ESTUARY1 

BY 
D. W. PRITCHARD 

Chesapeake Bay Institute, The Johns Hopkim Univerlity 

ABSTRACT 
The time mean equations of motion applicable to a coa.stal plain estuary are 

developed and discussed. Time series observations of temperature, salinity, and 
current velocity from two sections in the James River are utilized to obtain the mean 
lateral and longitudinal components of the relative pressure field, the Coriolis force, 
and the field accelerations. Using appropriate boundary conditions, the equations 
of motion are then solved for the nonadvective or eddy flux of momentum. As a 
consequence of this solution, the depths of the pressure surfaces which are level 
relative to the longitudinal and lateral coordinates are found. The variations with 
depth of the longitudinal and lateral components of the pressure force are discUBBed, 
and the relative importance of the various terms in the equations of motion are 
evaluated. 

INTRODUCTION 

Notable advances in our understanding of the dynamics of estuarine 
circulation have been made by Stommel (1951) and Cameron (1951). 
It has not been possible thus far to solve the general hydrodynamic 
equations completely, hence it was necessary that these investigators 
make certain assumptions as to the relative importance of the various 
processes governing the dynamic structure of the estuary being 
investigated. Both Stommel and Cameron treated the relatively 
deep fiord estuary. Analysis of chemical and physical observations 
in Chesapeake Bay and its tributary estuaries shows that the existing 
treatments of the dynamics and mixing do not adequately describe 
conditions in this particular type of estuary. 

In order to evaluate the relative importance of the various processes 
involved in controlling the dynamic structure in an estuary, extensive 
field observations have been combined with certain basic hydro-
dynamic equations. The procedure employed involves the treatment 
of the hydrodynamic equations in such a manner that unknown terms 
can be determined from observations of the mean distribution of tem-

1 Contribution No. 24 from the Chesapeake Bay Institute. This work was sup-
ported by the Office of Naval Research, the State of Maryland (Department of 
Research and Education), and the Commonwealth of Virginia (Virginia Fiaheriee 
Laboratory). 
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perature, salinity, and current velocity. The purpose of such an in-
vestigation is to lay a firm foundation for a more complete attack on the 
dynamics of estuarine circulation. 

Extensive field studies of the distribution of chemical and physical 
properties have been under way in Chesapeake Bay and its tributary 
estuaries for the last several years. These investigations reveal 
that the general features of the salinity distribution and of the cir-
culation pattern are similar among the several major estuaries which 
comprise the Chesapeake Bay system. During the summer of 1950 
an intensive investigation was undertaken in the James River estuary; 
a summary discussion of the general features of salinity and current 
observations in the Chesapeake Bay system, with particular emphasis 
on the detailed study of the James River, has been reported (Pritchard, 
1952). 

Data collected from the James River estuary were employed in a de-
tailed analysis of the salt balance in a coastal plain estuary. This 
study (Pritchard, 1954) showed that when time mean values of the 
various parameters over several tidal cycles are considered, the two 
most important terms involved in maintaining the salinity distribu-
tion are the mean horizontal advection and the nonadvective vertical 
flux of salt; the nonadvective horizontal flux of salt was found to be 
small. Use will be made of this latter fact in the present analysis. 

We will consider a left-handed coordinate system with its origin in 
fresh water at the head of the estuary. The coordinate axes will be 
designated as Xi, the Xi-axis being directed longitudinally along the 
central axis of the estuary toward the ocean. The xraxis is directed 
vertically downward, the x3-axis laterally toward the right-hand shore 
of the estuary. 

THE LONGITUDINAL COMPONENT OF THE 
EQUATION OF MOTION 

The purpose of this study is to investigate the relative magnitudes 
of the various terms which comprise the equation of motion as applied 
to coasta~ plain estuary. We will first consider the x1-component, 
w~1ch, for mstantaneous values of the various parameters, may be 
written as 

av1 av1 av1 av1 
(1) - +Vi-+ V2- +Va-= - a ap/ax1 at ax1 ax2 axa 

-fva+a --+--+-- . ( 
aPu' iJP12' iJPu ') 
ax1 iJXi ax, 

Here f designates the Coriolis parameter p the hydrostatic pressure 
d P I h . ' ' an ,; t e appropnate components of the molecular stress related 
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to the motion. It is assumed here that the Coriolis term related to 
the vertical motion is sufficiently small to be neglected. 

THE MEAN LONGITUDINAL COMPONENT OF THE 
EQUATION OF MOTION 

The instantaneous velocity v; may be considered to be composed 
of three terms: 

(a) A time mean velocity Vi, obtained by averaging over one or 
more tidal cycles. This mean velocity has components along 
the longitudinal (x1) and vertical (X2) axis, but the lateral 
component is assumed to be negligible. 

