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THE RAY-PARTICLE ANALOGY1,2 

BY 
CARL ECKART 

Scripps Institution of Oceanography 

ABSTRACT 

The similarity between the differential equations governing the motion of a particle 
and the rays in a wave fi eld is recalled. The two become identical if the particle has 
unit mass and moves under the action of a potential energy V = - I/c2, where c is 
the phase velocity of the waves. 

In shallow water, the phase velocity of surface gravity waves is c = (gh)'I,, where 
h is the water depth. This suggests the possibility of constructing an analogue 
computer for tracing the rays in regions of complex bottom topography. A relief 
map would be constructed, whose surface is at a distance beneath a datum plane 
that is everywhere inversely proportional to the water depth at the corresponding 
point. If a ball bearing is allowed to roll on this surface, it will trace out one of the 
rays, provided that simple precautions are observed in starting its motion. 

This analogy can also be used for visualizing the rays in a qualitative fashion by 
merely inspecting a bottom contour map. Certain relatively unknown wave phe-
nomena are shown to be easily deducible in this manner. 

INTRODUCTION 

Since the time of Hamilton, it has been known that there is a close 
analogy between the Newtonian motion of a particle and the refraction 
rays of light or other forms of wave motion. This analogy is quanti-
tative if a suitable definition of the particle's velocity in terms of the 
index of refraction is used. 

Let c be the phase velocity of the waves, u the velocity of the 
analogue particle. For simplicity, its mass will be taken to be unity. 
If the subscripts 1 and 2 refer to media of different characteristics, then 
Snell's law of refraction involves the index of refraction 

(1) 

where 01 and 02 are the angles of incidence and refraction. 
Our present problem is to determine the forces that must act on the 

analogue particle in order that its path in space be identical with the 
ray. If it is not acted on by any force when it is in a homogeneous 
medium, it will move in a straight line; since the ray is also straight, 

1 This work has been supported by the Beach Erosion Board, Corps of Engineers, 
Department of the Army. 

2 Contribution No. 469 from the Scripps Institution of Oceanography. 

( 139) 
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the problem is trivial. However, the direction must be altered when 
it passes from one medium to another. If the forces experienced 
during this transition are normal to the interface, its components of 
momentum parallel to the interface will be the same in both media. 
Consequently 

Ur sin 01 = ¼ sin 02 • (2) 

It remains to arrange matters so that u1 and¼ are determined only by 
the medium. This requires two assumptions: If the particle has a 
potential energy characteristic only of the medium, the conservation 
of energy yields 

½ u1
2 + Vi = ½ ul + V2 = W ; 

if the analogue particle is always given the same total energy, W, then 
u1 and ¼ will be characteristic of the medium, as required. 

Then Eq. (2) can be written 

n = ur/¼ = sin 02/sin 01 . 

Consequently, the motion of the analogue particle will trace out the 
ray if its speed u is inversely proportional to the phase velocity c. 

In fact, the calculation just given is the pre-Fresnel theory of refrac-
tion, and it was used by Newton and others, including Hamilton, for 
the design of lenses. When Fresnel successfully used the wave 
theory of light to explain diffraction phenomena, Hamilton noted that 
both theories were consistent with all experiments on the refraction of 
light, despite the fact that they postulate different velocities of propa-
gation. No direct measurements of the velocity had been made in 
any optically dense medium, and all indirect measurements were based 
on the index of refraction. Thus the transition from the one theory to 
the other involved only a revision of ideas, and no conflict with ob-
served fact. 

His attention having been attracted to the ray-particle analogy, 
Hamilton examined it for possible application to the dynamics of a 
particle. This led him to the discovery of the principle of least 
action, which is basic in modem dynamical theory (Hamilton, 1828-
1837; ;Klein, 1926). It is of interest to note also that Louis de Broglie 
(1924) retraced this train of thought in the reverse direction and ob-
tained results of the greatest importance for atomic physics. 

This analogy between rays and the paths of particles has not been 
used in the theory of surface gravity waves. Without suggesting that 
it will be found to have any other significance than an analogy on 
which it may be feasible to construct an analogue computer, it s;ems 
desirable to examine it in more detail. 
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THE GENERAL ANALOGY 

According to Fermat',; principle, the rays (i. e., orthogonals to the 
surfaces of equal phase) are curves in space along which the point of 
intersection (phase-point) with the moving phase surface travels with 
the velocity c (x, y). If a ray joins the fixed points A and Bin space, 
the time required for the phase-point to move from A to B is therefore 

B 

T = f ds/c(x, y) , (3) 
A 

where ds is the element of length on the ray. Moreover, for given A, 
B, and c (x, y), T is an extremum (often a minimum) for the ray. 
That is, all paths of integration that differ only slightly from the ray 
yield values of T that are either all greater or all less than that for the 
ray. 

