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ABSTRACT 

The circulation of water induced by winds in an enclosed ocean comparable in size 
to the North Pacific is treated by using the "mass transport" instead of current ve-
locity and by taking both horizontal and vertical mixing into account. The numeri-
cal solutions have been worked out for the wind system similar to that actually 
prevailing over the North Pacific, and for different intensities of lateral mixing. It 
is concluded that the flow pattern best agrees with the actual circulation when the 
numerical value of the coefficient of lateral mixing is of an order of magnitude of 
109 c.g.s. Westward intensification of current is noticed too. 

l. Introduction. Recently Stockmann (1946), in discussing the 
wind-driven currents in an enclosed sea as influenced by the lateral 
mixing, used "mass transport" instead of current velocity. Some-
times the former is more important than the currents themselves. 
However, Stockmann gave no numerical results. In the present 
paper the author intends to show how the lateral mixing influences the 
wind-driven transport in an enclosed ocean. Numerical results have 
been worked out for a rectangular ocean comparable in size to the 
North Pacific, assuming an anticyclonic wind system which corre-
sponds roughly to the west winds and the trades of this ocean. The 
flow patterns for different intensities of lateral mixing are computed 
and discussed. 

(55) 
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Dr. W. H. Munk, in a personal communication, has reported he has 
completed a similar work recently, but, since Dr. Munk's paper has 
not been received as yet, it is impossible to compare these results with 
his. It is hoped that Dr. Munk's results will advance the subject 
still further. 

2. Equations of Mass Transport, taking Lateral Mixing into Account. 
We define the mass transport, whose x- and y-components are Mx and 
M 11, by 

d d 

Mx = f pudz and M 11 = f pvdz, (1) 
0 0 

where u and v are the velocity components parallel to x- and y-axis, 
p the density of sea water, while the integration is taken from the 
surface (z = 0, z being taken vertically downward) down to a depth 
d, where the baroclinic distortion is considered negligible. 

If we take x- and y-axis positive eastward and northward respec-
tively, the differential equations of "mass transport" will be given on 
the assumption that the coefficient of lateral mixing is independent 
of z, 

1 a ( aM") a . -- Ai-- + T:r: + 2w sin q,M11 - - (pgd· t + P) 
P ay ay ax = 0 ' 

1 a ( aM11 ) a - - A 1 -- + r 11 - 2w sin ,pM:r; - - (pgd · t + P) 
p ax ax ay = 0 ' (2) 

aM" aM11 -+-=O 
ax ay 

where A 1 is the coefficient of lateral mixing, r,, and r 11 the components 
of wind stress on the surface of the sea, w the angular velocity of the 
Earth, 'I' the geographical latitude. Moreover, P (x,y) is the pres-
sure integral defined as 

d 

P(x,y)=fpdz, 
0 

(3) 

where p is the pressure, and t the elevation of the sea surface due to 
piled-up water by the winds. 

Introducing a "transport function" 1" (x, y) , defined by 

01" 
Mz =-;;?Mu = 

01" 
ax ' 

(4) 

the equations (2) take the form: 
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1 a ( a2f) af a 
p ay ay2 ax ax ' - - A 1 - + Tx - 2w sin 'P - - - (pgd · t + P) = O l 
1 a ( a2f) af a (5) 

- - Ai - + r u - 2w sin 'P - - - (pgd · t + P ) = 0 
p ax ax2 ay ay ' 

the third equation in (2) being satisfied identically. 
y; (x, y) must be constant along a solid boundary. Moreover, in a 

viscous fluid there can be no longshore motion directly near the 
coasts. Hence we may assume 

af af 
ax = ay = Vi = 0 (at the boundaries). (6) 

By cross differentiation, we can eliminate pgd · t + P in (5), and 
thus have 

1 a2 
( a2y; ) 1 a2 

( a2y; ) d af - Ai- +-- A1- - -(2wsin<p)-
P ax2 ax2 p ay2 ay2 dy ax 

+ - - - = 0. (7) (
ar,, aru) 
ay a,, 

Here, of course, it is assumed that Coriolis' parameter 2w sin 'P depends 
upon y. The equation (7) implies that wind-driven transport is 
independent of the baroclinic structure of the sea. 

