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MASS TRANSPORT IN OCEAN CURRENTS 
AND LATERAL MIXING 

BY 

KOJI HIDAKA 
Tokyo University, Tokyo 

I. Equations of Mass Transport, with Lateral Mixing Taken into 
Account. The problems of mass transport by ocean currents are no 
less important than are those of the currents themselves. Recently 
Sverdrup (1947) and Reid (1948) discussed the inter-relation between 
mass transport, pressure distribution and vertical mixing; they were 
successful in showing that the pressure distribution in the Pacific 
Equatorial Currents is being fairly maintained by the winds. In the 
present paper it is of some interest to discuss a certain relationship 
between mass transport and lateral mixing in a rotating enclosed sea. 

It is natural to consider that lateral mixing in a current takes place 
mainly at right angles to the stream. Thus the frictional terms in the 
dynamic equations will be given by 

!_ (A, au) +!_(A. au) and!_ (A, av)+!_ (A, av) 
ay ay az az ax ax az az 

respectively (Sverdrup et al., 1942: 475), A 1 and A, being the coeffi-
cients of horizontal and vertical eddy viscosity respectively, u and v 
the horizontal velocity components parallel to the x- and y-axis re-
spectively (the x-axis being chosen positive eastward, the y-axis at 
right angles contra solem to it, with the z-axis positive vertically down-
ward; hence, in the northern hemisphere the y-axis is taken positive 
northward). 

If we assume a stationary state and neglect the nonlinear terms, the 
dynamic equations become 

!_ ( A, au) + !_ (A• au) + Xpv - ap = O l ay ay az az ax 
a ( av)· a ( av) ap (l) 

and ax A I ax + az A. az - Xpu - ay = 0 ' 

where p is the pressure, p the density of the water, and X the Coriolis 
parameter. 

Integrating both sides of the equations in (1) from the surface to a 
depth d at which the baroclinic distortion can be considered small and 
assuming A, to be independent of z, we obtain ' 

(132) 
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!_~(Ai aM.,) + T., + XM11 -(pgdar + aP) = o ;l p ay ay ax ax 
(2) 

!_~ (A1 aM11) + T11 - xM., - (pgd ar + aP) = o. 
p ax ax ay ay 

In these equations the pressure integral is denoted by P and the 
sea surface by - z = r (x, y) instead of z = 0, since, due to certain 
factors such as the piling up of water by wind action, variations in 
density from place to place, etc., it does not necessarily coincide with 

ar ar . 
any of the geopotential surfaces. Thus ax and ay give the geopoten-

tial slope of the sea surface. 
Now we may consider that the mass transports M., and M 11 vanish 

along and across a solid boundary in the presence of lateral mixing; 
this will be rigidly true if the sea is enclosed by a vertical wall down to 
at least the depth d. 

A third equation connecting M., and M 11 can be derived from that 
of continuity 

au av aw 
-+-+-=O. ax ay az 

Integrating this equation from the surface to the level d, and assuming 
that the vertical component w is so small that it can be neglected at 
level d, we obtain 

aM., aM11 -+-=O. ax ay 
(3) 

Equation (3) enables us to introduce a function y, (x, y), such that 
af af 

M., = ay ; M II = - ax I (4) 

which is similar to the current function and which may be called 
tentatively "transport function." Using this function, (2) may be 
written 

!_~(Ai~)- x af + (T., - pgdar - aP) = o; l 
P ay ay2 ax ax ax (S) 

_!_~(Ai a2

y, ) _ x af + (T11 _ pgd ar _ aP) = 0 , 
P ax ax2 ay ay ay 

and on the condition that transport vanishes across and along the 
boundaries, 
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G:\ = G:t= 0 • 
(6) 

when the curve C represents the coastline. 

2. Trans/ ormation into a Variational Problem. The problem repre-
sented by (5) and (6) can now be shown to be equivalent to a varia-
tional problem in which we should make a minimum the integral I (1/t) 
defined as 

l(l/t) -}J {A, (a21/t)2 

_ A, (a2

"') _ >. ol/t ol/t 
'} <c> 2p ax2 2p ay2 ax ay 

+ (r., _ pgd ar _ aP) iJV1 + (r
11 

_ pgd of _ aP) iJV1} dxdy, (7) 
ax ax ay ay ay ax 

where the integration should be carried out over the entire water 
surface surrounded by the curve C. 

3. Solution of the Problem in an Enclosed Sea. Now let X; (x, y) 
(i = 1, 2, ... , s) be a group of functions that are linearly independent 
of one another and that satisfy the same conditions along the bound-
aries as 1/t (x, y) . Suppose, then, that we have 

1/t (x, y) =~A; X; (x, y), (8) 
i 

where A1, A2, ... , A. are constants to be determined. 

Substituting (8) in (7), and making o/ = 0, or 
al al al 
-=0,-=0, . . .. ,-=0, 
0A1 0A2 aA. 

we have the s linear simultaneous equations 

~A; E;i = G;, (i, j = 1, 2, ... , s) 
j 

(9) 

(10) 
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G; = - rr (Tz - pgdar - oP)!!:!_ . dt. dri ! 
jj Cc) ot ot 071 

(11) - rr (T~ - pgdor - oP) O"f..; . dt . dri 
) ) (c) 071 071 ot 

The practical evaluation of E;i and G; is not difficult if we have the 
information as to the analytic form of A 1 (x, y). Of course the 
Coriolis parameter varies in the meridional direction, which should be 
taken into consideration. Many interesting results might be expected 
by assuming the dependence of X on y (Stommel, 1948). 

4. Choice of the Functions X, (x, y). The group of functions which 
satisfy the same boundary conditions as do if; (x, y) can be constructed 
without difficulty for any shape of the coastline. 

Suppose F (x, y) = 0 gives the curve C. Then it is easily seen that 
we should take 

x. (x, y) = IF (x, y) )2 K. (x, y), 

where K, (x, y) are all linearly independent. 

For a rectangular basin bounded by 

we may take 

where 

and 

x = ± a and y = ± b, 

X, (x, y) = Mm (x) · Mn (y) , 

m1rx 1rx 
Mm (x ) = cos--cos-

2a 2a 

m1rx 1rx 
= sin--cos-

2a 2a 

M,, (y) 
n1ry ,ry 

= cos--cos-
2b 2b 

. n1ry ,ry 
= Sln -- COS -

2b 2b 

form odd, 

form even, 

for n odd, 

for n even. 

5. Concluding Remarks. In this paper is given a theoretical model 
of water movement in an enclosed rotating sea induced by wind under 
the action of lateral mixing and corresponding to a given mass field. 
While this consideration is purely theoretical, practical application 
is promising. Efforts in this direction are now being continued. 
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