Let the equation of the ray be given in the parametric form 

X = X (T), 

y = y (,r), 
(4) 

where Tis some parameter, which can be specified later in various ways. 
Then it follows from the above that the differential equations of the 
ray are 

_!!__(-1 !::..)-u~(~)=o, 
dT UC dT ax C 

_!!__(-1 .!!Y__)-u~(~)=o, 
dT uc dT ay c 

(5) 

where 

(6) 

Since the parameter T is arbitrary, it may be defined by the differ-
ential equation 

u2 c2 = 2. (7) 

With this definition, the parameter T is measured in units sec cm-2, 

and Eq. (5) becomes 

d
2
x a ( 1 ) 

dT2 - ax 7 = O' 

d2y - ~(-1-) = 0. 
d~ ay c2 

(8) 
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These are quite analogous to those for a particle of unit mass moving 
under the action of the potential energy 

V = - l/c2
• 

The total energy of the particle is therefore 

W = ½u2 
- 1/c2 

• 

(9) 

(10) 

There are two minor exceptions to this analogy. 1) The independent 
variable is the parameter rand not the physical time, and consequently 
the time (in r-units) required by the analogue particle to move along 
the ray from A to B will not be given by Eq. (3). This corresponds to 
the fact that a measurement of the velocity of light would have 
decided between the two theories. 2) Because of Eq. (7), u = v2/c 
and hence the total energy of the analogue particle must be zero and 
therefore cannot have arbitrary values. This corresponds to the fact 
pointed out in the Introduction that it was necessary to suppose that 
the analogue particle is always started with the same total energy. 

THE FEASIBILITY OF AN ANALOGUE COMPUTER 

The phase velocity c of surface gravity waves varies with the depth 
of water and with the period. For a given period the contours of 
equal velocity thus coincide with those of equal depth. Imagine a 
relief map constructed so that its depth below a horizontal datum 
plane is not water depth but rather (to some suitable scale) 1/gc2, where 
g is the acceleration of gravity. Further, imagine a particle of unit 
mass that is capable of sliding on this surface without friction and 
that is launched from rest by sliding down a frictionless trough from 
the datum level to a point on the surface. After the particle leaves the 
trough its motion will be governed by Eq. (7) and (8), and therefore 
it will trace the ray. It should be noted that, in this model, r becomes 
the physical time and that time t of the wave theory does not appear. 

Such a frictionless sliding particle may be approximated by a rolling 
sphere, provided its radius is so small that its rotational kinetic energy 
is negligible con;ipared to its translational kinetic energy. The 
feasibility of using small ball-bearings for this purpose has been es-
tablished in connection with analogue computers in other fields. 

However, there are other diffi culties. Because of the dispersion of 
deep water waves, it seems necessary to construct one relief map for 
each wave period to be studied; this might be overcome by tracing the 
rays graphically in those regions where the water is not so deep that 
refraction is negligible nor yet so shallow that the dependence of c on 
wave period is negligible. It would then be necessary to construct 
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only one relief map for the shallow water regions, where refraction is 
most marked and most difficult to determine by graphical methods. 

In shallow water, 
c2 = gh, 

where h is the water depth. Hence the ordinate of the relief map 
would be inversely proportional to the water depth. As the beach is 
approached, the map would have an ever increasing slope and the 
particle would leave the surface and fall freely through the air before 
the "water's edge" was reached. It is possible that a p~·oper choice of 
design parameters can minimize the effect of this error until it is 
negligible as compared with other errors arising from the neglect of 
phenomena occurring in the surf zone. 

Even if the physical construction of such analogue computers is not 
feasible, the analogy may still be used in visualizing the effect of bottom 
topography on the propagation of waves. For example, a submarine 
canyon will be represented on the relief map by a spur-like ridge 
pointing toward the shore. The action of the ridge in deflecting the 
analogue particles away from those parts of the beach close to the 
canyonhead will be obvious immediately. Also, the course of rays 
entering a harbor through a narrow channel can be easily visualized. 
In the analogue, the underwater ridge extending seaward from a 
promontory becomes a trough that guides the analogue particles so 
that they can hardly avoid striking the beach near its most seaward 
point. 

Furthermore less well known phenomena can be readily visualized. 
Thus the shoal water over a bar would be represented by a depression 
on the relief map. Immediately it becomes clear that the analogue 
particle, if it enters the depression in a suitable manner, may execute 
several oscillations before escaping or may even describe a path that 
intersects itself several times. Furthermore, it becomes apparent 
that waves generated in shoal water, if they approach a continental 
shelf at a steep angle, may be totally reflected from the deep water 
regions (i. e., from the higher regions of the analogue relief-map). 
These effects, and the limitations of ray theory in dealing with them, 
are being discussed elsewhere. 
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