If we consider A1 as a constant, and if we introduce a length Di 
similar to Ek.man's "depth of frictional influence," defined as 

the equation (7) becomes 

D1=1r/Az, 
wp 

(8) 

- -- + -- - - (sin 'P) 
Di2 ( a4,/I a4f ) d 
27r2 ax4 ay4 dy 

- + - - - - = 0 . (9) ay; 1 (ar,, aru) 
ax 2w ay ax 

Here the length D 1 may be called tentatively the "frictional distance." 

3. Wind-driven Circulation in an Ocean Comparable in Size to the 
North Pacific. Consider a rectangular ocean bounded by x = ± a, 
y = ± b, the coast y = - b corresponding to the equator and y = 
+ b to the 60° N. parallel. If we compare this ocean to the North 
Pacific we should assume a/b = 2. Several values of Az have been 
evaluated from observations in the eastern Pacific areas (Sverdrup, 
et al., 1946), and it was found that they do not exceed 109 c.g.s. Then 
it follows from (8) that Di will seldom exceed about 107 cm or 100 km. 
If the east-west dimension 2a of the North Pacific is estimated at 
about 10,000 km, a value of Dz above-cited will give 
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( ;J2 

> 2,000. 

However, in order to help in understanding the problems, the cases 
were treated in which 

( ;
1 
Y = oo, 10,000, 2,500 and 1,000, 

the first corresponding to the absence of lateral mixing. 
The wind system over the North Pacific is anticyclonic, consisting 

of the Trades in the horse latitudes and the West Winds in the middle 
latitudes. If we consider that this wind system alone is responsible 
for the circulation cum sole in this ocean, the corresponding mass 
transport will be given by the solution of the differential equation (9). 
This equation can be integrated by various methods, but we use here 
the approximate method of Galerkin. 

For this purpose, we assume a solution of the form: 

-.J., (x, y) = Bmn Mm (x) ·Mn (y), (10) 
m,n 

where Bmn are constants to be determincid, while Mm and Mn are 

1rx m1rx 
M,,.(x) = cos- cos-- for m: odd, 

2a 2a 
1rx m1rx 

= cos - sin - - form: even, 
2a 2a 

and (11) 
1rY n7rY 

Mn(y) = cos - cos - - for n: odd, 
2b 2b 
1rY . n7rY 

= cos - sm - - for n: even. 
2b 2b I 

It will be evident at once that the solution (10) satisfies the boundary 
conditions (6). 

For elucidating the wind stresses, we assumed 

T% = T ·M1 (x) M2 (y); Tv = - T ·M2 (x) M1 (y), (12) 

where T is a constant. The stresses (12) represent roughly the anti-
cyclonic wind system prevailing over the North Pacific, the trajec-
tories being given by 

1rx 1ry 
a cos-+ b cos - =constant. 

2a 2b 
(13) 
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The stream-lines drawn from (13) and the distribution of the 
magnitudes of stress are given in Fig. 1, the shaded area corresponding 
to the zone of strongest winds. 

Figure 1. Distribution of wind stresses (dotted lines; unit: T) and the direction of winds 
(full lines with arrows). Both families of curves are not parallel, since the stress components 
have not been derived from one and the same function. The zone of strongest winds is 
shown by the shaded area. 

4. Approach by Galerkin's Method. In the differential equation 
(9) we substitute, with Galerkin, the series (10). Then its left mem-
ber will be of the form: 

F (Bmn, x, Y, (~)
2

, ~) • 
D1 2wp 

(14) 

If this quantity vanishes for all values of x and y, y; (x, y), as given by 
(10), will be the exact solution of (9). But, of course, (14) will not 
generally be = 0. 