(b) An oscillatory tidal velocity U1 which is directed up and down 
the longitudinal axis of the estuary. This term is assumed to 
be a function of x1 only and to vary according to the simple har-
monic function U1 = U0 cos q,, where U0 is the amplitude of 
the tidal current and q, represents the sum of an angular time 
argument of tidal period plus a phase angle. Both the phase 
angle q, and the amplitude U0 may be functions of the longitudi-
nal coordinate. 

(c) A velocity deviation v/, which results from those turbulent 
fluctuations which have a time scale smaller than the period 
employed in the averaging process. The period of averaging 
used here is one tidal cycle. 

The three components of the instantaneous velocity are thus given 
by 

(2) V1 = iii + U1 + vi' ; V2 = ii2 + v2' ; Va = Vs'. 

Our next step is to introduce the velocity terms from eq. (2) into 
eq. (1) and to take the time mean over one or more tidal cycles of this 
latter equation. Before doing this, however, we note that: 

(a) Since U1 = U0 cos q,, a time mean over one or more tidal cycles 
results in V1 = 0. Hence any of the cross products involving 
U1 will not appear in the resulting mean equation of motion. 

(b) A field acceleration term will result from U12, since the mean 
value of U0

2 cos2 q, over a tidal cycle is ½ Uo2
• 

(c) There is no reason to expect a correlation between the velocity 
deviations v1', v2', or va' on the one hand and the tidal com-
ponent U1 on the other, hence terms of the type U1v/ will not 
appear in the mean equation of motion. (There may be a 
correlation between the root mean square velocity deviations 
and U1, since the magnitude of the turbulent velocities may be 
directly affected by the magnitude of the tidal velocities.) 
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(d) The mean value of the xi-component of the pressure force 

< a op > may be determined from the distribution of 
OX1 

temperature and salinity, providing the depth of a level pres-
op 

sure surface is known. If we designate - < a - >o as the ax, 
xi-component of the pressure force at any depth X2 relative 
to the xi-component of the pressure force at the surface, and 
if the actual longitudinal component of the pressure force 

ap 
at the surface is designated as bo, then <a - > 

0X1 
ap 

= - <a->o+bo. Note that- <aop/ox1>0 can be de-
ox1 

termined from the distribution of temperature and salinity, 
while b0 remains as yet an undetermined constant with respect 
to the vertical. 

(e) Because the vertical gradient of the horizontal mean velocity 
is much larger than other components of the velocity gradient, 
the only molecular stress term which will be of any importance 
in the mean equation is < P12' >. This term can be expressed 

oiii 
by µ. - , where µ. is the molecular viscosity; hence it is seen 

ax.i 
that <Pu'> is of significant size only near surface and near 
bottom, where the mean velocity gradient may approach signifi-
cant magnitudes. Both < P 12' > and < v2' v1' > represent momen-
tum transports due to velocity deviations, one on a molecular 
scale, the other on a macro-scale. In what follows, < P12' > will 
be included with < v2'v1' >, and at the boundaries (surface 
and bottom) < v2'v1' > will take on the appropriate value 
representing the total flux of momentum across the boundaries. 
Within the interior of the fluid , only the so-called eddy processes 
need be considered. 

Under these conditions, the time mean of eq. (I) over one or more 
tidal cycles is given for mean steady state by 

oih oiii aua op a 
(3) iii-+ ii2- + Uo-- = <a-> 0 + b0 - - <vi'v1'> 

OX1 OX2 OX1 ax, ax, 
a a 

- - <v2'vi'> - - <va'v1'> . 
OX2 ax, 
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THE LATERAL COMPONENTS OF THE 
EQUATION OF MOTION 
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The Xa component of the equation of motion, for instantaneous 
values of the various parameters, may be expressed as 

(4) - + V1 - + V2 - + Vs - = - a - + f Vi + a --
at OX1 OX3 ax, iixa OX1 

iJP I iJP ') +__::_+~. 
iJXi iJx1 

Before taking the time mean of this equation we note that 
(a) The mean values of the molecular stress terms at the longitudi-

nal axis of the estuary are zero, since the assumption is made 
iJV2 iiii1 

that, along the longitudinal axis, iia = - = - = 0. 
iixa iixa 

(b) Since ii3 = 0, all the mean field acceleration terms vanish. 
(c) As in the longitudinal component, the mean value of the xr 

component of the pressure force may be expressed as the xr 
component of the pressure force relative to that at the surface, 
which can be computed from the distribution of temperature 
and salinity, plus a constant with respect to the vertical, repre-
senting the actual xa-component of the pressure force at the 
surface. 