According to Galerkin we are able to obtain an approximate solution 
by making the integral: 

a minimum, where the integration should be carried out over the 
entire water surface of the ocean bounded by the coast lines C. For 
this purpose we should solve the simultaneous equations 

_a [ [ {F (Bmn, x, y, (~)
2

, ~) }

2

dxdy = 0 . (16) 
aBmn } lee) Di 2wp 
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In practical calculation, we confined the number of Bmn so as to 
satisfy the condition m + n 6. We have then 
ift(x,y) = B11M1(x)M1(y) + B12M1(x)M2(y) + ... + B16M1(x)M5(y) 

+ B21M2(x)M1(y) + B22M2(x)M2(Y) + ... + B24M2(x)Miy) 
+ B31M3(x)M1(y) + B32M3(x)M2(y) + B33M3(x)Ma(Y) 
+ BuMix)Mi(y) + B42M4(x)M2(y) + B51M5(x)M1(Y), (17) 

the functions M,,.(x) and Mn(Y) being defined by (11). 

5. Numerical Results. The computations were carried out for 
10,000, 2,500 and 1,000. Practical observations in some eastern 

Pacific areas (Sverdrup and Fleming, 1941) show that(;
1 
Ywill not 

be less than 2,000. However, the computations for smaller values 
will be useful for the theoretical explanation of the effect of horizontal 
mixing on the flow pattern of the wind-driven mass transport. 

The relation between · y and the geographical latitude cp is 
y 

cp=cpo + R, 

where R is the radius of the earth and rpo the mean latitude of the ocean. 
In our case rp0 = 30° N and b = 1r/6 R. Thus we have d (sin rp) /dy 
cos rp/R. 

The computed values of the coefficients Bmn for several values of 

( ;
1 
Y are given in Table I. The diagrams in Figs. 2-4 represent the 

fl.ow patterns for ( ;
1 
Y = 10,000, 2,500 and 1,000. 

TABLE I. NUMERICAL VALUES OF THE COEFFICIENTS B,,.,, FOR SEVERAL V ALUEB OF 

(a)' ( T-a) D, FOR AN OCEAN COMPARABLE IN SIZE TO THE NORTH PACIFIC unit: -;:- . 

(i,)' = CX) 10,000 2,500 1.000 

Ar= 0 1 . 89 X 108 C.(l.S. 7 .57 X JO• C.(l .S. 1 .89 X JO•c.(l.!. 

Bu 0 +0.096 +0.249 +0.381 
Bu 0 +0.076 +0. 194 +0.233 
Bu 0 - 0 .307 -0. 880 -1.415 
Bu 0 -0.084 - 0 .168 -0.109 
Bu 0 +0.168 +0.255 +o.153 
Bu 0 -0.008 -0 .026 -0.050 
Bu 0 -0.005 -0.020 -0.036 
Bu 0 +0.021 +0.098 +0. 179 
Bu 0 -0.001 -0.004 -0.007 
Bu +1.349 +1 .349 +1.355 +1 .389 
Bu +0.056 +0.056 +0.062 +0.094 
Bu +1.220 +1.220 +1.202 +1.100 
Bu +0 .082 +0.082 +0.070 +0.018 
Bu - 0 . 136 -0. 136 - 0 .135 -0. 134 
Bu -0.042 -0.042 -0.041 -0.037 
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6. Discussion of the Results. The method of approach used here is 
an approximation, of course, and hence the solution obtained will not 
necessarily represent faithfully every possible detail of the motion. 
But we believe that more salient natures of the phenomena are repre-

sented in this solution. Figs. 2-4 give the "transport lines" for ( ;
1 
Y 

= 10,000, 2,500 and 1,000 as drawn by the formula (17) and the 

L.-o--,o·• 
JJ)"H - · JO"N 

1---------0 

Eq ~-------------~--~---------~L 
Figure 2 . Transport-lines: ,J,(x,y) = const. ( unit: :~a) for (i,) ' = 10,000. 

Eq L--------------'----~----------~ Eq 

Figure 3. Transport-lines: ,J,(x,y) = const. ( unit : :a) for (i)' = 2,500. 
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contents of Table I. The most conspicuous feature for the larger 

values of ( ;
1 

)\s the existence of two gyrals which divide the whole 

ocean into western and eastern halves. The dimensions of these two 
gyrals are nearly the same when the lateral mixing is weak, but the 

60'N----------~------- -----------,WN 

30-N ·- · JIJ'N 

,,. ~ -------------'------ ________ _, Eq. 

Figure 4. ( T-a) (a)' Transport-lines: ,J,(x,y) = const. unit: for Dr = 1,000. 

western clockwise gyral becomes larger and stronger as the lateral 

mixing becomes more intensiye. For ( ;
1 
Y = 10,000, a value which 

we can expect in the actual ocean, the eastern gyral still exists with 
considerable strength. This gyral will not correspond to Sverdrup's 
eastern Pacific gyral (Sverdrup, et al., 1946: 723-724), because the 
latter is rotating in the opposite direction to ours. 

These two gyrals make us expect a powerful water transport from 
north to south in the eastern part of the North Pacific, though the 
present author is quite unaware of such meridional midocean transport. 

For a smaller value of (; 
1 
Y ( that is, if the order of magnitude of A 1 

is further increased) the western or main gyral becomes more and more 
intensified and the eastern one gets fainter and fainter, until the 
former at last covers two-thirds of the entire_area of this ocean, thus 
forming a current system approximately similar to the actual circula-

tion. Thus for ( ;
1 
Y = 2,500 or Ai = 109 c.g.s., the flow pattern 

agrees approximately with the circulation shown in a chart of the 
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surface currents of the North Pacific, though the eastern smaller 

gyral is not distinct in the actual ocean. For ( ;
1 

)2 = 1,000, the 

eastern gyral is now so faint that there is practically no appreciable 
water transport in the eastern third of the ocean. This flow pattern 
resembles closely the distribution of surface currents in the western 
half of the North Pacific, where the Kuroshio System and the North 
Equatorial Current practically form a circulation which corresponds to 
our western or main gyral. 

As we have just seen, the intensification of the currents occurs in 
the western half of the ocean only, but not necessarily close to the 
western coast, probably because the assumed wind system does not 
give the zone of the strongest winds close to the coasts. This tendency 
in our result may be regarded as a sort of westward intensification, 
though it is slightly different from that of Stommel (1948). 

The center of the main gyral is about midway between the center 

and west coast of the ocean. In the case ( ;
1 
Y = 1,000, where the 

eastern gyral has nearly vanished, the main gyral bears a striking 
resemblance to the wind system. Thus, the entire aspect is as if the 
prevailing ·winds produced an oceanic circula,tion of similar form, 
though displaced considerably to the westward. This result is 
similar to that of Goldsbrough (1935), who solved nearly the same 
problem for an unbounded ocean on a rotating globe, but without 
taking lateral mixing into account. 

There are two more weak anticlockwise gyrals to the north and 
south of the main gyral. However, it is not certain whether these 
gyrals are really significant. If they have meaning, then they might 
correspond to the Oyashio and Equatorial Counter Current. But it 
would be dangerous to strain our imagination with such details of the 
flow pattern, because our method of approach is actually an approx-
imation. 

The agreement of the theoretical flow pattern with the actual 

circulation seems to be better for smaller values of ( ;
1 
)2. This 

implies that we must consider a value of Az equal or larger than 109 

c.g.s. for the entire North Pacific. 
In his book "The Oceans," Sverdrup (1946: 483) points out that the 

coefficient of lateral mixing increases with the areal dimension of the 
sea considered. This probably explains why the average coefficient of 
lateral mixing over an ocean comparable in size to the North Pacific 
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is of an order of magnitude much larger than the estimates hitherto 
obtained from the hydrographic observations in small areas. 
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