Under mean steady state conditions, the time mean of eq. (4) over 
one or more tidal cycles then becomes 

(5) 0 ap + b ' + f - a < ' ' = - <a -> O O V1 - - V1 Va > 
ax, OX1 

a 
- - <v2'v1'> 

03:3 
a 

- - <va'va'>. 
iixa 

THE MEAN EQUATIONS OF MOTION AS APPLIED 
TO THE JAMES RIVER ESTUARY 

In a study of the salt balance in the James River estuary (Pritchard 
1954), the horizontal component of the turbulent flux of salt was 
shown to be negligible compared to the horizontal advection and the 
vertical component of the turbulent flux of salt. If we assume by 
analogy that the horizontal component of the turbulent flux of mo-
mentum is also negligible compared to the other terms in the equation 

a a a 
of motion, then the terms - <v1'vi'>, - <vi'va'>, - <v,'v,'>, 

OX1 OX1 ax, 
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a 
and - <va'v1' > will drop from eqs. (3) and (5). 

oxa 
Under these 

conditions we have 

oiii oiii auo 
(6) iii-+ i°i2- + Uo- = 

oXi OX<l oXi 
and 

(7) ap + b ' + f - a < ' '> 0 = - <a->a o Vi - - Vs Va • 
OX3 OX<l 

Solving (6) for < v2'vi'> and (7) for <v/va'>, we have 

(8) 

and 

(9) <v,'va'> = [J(!v1 - <a ;:,>o + bo')dx2+ C2]. 
Assume for the moment that velocity data are available in sufficient 

detail to evaluate both the mean acceleration terms and the term 
aUo 

involving the amplitude of the tidal velocity, Uo --. From tem-
oxi 

perature and salinity data the relative pressure field could also be 
determined, leaving an unknown constant representing the absolute 
mean pressure force at the surface as an unknown quantity in each 
equation. There is also a second unknown constant, the constant 
of integration, in each equation. These constants can be evaluated 
providing the two boundary values for < v2'vi' > and < v2'va' > are 
known. 

At the surface and at the bottom, p <v2'vi'> and p <v-i'va'> will 
be equal to the net flux of momentum across these boundaries. During 
the period of study, the vector mean of the wind was close to zero, 
hence there was no appreciable momentum flux across the surface. 
The net longitudinal velocity at the bottom would lead to a net 
momentum flux across this interface directed along the Xi-axis. Hence 
p <v2'vi'> would be equal to this momentum flux, or stress, at the 
bottom. Our best estimate of t9-e boundary values of < v2'va' > is that 
it equals zero at the bottom as well as at the surface. 

In a recent paper Lesser (1951) has shown that velocity measure-
ments near the bottom in the open ocean satisfy the Prandtl-von 
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Karman boundary layer theory for a "rough" boundary. If z repre-
sents the vertical distance up from the bottom and v the magnitude 
of the mean horizontal velocity at the point z in the boundary layer, 
then the stress at the boundary is given by 

(10) .,.h = pKo2 v,2/[1n e:OSoJ. 
where ko is von Karman's constant and z0 is the roughness para-
meter. 

According to Lesser's analysis, the boundary layer within which 
the logarithmic velocity distribution characteristic of the Prandtl-von 
Karman boundary layer theory occurs is approximately one meter 
thick. Lesser has determined values of Zo for three different types 
of bottom sediment. For a mud bottom the value of z0, based on 
Lesser's measurements, was 0.02 cm, for a sand-gravel bottom 0.13 cm, 
and for a sand-mud bottom 0.16 cm. Lesser attributes the high 
value for the sand-mud bottom to the possible presence of ripples. 

Taking zo = 0.02 cm as representative of the character of the mud 
bottom found in the central channel of the James River, it is possible 
to evaluate the boundary value of < v2'v1' > from a single mean 
velocity measurement within the boundary layer, using eq. (10), 
since at the bottom < v2'v1' > = o:rh. 

Data from two sections in the James River have been employed 
in the evaluation of eqs. (8) and (9). Typical plots of <v2'v1'> and 
of <v2'v/ > vs. depth are given in Fig. 1. The determination of the 
constant b0 in each equation also provides for evaluation of the depth 
of the level pressure surface, and, in fact, of the actual distribution 
of the pressure field. 

These determinations reveal that a pressure surface which is level 
in regard to the longitudinal coordinate exists at near mid-depth. 
Above this depth, at which ap/ax1 = 0, the pressure surfaces slope 
downward from the river toward the sea. Below this reference 
depth the pressure surfaces slope in the opposite direction. 

Based on an evaluation of eq. (9) for the James River estuary, 
there is also some mid-depth where ap/axa = 0, but it is not neces-
sarily the same reference depth as that found from the longitudinal 
equation. Above this reference depth the pressure surfaces slope 
downward from the right side of the estuary (facing the mouth) to 
the left side. Below this reference depth the lateral slope is in the 
opposite direction. 

In the James River estuary there is a net horizontal velocity di-
rected down-estuary in an upper layer and up-estuary in a lower 
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Figure 1. A typical varia.tlon of <••' 01'> a.nd of -<••' ••'> vs. depth for the J&mes 
River estuary. 

layer. At some mid-depth there is a surface of no net motion. The 
pressure surface which is level in the lateral direction occurs at a 
depth close to but slightly below the depth of no net motion. The 
depth of the pressure surface which is level with respect to the longi-
tudinal coordinate may be above or below the depth of no net motion, 
the departure depending primarily on the sign and magnitude of 

iJUo 
the term Uo -- . Table I gives the observed depths of no net motion, 

dX1 

as well as computed depths at which iJp/iJx1 = 0 and iJji/iJxs = 0. 
These computations also allow a determination of the relative 

importance of the various terms which comprise the equation of 
motion. In the case of the longitudinal component, the pressure force 

a 
is primarily balanced by the eddy frictional term - <v2'vi' > . How-

iJx2 
ever, a significant portion of the pressure force may be balanced by the 
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TABLE I. 

Depth (m) of Zero value for: 

B ottom 
op ap 

<a - > <a- > 

41 

( ap au,) <a- > +u,-
Peri-Od Depth th iJx1 ax, iJ:l;l 0~1 

I 7.0 2.5 4 .6 3 .0 
II 7 .0 2 .5 5.4 2 .7 
III 7.0 2 .6 5 .1 3 .1 
I 7.5 2.9 4 .1 3.6 3.2 
II 7.5 2 .9 3 .9 3 .3 3 .0 
III 7.5 3 .0 3.9 3 .1 
IV 7 .5 3.0 3 .0 

aUo 
fi eld change in the amplitude of the tidal velocity, U0 -- • When 

ax1 a-
this latter term is small, the depth at which _.!?_ = 0 is nearly the 

ax1 
same as the depth of no net motion. When the tidal velocity ampli-

a -
tude increases downstream, then the depth at which _.!?_ = 0 is greater 

ax1 
than the depth of no net motion. If the tidal velocity amplitude 

a-
decreases downstream, then the depth at which _.!?_ = 0 is less than 

ax1 
the depth of no net motion. The field acceleration terms related to 
the mean motion are relatively small. 

In the lateral component of the equation of motion, the Coriolis 
force resulting from the net horizontal motion is balanced primarily 
by the lateral pressure force. Of secondary importance is the eddy 

TABLE II. VARIATION WITH DEPI'H OF THE TERMS IN THE LoNGITUDINAL 

COMPONENT OF THE MEAN EQUATION OF MOTION- FOR A TYPICAL 

SECTION IN THE JAMES RIVER EXPRESSED IN MS-s X 10' 

oii1 oii1 oUo op iJ 
Depth Iii - ii:- Uo - - <a - > - <112'v1'> 

(meters) iJX1 ox, iJX1 OX1 ox: 

0 0 .03 0 .01 2 .97 14.30 11.29 
1 0.12 0 .09 2 .97 10.56 7.38 
2 0 .08 0.28 2.97 6.83 3.50 
3 0 .01 0.42 2 .97 3 .10 - 0 .30 
4 0 .09 0 .20 2 .97 - 0 .64 -3.90 
5 0.11 0 .04 2 .97 -4.38 -7.50 
6 - 0 .04 0 .01 2.97 - 8.09 -11.03 
7 - 0 .04 0 .02 2 .97 - 11.77 -14. 72 



42 Journal of Marine Research [15, 1 

a 
fricti onal term, - < v2'va' > . The depth at which op/ax, = 0 is 

oZ2 
nearly the same as the depth of no net motion. 

Tables II and III give the variation with depth of the various terms 
in the longitudinal and lateral components of the equation of motion 
for a typical section in the James River. 

TABLE III. V ARliTION WITH DEPl'B OF THE TERMS IN THE LATERAL 

COMPONENT OF THE MEAN EQUATION OF MOTION-FOR A TYPICAL 

SECTION IN THE JAMES RIVER EXPRESSED IN MB--, X 101 

ap a 
Depth - <a-> fl/1 - <&1,'v.'> 
(met.ers) ax, ax, 

0 -16.49 10.18 - 6 .31 
1 - 11.64 6 .23 -5.41 
2 -6.26 3.07 - 3 .19 
3 -0.53 - 1.23 -1.76 
4 +5.08 - 4.92 + 0 .16 
5 +9.73 - 6 .15 +3.58 
6 +12.63 -6.67 +5.96 
7 +13.29 - 5 .97 +7.32 
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